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1 Introduction for z € R, then

The integral inequalities with a term of delay are - a(z) s
used in the study of some partial differential equations
with time delay. Many researches have established *(*) = a(x)exp /h(s)d8+ / f(s)(/g(T)dT)ds :
their basic properties, namely generalizations to the 0 0 0
uni-dimensional case, applications to some patrtial
differential equations, and the existence and unique-

ness of solution$s, 9, 4]. In 2017, Ghrissi and HammaniR] obtained
some generalized retarded integral inequalities of the
Recently, a number of research papers have Gronwall type for one-variable functions; their results

been written on retarded integral inequalities. For \ere based on the results provedih For example:
instance, Mi [5] investigated some generalized

forallz € RJ.

Gronwall-Bellman type impulsive integral inequal- (i) If u e C(RY, RY) satisfies
ities containing integrations over infinite intervals.

Likewise, Xu and Mg8] established some non-linear z

retarded Volterra-Fredholm type integral inequalities uP(z) < a(x) +/h(5)up(5)ds
in two independent variables. Also, Boudeliou and

Khellaf [1] obtained some useful generalizations of .

two-variable integral inequalities with delay. / £ )</
S

0 0

In 2013, Qingling and Zhonghya] gave the fol-
lowing inequality:
Lemmal ([7]) Let « € C(R{,R") and a €
CY(R{,R$) be non-decreasing functions in each a(x)

s 1
variable, with a(z) < =z on R§, f,9.h € < [ / / p )
C(R{ RY). If u € C(Ry, R{) satisfies R 0 e 0 O

for z € R, then

u(z) < a(x) +0/h(8)U(S)dS lih(s)d8+ ?m)mlf(8)</sg(7)d7> dS]a
0 0 0

a(z) s

+ / f(s)(/g(T)u(T)dT)dS, forallz € R].

0 0
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(i) If we C(RY, RY) satisfies 2.1 Some Retarded Non-linear Integral In-
. equalities in Two Independent Variables
uP(z) < 1+ / h(s)u®(s)ds In this section, we present some generalizations of the
) results proved 2] and|[7].
o) 7 Theorem 2 Leta € C(R{ x R{,R")anda, § €
+ / f(s) /9( Jul(7)dr | ds C'(R$,R}) be non- decreasing functions in each
0 0 variable, Wltha( ) <xon R§ and B(y ) <yonR 9-
frg,h € C(RE x RE,RE). Ifu e C(RE xRE, RY)
forz € R(J)r, then satisfies

x) < exp;L/xh(s)ds—i— C;/(m)f(s)<0/sg(r)d7'>ds], u(z,y) < a(z,y) +/xo/yh(s,t)u(s,t)dsdt

0

(1)

+ ( ﬂ(y s i
forallz € Ry. + / / f(s //g 7, 0)u(T, U)deU)det
(iii) If uw e C(RS, RY) satisfies 0 0
w(z) < a(x)+b(x) / h(s)u(s)ds for (z,y) € Ry x Ry, then
z Y
ole) y u(z,y) < a(x,y)exp [//h(s,t)dsdt
/ f(8)< / g(T)u(T)dT> ds, i
0 0 a(z) B(y) st
forz € R, then + / / fls,t //9 7,0 deU)dsdt]
0 0 00
P (2)
u(z) < a(x)exp [b(:p)/h(s)ds
, forall (z,y) € R§ x R{.
() ; Proof: Sincea(z,y) is positive and non-decreasing,
+ / mi f(s) /Q(T)dT ds|, from (1) we have
0 0
Ty a(z) By)
forall z € Ry u(z,y)

The objective of this paper is to establish some ]
non-linear retarded integral inequalities in two inde- (//
00

u(7,0
pendent variables, and also to generalize those in- g(r,0) ( )d”w)det'
equalities by integration over infinite intervals. These
new inequalities present generalizations of the results ] ] N N
proved by Ghrissi and Hammarf#i]. An application Define a functior(z, y) on Ry x Ry by
is given to illustrate the efficiency of the obtained re-
sults in the study of the boundedness of solutions of ) By)

certain hyperbolic partial differential equations. z(x,y) = 1+//h 5 d dt+/ /f
ok 0

s i

2 Main Results (//g
0

We denoteRj = [0,00] and Rt = (0,00). The
first-order partial derivatives of the functian(x, y) _ . ]
for z,y € R with respect tar andy are denoted by thenz(:c,y) is positive and non-decreasingp, y) =

81’ (x Y) andd u(x,y) respectively. z(z,0) =1, agm y; < z(z,y), and

d da)dsdt
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3LE6 a’(w’y)
a(z) B(y) u(s,t)
o/ @B ) [ [ olst) st
0 0 7
i.e.
éfxgyz( ) < h(zy)aay) + fl@y)d (@) ()
z) B(y)
/ /gs t)dsdt,
0
hence
2.0 (g,
W < hmy) + floy)d (@) W)
a(z) B(y)
//g(s,t)dsdt.
0 0
Therefore
0 [ &=(x,9) ()8
ay[az(a;,y)] < hz,y) + flx,y)d ()6 (y)

g(s,t)dsdt.

O\E\

()
/
3)

By keepingy fixed, settingz = s, and integrating
from 0 to = in (3), and again by keeping fixed, set-
ting y = t, and integrating frond to y in the resulting
inequality, we obtain

Ty
exp[//hstdsdt
00

a(z) By)

2(z,y) <

( s 1
+ / / f(s t)(/ g(T, a)dnla)dsdt].
0 00
Sincezgijzg < z(z,y), we have

Ty
u(z,y) < axyexp[//hstdsdt
00

/ 7 f(s,t)(/s/tg dea dsdt].
0 0 0 0

So the relation(2) is true.
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Remark 3 If we replace the functions in Theorein
with one-variable functions, we obtain Proposition 2
in [2].

Now we give two lemmas that would be used in
the proofs of the coming theorems.
Lemma 4 ([2]) Assume that: > 0, p > 1. Then, for
anyk > 0, we have

v < L a4 P21 g
p p

(4)
. 1
Or equivalentlya» < mj a + meo, Where my; =
1-p _ 1
}Dkz » and my = &=L kv,

Lemma5 ([3]) Assume thatt > 0,p > ¢ > 0, and
p # 0. Then, for anyt > 0, we have

aﬁ<qkﬁ a—l—ikp. (5)
p p
Or equwalently v < mg a + my, Wwhere mg =
qk: 7 and my = 229 k.

p
Theorem 6 Leta € C(RJ x R{,R*)anda, § €
CY(R$,R$) be non-decreasing functions in each
variable, witha(x) < xon R{ and B(y) < yon Ry,
fig,h € C(Rf x RJ,R{),p>1.1fue C(R{ x
Ry, Ry) satisfies

uP(z,y) < alzx,y) +//h s, t)uP (s, t)dsdt

a(z) B(y) s t

for (z,y) € R x R{,then

z Y

L/O/h(s,t)dsdt

u(z,y) < Ax,y)exp

"=

a(z)

-

forall (z,y) € R{ x R, where
(z) B(y)

+ a/ / maf(s,t
0 0 1
(0/0/9(7, a)d7’da> dsdt] .

(8)

@

(y)

s

my f(s,t

o

A(z,y) = la(x
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Proof: Letu?(x,y) = z(x,y), thenz(z, y) satisfies

z(z,y) < a(z,y) +//
0
a(z) B(y)

//fst // TUZPTUdeJ)dsdt

Usmg( ) we get

(s,t)dsdt+

z Y
z(xz,y) < a(x,y)+//h(s,t)z(s,t)dsdt
00

a$

]

Tb

(y) s ¢

s ([ oo

00
[miz(r,0) + mg]deU) dsdt.

o\

2(x,y) < alz,y) —I-//h(s,t)z(s,t)dsdt
00

a(z) B(y) s t
—|—/ /mgf(s,t)(//g(T,J)deO’)det
0 0 00
a(z) B(y) s t
+ / / mlf(s,t)<//g(7' o)z(T, o)dv‘da)dsdt
0 0 0 0
Using Theoren? we get
a(z) B(y)
o) < |aey)+ [ [ maf(st)
0 0
s t z Y
( / / g(r dea dsdt] exp [ / / h(s, t)dsdt
0 0
) B(y) s t

+

o\%

/mlf(s,t)(//g(T,U)deJ)dsdt].
0 0 0

1
Sinceu(z,y) = z» (z,y), we have

T Y

1
u(z,y) < A(:U,y)exppl//h(s,t)dsdt—k

00
(z) By)

/mlf(s,t)(jjg(T,J)deU)dsdt],
0 00

whereA(z,y) is defined in(8).
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Corollary 7 Leta € C(Rf x R{,R")anda, 3 €
CY(R{,Ry) be non-decreasing functions in each
variable, witha(z) < x on R} and B(y) < yon R{,
frg,h € O(R x Ry, R{),p>1.1fuec C(R{ x
R§, RY) satisfies

z Y
uP(zyy) < a(z,y) +//h(s,t)u(s,t)dsdt+
00

o(z) B(y) st
/ / f(s (//g (1,0)uP (T, a)drda)dsdt
0 00
)
for (z,y) € RY x R{, then
177
u(zx,y) <B myexpl//mlhstdsdt—k
Pl
a(z) B(y) st
/ / f(s,t)(//g(T, a)deU)dsdt],
0 0 00
(10)
forall (x,y) € R§ x R{, where
B(z,y) = [a T,y +//m2h s t)dsdt] (12)
Proof: Letu?(x,y) = z(x,y), thenz(z, y) satisfies
z Yy
z(x,y) <a +//hstzpstdsdt+
00
a(z) B(y) st
/ /fs,t)(//gTa (1, )dea)dsdt
0 0 00
Using(4) we get
z Y
z2(z,y) < +//h s,t)[m1z(s,t) + moldsdt
0
a(z) B(y) st
+ / /f / g(r,0)z(T, U)drda)dsdt
0 0 00
ie.

z Y
Z(:’Uay) S a(fﬂay)-i—//mgh(s,t)dsdt
00

z Y
4 //mlh(s,t)z(s,t)dsdt
0 0
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a(z) B(y) st
+ / 7f(S,t)(//g(T,O‘)Z(T,O’)dT(ZlO’)det.
0 0 0 0

Using Theoren? we get

z(z,y) <

z Y
a(z,y) —I—//mgh(s,t)dsdt} exp
00

z Y a(z) B(y)
[//mlhstdsdt—}—/ /f(st
0 0 0 0

S

( / /t 9(r, U)dea)dsdt].
00

1
Sinceu(x,y) = z» (x,y), we have

T Y

1
u(z,y) < B(z,y) expzf) [ml //h(s,t)dsdt

00

a(z) s t
4 / / f(s,t)(//g(r, O’)deO’)det],
0 00

whereB(z,y) is defined in(11).

o

Remark 8 (i) If we replace the functions in Theorem
6 and7 with one-variable functions, we obtain Propo-
sitions 9 and 11 in2].

(ii) If we takep = 1, then Theoreng and Corollary7
reduce to Theorer.

Theorem9 Let o, 3 € CYR{,RJ) be non-
decreasing functions in each variable, witlfz) <
z on R{ and ﬂ( ) < y on Rf, f,g,h €
C(Ry x Ry, Rf),p >q > 1.1fue CR} x
R, RY) satisfies

xT

y
//hstupst)dsdt+
00

f <//tg (1, 0)ul(r, a)drda) dsdt,
0

(12)

for (z,y) € R§ x R{,then

u(z,y) < C(z,y) exp

L/O/h(s,t)dsdt-i-

K=
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S

t)(//tg(T, a)drda) dsdt],
00

forall (z,y) € Ry x Ry, where

C(x,y)

(13)
a(z) B(y)
1+/ /m4f(s,t)
st 1
<0/0/g(7, O’)d’]’dO’) dsdt]
(14)

Proof: Define a functiorz(z, y) by the right side of

(12

), thenz(z,y) > 0, u?(z, ) < =(z,), ulz,y) <

2 (2,y), ul(w,y) < 27 (z,7), and

T Yy a(z)

Bly)
z(z,y) < 1+//hst Stdsdt+/ /f(s,t)
00 0

o

s i

(//g T,0) v (1,0 deU)det.
0

Using(5) we get

T

Yy a(z) B(y)
2(z,y) < 1—|—//h 2(s,t)dsdt + / /f(s,t)
00 0 0

i.e.

s t
(//g 7,0)[msz(7,0) +m4]d7da> dsdt.
0

Ty a(z) B(y)

z(z,y) < 1+//h(s,t)z(s,t)dsdt+/ /m4f(s,t)
00 0 0
A(

s i

(//gTJdeJ)dsdt+/ /mgf(s,t)
0 0 0
(/

o ., °

g(r,0)2(T, U)dea) dsdt.

Using Theoren? we get

z(x,y)

141

<

t

[1+ /( / mif(s.0( [ [or.)
00

0

z Yy
dea dsdt] exp [//h s, t)dsdt
00

w
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a(z) B(y) st
—|—/ /mgf(S,t)(//g(T,O‘)deO’)det‘|.
0 0 00
Finally,

u(z,y) < C(x,y) exp

"=

L/O/h s, t)dsdt +
/x /(y m3f(s,t)</s/tg(7, a)deo)dsdtl,
0 00

whereC'(z,y) is defined in(14).

Remark 10 If we takep = ¢ = 1 anda(z,y) = 1,
then Theorend reduces to Theorem

Corollary 11 Leta € C(R{ x R{,R*)anda, 3 €
CY(R$,R$) be non-decreasing functions in each
variable, witha(x) < x on R§ and B(y) < y on R,
fig,h € C(Rf x R{,R{),p >q>11fu e
C(R¢$ x R, Ry) satisfies

z Y
uP(z,y) < a(x,y)+//h(s,t)up(s,t)dsdt
00
a(z) B(y) s t

/ /f<s,t><//g<r,a>
0 0 00

ud(r, a)d7’d0> dsdt,

(15)
for (z,y) € R x Ry, then
1 1
u(z,y) < ap(fv,y)C(:E,y)eprl
T Y a(z) By)
//h(s,t)dsdtr+/ /mgf(st
00 0 0
s t
(//g(T, U)deO’) dsdt],
00
(16)

forall (z,y) € R x Ry, whereC(z,y) is defined in
(14).

Proof: Sincea(z,y) is positive and non-decreasing,
from (15) we have

a(z) B(y)
p
u<8’t)dsdt+/ /
a(s,t)

0 0

z Y

e < ] e
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) (
Zp(%y%) < 1+0/0/yh(s,t)f(§’t§)dsdt+O/ O/f(sat)

<0/0/g(7', o) Zg((:, Z)) deO’) dsdt.

Or equivalently

(aijl?(z;,yy))> = 1+/0/h(8’t)<;1)(2’tz)> dsdt
/ f(s,t)< / / o(r,0)
0 00

u(r, 9) > deU) dsdt.

( ) 1 z Y
“ry < xyexp[//hstdsdt
0

ar (x,y) p
a(z) ﬁ(y) s t
+ / msf(s,t) <//g(7,0)d7d0> dsdt].
0 00
Finally,
[}/
u(z,y) < (m y)C( expp[//h s, t)dsdt
00

a(z) B(y) s t
+ / / msf(s <//g T, O deO’) dsdt],
0 0 0 0

whereC'(z,y) is defined in(14).

Remark 12 If we takep = ¢ = 1, then Corollary11
reduces to Theoremh

Corollary 13 Let o, 3 € CYR{,R§) be non-
decreasing functions in each variable, witlfx) <
z on R§ and ﬂ() < yon R, f,g,h €
C(RO x RI,R3),p>q>11fue C(R x
R{, RY) satisfies

T

y
//hstuqst)dsdt—l-
00

142 Volume 17, 2018



WSEAS TRANSACTIONS on MATHEMATICS

=
S

s t

f //g T,0)u(T, U)deU)dsdt
0

17

+
o\%
o

for (z,y) € R$ x R{, then

z Y
1
u(z,y) < K(x,y) exp; [//mgh(s,t)dsdt
00

a(z) B st
/ /mlfst //gTUdeO’ dsdt]

0

forall (z,y) € R§ x Ry, where

) B(y)
K(z,y) = [1+//m4h5tdsdt+/ /
0 0

mgf(s,t)(/s/tg(ﬂ U)deJ)dsdt]
00

(18)

B =

Proof: Define a functiorz(x, y) by the right side of
(17), thenz(z,y) > 0, uP(z,y) < z(x,y), u(z,y) <
1

25 (2,y), ul(z,y) < 27 (z,y), and

x Y
2z,y) < 1+//h(s,t)z%(s,t)dsdt +
0 0

a(zx)

/

0

s t

f(s, t //g T,0 ZP(T U)deJ)dsdt
0

o\%

0
4) and(5), we get

Using (
z Y
z(x, +//hst [msz(s,t) + maldsdt +
00
a(z) B(y) st
f(s,t)(//g(T,a)[mlz(T,U)+mg]d7da)d5dt.
0 0 00
ie.

o

s i

f(s,t) //gTadea dsdt +
00
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T

y o(x)
//mgh s,t)z(s, t)dsdt + /
00 0

f(s,t)(//g(T,o)z(T, U)deU)dsdt.
00

m1

O\S

Using Theoren2, we get

a(z) B

1+//m4hstdsdt+/ /mzfst

(/S/tg(T, J)dea)dsdt] exp [/x/ymgh(&t)dsdt
00 -

(=) B(y) st ]

Q

+/ /mlf(s7t)(//g(T,O’)deO’)det )

0

o

0 0

1
Sinceu(z,y) < z?(z,y), we have

u(z,y) < K(x,y)exp— l//mgh s, t)dsdt
0
a(z) B(y) st

/ /mlf(s,t)<//g(7',U)deJ)dsdt],
0 0

00
whereK (z,y) is defined in(18).

Corollary 14 Let o, 3 € CYRZ,R{) be non-
decreasing functions in each variable, witliz) <
r on R{ and B(y) < vy on R§, f,9,h €
C(R§ x R{,R{),p > q > 1.1fu e C(R{ x
Ry, RY) satisfies

(=) B(y)

0/f

z Yy

u(z,y) < 1+//hstup(stdsdt—|—/

0

(/s/tm,

(1,0 deJ) dsdt,
0

(19)
for (z,y) € Ry x Ry, then

z Y
1+(1—-p (//h(s,t)dsdt—i—
0

a(z) B(y) st 1

/ﬁ /f(S,t)(//g(T,O‘)deO‘)det)]1p,
0 0 0 0

(20)
forall (z,y) € R§ x R{.

u(z,y) <
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Proof: Define a functiorz(z,y) by the right side of
(19), then

U(:Zi,y) < Z(‘Tay)7 Z(Ovy) = Z(.’E,O) = 17

o 0
%z(aj,()) = @Z(O’y) =0,
(21)
and
aaxaay Z(:C y) < h(l‘ y) ( )+ «@ (x)ﬁ/(y)
a(z) B(y)
fmw(//mwwwwm)
0 0
i.e.
ia‘z 2(x,y) < 2P(z,y) [h( )+ (2)B(y)
a(z) B(y)
f(x y)( / / g(s,t)dsdt)]
0 0
hence
ety 2@ v)2(ay) (@) 2(@.y)
- azp+1(a?j, Y) = zpfl(ax,y) : = M)
a(z) By)
+d ()3 ( g(s,t) dsdt>
/]
Therefore
0 [ &2(,y) .
mliw%ml < h(zy) + (@8 W) @)

a(z) B(y)
< / g(s,t) dsdt)
0

By keepingy fixed, settingz = s, and integrating
from 0 to z in the above inequality and using1),
and again by keeping fixed, settingy = ¢, and in-

o\

tegrating from0 to y in the resulting inequality and

using(21), we obtain the inequality20).

Remark 15 (i) If we replace the functions in Theorem

9 and Corollaries11, 13, and 14 with one-variable

functions, we obtain Propositions 13, 15, 17, and 19

n [2] respectively.
(ii) If we takep = ¢ = 1 anda(z, y) = 1, then Corol-
laries 13 and 14 reduce to Theorer.
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Theorem 16 Leta € C(R{ x Ry, RY) anda, 3 €
CYR{$,RS) be non- decreasmg functions in each
variable, witha(z) < x on R§ and B(y) < yon Ry,
f,9,h € C(Rg x Ry, Rq), b€ C(R§ x Ry, Rg).

If u e C(R§ x R{, Ry) satisfies

T Y

u(z,y) < a(z,y) —i—b:}cy//h u(s, t)dsdt
00
a(z) By) st
+ / /f / g(t (r,0 deJ)dsdt
0 00
(22)
for (z,y) € R§ x R{, then
T Y
u(z,y) < a(x,y) expl T,y //hstdsdt
0 0
a(z) By) s t
+ / / //g deO’ dsdt]
0 0
(23)
forall (z,y) € R§ x R.
Proof: Sincea(z,y) is positive and non-decreasing,
from (22) we have
(z,1) [ (5.
S < tbay) [ [ S dsar
a(z,y) a(s,t)
00
a(z) B(y)
+/ /fs t //g o dea)dsdt.
0 0
Fix any (X,Y) € R{ x R{. Then, for0 < z < X,
0 <y <Y, we have
(z.5) [ [
“BL,Y) < 1+b(X,Y)//h 5t ddt
a(z,y) st
0 0
a(z) B(y) st
+//fst(//g )dsdt.

0
Define a functior:(z, y) by

z2(z,y) =14+ b(X,Y)
[]r

o —
D‘
\_/
ajs
\‘C’] —
QU
QU
~

—i—o/ 0/f(s,t)(o/jg(r,a)ZE::ngda)dsdt,
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thenz(z, y) is positive and non-decreasing, y) =

z(z,0) =1, ng y; < z(z,y), and

7,9) = b(X. Y )hz,y) "

hence

%% z(x,y)z(z,y) dax (x, y)dy z(x,y)

< b(X,Y)

2 (x,y) 22(x,y)
a(z) By)
h(z,y)+a' ()5 wy(//gstdsdt>

0 0

Therefore

0 [ &x(x,y) Lo

81/[8,2(3:,1/)] < WX, Y)h(z,y) + o (2)5'(y)
a(z) B(y)

f(l‘,y)</ /g(s,t)dsdt).

0 0

By keepingy fixed, settingr = s, and integrating
from 0 to z in the above inequality, and again by keep-
ing z fixed, settingy = ¢, and integrating front) to y

in the resulting inequality, we have

XY
AX,Y) < exp [b(X,Y) / / h(s, t)dsdi+
0 0

a(X) B(Y) st
/ f(s,t)(//g T,0) deO' dsdt]
0 0 0

Since(X,Y) is arbitrary an% < z(z,y), by re-
placing(X,Y) with (z,y) in the above inequality we
obtain the inequality23).

Remark 17 (i) If we replace the functions in Theorem
16 with one-variable functions, we obtain Proposition
20in[2].

(ii) If we takeb(x,y) = 1, then Theoreni6 reduces
to Theoren?.
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Theorem18Let a € CYR{ x R{,R") and
a, 3 € CHRY, R$) be non- decreasmg functions in
each variable, withw(z) < z on R{ and B(y) <
yon R§, f,g,h € C(RF x R{,R{). Letw be a
non-decreasing continuous function such that 1,
w(z) > z. Ifu e C(RS x RY, RY) satisfies

u(z,y) < alx,y +//hst
075(3/ s t

f(s //g T, 0)u(T, U)deJ)dsdt
0
for (z,y) € R{ x R{,then

t))dsdt +

o\

(24)

z Y

+//h(s,t)dsdt
0

¢
g(T, O‘)deU) dsdt] ,

u(z,y) < a(z,y)W [

(z) B(y) s

Z/ O/f<s,t>(/

00
(25)

for all (z,y) € Ry x R§, whereW ! is the inverse

function of

T

W(r) = O/ uj)

r >0, (26)

and (z1,y1) € R(J{XR(J{ is chosen so that W(1)+

af s 1

z Y
//hstdsdt—l—/ /fst //gTadea dsdt
00

0
in Dom(W™Y) for all (z,y) lying in [0,21]x[0,y1].

Proof: Sincea(z,y) is positive and non-decreasing,
from (24) we have

0/f(s,t)(o/O/Q(T,J)ZE::Z;deU)dsdt.

Define a functior:(z, y) by the right side of the above
inequality, therz(z,y) > 0, 2(0,y) = 2(z,0) = 1,
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Zggg < z(z,y), and for (z,y) € Ry x Rg, then
9 ) oo 00
%z(az,y) < w(z(z,y))/h(z:,t)dt+a’(x)z(x,y) u(z,y) < a(x,y)exp[/ /h(s,t)dsdt
0 a(z) B(y)
By) a(z) t
/ f(x,t)( /g(s,a)dsda)dt / / f(s, t //g T,0) deO’ dsdt]
0 0 0 a(z) B
ie. (28)
0 (x,y) i P forall (z,y) € Rf x R{
&E(Ty < /ha:tdt—l—a()/f(az,t) ’ 0 0
0 0 Proof: Sincea(z,y) is positive and non-decreasing,
a(z) t from (27) we have
/ /g 8,0) dsda
0 ) <14 / / h(s, £) 5! d dt +
By integration and using26), we have al) Aly) st
T Y
z(x,y)ﬁW_ [ +//hstdsdt—|—
/ //fst // dda)dsdt
z) B(y) s 1 z) B(y)
/ / f(s, t //g d’]‘da’ dsdt] Define a functiore(x, y) on RO X RO by
0 oo o0
wherelW (1) = W(=(0,y)). Since "2 < - (zy), Aayy) =1 + / / d dt +
it is easy to obtain the inequalit25). alz) Aly 5t
Remark 19 (i) If we replace the functions in Theorem
;i\i/\r/:t[g]?ne—varlable functions, we obtain Proposition / / £(s, t // o) deU)det
(i) If we takew(u(x,y)) = u(zx,y), then Theorem8 ) B(y)

reduces to Theoreh . . .
thenz(z,y) is positive and non-decreasmg;’—zg <

22 Some Generalized Inequalities by Inte-  ~(%¥),and
gration over Infinite Intervals o 0 Lo
o | . S (@y) < h(zy)aey)a (@) () + fe,y)
In this section, we give some generalizations of the 9% 9Y
results obtained in section 2.1. > 7
/ / g(s,t)z(s,t)dsdt
Theorem 20 Leta € C(R$ x Ry, R")anda, B €
CY(R$,R$) be non-decreasing functions in each A |
variable, witha(z) < x on R§ and B(y) < yon R§’ < h(z,y)z(z, )04 (@)B'(y) + f(z,y)
f,g,heO(Rgx Ry, RY). Ifue C(Ry xR{,Ry) %0 oo
satisfies o (x)3 / g(s,t)dsdt,
[l ee) Ot(x) B(y)
u(z,y) < a(z,y) / / h(s,t)u(s,t)dsdt
o) Bla) hence
sroy 2@ Y@ y) g y)gE@y) hz.y)
/ /f” // 79) (z,y) 2wy
a(z) B
“<T7">d7d0)d8df’ Q@)8 ) + Hep)a @F ) [ [ gls st
(27) o(x) A(y)
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Therefore
0 [ Fz(z,y) L
83/[82(9,;@,)] < @y (@)F (y) + fz,y)
a/(ﬂﬁ)ﬂ/(y)/ /g(snﬁ)dsdt.
a(z) B(y)

(29)

By keepingz fixed, settingy =
(29) we have

=5 -
(z,y)

t, and integrating

oy
By
| 1@

By

~

\8

/gsadsda
t

~

«

—~

x

~

Again by keepingj fixed, settinge = s, and integrat-
ing the resulting inequality, we obtain

z(z,y) < exp [ / / h(s,t)dsdt +
a(z) B(y)

//m //gmmdsdt]

a(z) B

Slnceag ,y; < z(z,y), we obtain the inequality28).

o0 o0 a(z)
Remark 21 If we replace [/ [ with | and the
o(z) B(y) 0
functions with one-variable functions in Theoréf

we obtain Proposition 2 iff2].

Theorem 22 Leta € C(R$ x Ry, R")anda, B €
CY(R{,R{) be non-decreasing functions in each
variable, witha(x) < x on R{ and B(y) < yon R,
frg,h € O(RY x R, Ry),p>1.1fuc C(Rf x
R{, RY) satisfies

W) <aley)+ [ [ hstur(s dsdt +
a(z) Bly)
//gTO’ u(r,o )deJ)dsdt
a(fr)ﬁ(y) s

(30)
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for (z,y) € R x R{, then

[e.e]

u(z,y) < A1($,y)eXp1l/ /hstdsdt—l—
p
a(z) B(y)

/ /mlfst(/t/gTadea dsdt]

a(z) B(y) s
(31)

forall (z,y) € Ry x Ry, where

] s

a(z) By)

( / / g(r deo— dsdt]
t

s

A1<1',y) = [

B =

(32)

Proof: Define a functiorz(z, y) by the right side of

(30), thenw?(z,y) < 2(z,y), u(z,y) < 27 (2,y),
and

o) Saley)+ [ [ hlstyz(s tdsde+
a(z) B(y)

7 7 f(s,t) ( 7079(7‘, O‘)Z% (T, g)deG) dsdt.

//mgfst // TJdeadsdt

a(z) By

o0

//hst (stdsdt—!—/ /mlfst

a(z) B(y) a(z) B8

( 779(77 o)z(T, O')deU) dsdt.

Using Theoren20 we have

+ 7 7m2f(8,t)<779(7' o
a(z) B(y) ¢

S

z(z,y) <

deO')det] exp [ / / h(s,t)dsdt +

a(z) B(y)
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//mlfst // Tadeadsdt]

a(z) B(y)

Finally, sinceu(z,y) < z%(x,y), it is easy to obtain
the inequality(31) with the condition(32).

Corollary 23 Leta € C(R§ x R§,R")anda, 3 €
CY(R{,R{) be non-decreasing functions in each
variable, witha(z) < xon Rf and B(y) < yon R,
frg,h € O(R§ x Ry, R{),p>1.1fuec C(R{ x
R{, Ry) satisfies

uP(x,y) < a(m,y)+/ /h(s,t)u(s,t)dsdt
a(z) B(y)

+ 7 7 f<s,t>(77og<n 7)

(z) By)
uP (T, J)deJ) dsdt,

(33)
for (z,y) € Ry x R{, then
u(z,y) < Bi(z,y) expf / /mlh s, t)dsdt
() By)
/ /f (s, t //g(T,U)deU)dsdt],
z) B(y) st
(34)
forall (z,y) € R§ x R, where
oo 00 1
Bi(z,y) = [a(l‘,y)—l—/ /mgh(s,t)dsdt] .(35)
a(z) Bly)

Proof: Define a functiorz(x,y) by the right side of

(33), thenu?(z,y) < z(z,y), u(z,y) < z%(w,y),
and

oo o0

z(z,y) <alz,y) + / / h(s,t)z%(s,t)dsdt 4
a(z) By)

[e.e] o (o elee)
/ / f(s, t //g T,0)z(T, U)deO')det
a(z) B t

(v) s
Using (4) we get
Z(w,y)ﬁa(ﬂc,yH/ /
a(z) B(y)

mah(s,t)dsdt
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+//m1hst 5tdsdt+//fst

a(z) B(y) z) B(y)

([ [ stro)strornia)asit.

Using Theoren20 we have

r e}

a(z,y) / / maoh(s,t) dsdt] exp

B a(z) B(y)
/ f(s

/mlh (s,t)dsdt + /

a(z) B(y)

z(z,y) <

Finally, sinceu(z,y) < z%(x,y), we obtain the in-
equality(34) with the condition(35).

oo 00 a(x)
Remark 24 (i) If we replace [ [ with [ and
a(z) B(y) 0
the functions with one-variable functions in Theorem

22 and Corollary23, we obtain Propositions 9 and 11
in [2].

(ii) If we takep = 1, then Theoren22 and Corollary
23 reduce to Theorer0.

Theorem 25 Let o, B € CY(Rj,RJ) be non-
decreasmg functions in each variable, witlix) <
T on RO and B() < y on RO7 f,g,h €
C(RE x R{,R{),p >q > 1.1fue CR{ x
Ry, RY) satisfies

/ h(s,t)uP(s,t)dsdt +
z) B(y)

< 1+

e

CC

uP(z,y)

S

//g T,0)ul(1,0)drdo)dsdt,
t

(36)
for (z,y) € RF x R{, then

1 [o@) o

u(x,y) < C1(:B,y)epr[/ /hstdsdt+
a(z) B(y)

/ /mgfst(//gTadea dsdt]
st
(37)
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forall (z,y) € R x RZ, where ? 7
/ /hstdsdt+/ /mgfst
7T a(z) Ay) a(z) Aly
Cilwy) = |1+ [ [ muf(sn
ala) Bly) / / r,0)drdo) dsdt]

00 00 %

//gTadeadsdt . . _ 1 o '

s Finally, sinceu(z,y) < z»(z,y), it is easy to obtain

(38) the inequality(37) with the condition(38).

Corollary 26 Leta € C(R{ x R{,R*)anda, 3 €
Proof: Define a functiorz(z,y) by the right side of CY(R$,R$) be non-decreasing functions in each
(36), thenw?(z,y) < 2(z,y), u(z,y) < z%(x,y), variable, witha(x) < x on R{ and B(y) < y on R,
‘ <2 and fig,h € C(Rf x R{,R{),p >q>11fu e
ull@,y) < 27 (2,y), C(R{ x R{, RY) satisfies

z(z,y) < 1+/ /h(S,t)Z(S,t)dsdt—F uP(z,y) < a(x,y)+/ /h(s,t)up(s,t)dsdt+
a(z) B(y) a(z) B(y)
S 7T t a drdo)dsdt
/ / f(s )(//gTazp T,0 dea)dsdt / / /(s )(//Q(T’U)u (7, 0)drdo)dsdt,
a(z) B(y) st
a(z) B(y) st (39)
U t
sing (5) we ge for (z,y) € Ry x R, then
z(z,y) < 1"1'/ /h(37t)z(3>t)d5dt+ u(z,y) < azl’(x,y)Cl(x,y)epr[/ /h(s,t)dsdt
a(z) B(y) b a(z) B(y)
/ /f(s,t)(//g(r,U)[mgz(r,0)+m4]d7'da)dsdt. / /mngt // TUdeU det]
a(z) B
a(z) B(y) st
(40)
i.e.

for all (z,y) € R{ x R{, whereCy(z,y) is defined
> 7 in (38).
z(xyy) < 1+ / / h(s,t)z(s,t)dsdt

Proof: Sincea(z,y) is a positive and non-decreasing

a(@) Ay) function, from(39) we have
[ i w(z,y)
/m4fst //gTJdeadsdt //h ddt+
a(z,y)
a(z) B(y) s 1
[e.e] o [ elNe ] oo o oo o0 q
+/ /mgf(s,t)<//g(T,U)Z(T,J)deU)dsdt. / /f(s,t)(//g(T,a)u (T’U)deo)dsdt.
a(r,0)
o(z) B(y) st a(z) By) 5t
Using Theoren20 we have i.e.
p o0 p
i [“fﬂﬁ’y) < 1+ h(s,t)[ul(s’t)] dsdt
Hoy) < / / maf(s,) ar (z,y) i) B(y) ar(s,1)
a(z) B(y)
//g T o deU)det} exp —i—/ / f(s,t)(//g(v', O')[ T ] dea)dsdt.
st a(@) Biy) st ar(r,0)
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Using Theoren25, we obtain the inequality40) with
the condition(38).

Corollary 27 Let o, 3 € CYR{,R{) be non-
decreasing functions in each variable, withiz) <
z on R and Bly) < vy on R{, fg,h €
C(Rf x R{,Ry),p >q > 1.1fu e C(R} x
Ry, RY) satisfies

uP(z,y) < 1+/ /h(s,t)uq(s,t)dsdt
a(z) Bly)
/ /fst // (1,0)
z) B(y)
u(T, a)dea) dsdt,
(41)
for (x,y) € Ry x R, then
1 oo oo
u(z,y) < exp[/ /h(s,t)dsdt—|—
p
a(z) B(y)
/ /fst //gTO'deO’ dsdt}
a(z) Bly 5t
(42)

forall (z,y) € R§ x Ry.

Proof: Define a functiore?(x, y) by the right side of
(41), thenwP(z,y) < 2P(z,y), u(z,y) < z2(z,y),
and

0 0

P <
950y (z,y) < h(x,y)

2z, y)o (2) 3 (y)

+a( f(z,y) //gst stdsdt)
z) B(y)
hence
o 0
ey~ @) < k@)@ y)a (@5 ()
0/(.% / / g s, t zp S t)dsdt)
a(m) B(y)
ie.
81 0 2P (z,y) / ! /
fél ii(gg,y) < h(z,y)d (x)B'(y) + ()3 (y)
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Therefore
BT zp(x,y)zp(ﬂ%y)_% #(z:9) 557 (=,9) < h(z,y)
)P CEX
o (2)B' (y)+a' ()8 (y) f(x,y) / / >0 det)
a(z) By)

It follows that
9 [ & 2 (x,y)
dy

(z,y) ] < (@, y)d (@) (y) + o/ ()8 (1)

f(z,y) // stdsdt)

a(z) B(y)

By keepingy fixed, settingz = s, and integrating
the above inequality, and again by keepindixed,
settingy = ¢, and integrating the resulting inequality,
we obtain

e}

exp [ / jh(s,t)dsdt

a(z) B(y)
+ //fst //gTUdeadsdtl.
a(z) B(y)

Since u(z,y) < z(z,y), we obtain the inequality
(42).

Plxy) <

Remark 28 (i) If we takep = ¢ = 1 anda(z,y) = 1,
then Theorend5 and Corollary27 reduce to Theorem
20.

(ii) If we takep = ¢ = 1, then Corollary26 reduces
to Theoren®0.

Corollary 29 Let o, 3 € CYR{,R{) be non-
decreasing functions in each variable, witlix) <
z on Ry and B(y) < y on RO, fg,h €
C(Rf x R{,R{),p >q > 11fue CR{ x
Ry, R+) satisfies

oo o0

u(z,y) < l—i—/ /h(s,t)up(s,t)dsdt

a(z) B(y)

+ 77f<s,t>(779<m>
a(z) By) st

ul(r, O')deO’) dsdt,
(43)
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for (z,y) € Ry x R{,then

u(z,y) < / /h s, t)dsdt
z) B(y)
L
-p
//fst // Tadeadsdt)] ,
a(z) B(y)

(44)
forall (z,y) € Rf x R§.

Proof: Define a functiorx(z, y) by right side of(43),
then

u(z,y) < 2(z,9), (45)

and
0 0

5 3y 7 ()3 ()

y) < h(z,y)2"(z,y)

+d'(x)3 (y) f / / g(s,1)29(s,t) dsdt)
a(z) By

=

i.e.
0 0

5 3y 7 ()8 (1)

y) < hz,y)2"(z,y)

oo 00

—i—a’($)ﬁ’(y)f($,y)zp(:n,y)</ /g(s,t)dsdt).
a(z) B(y)
It follows that

2P (x,y) Zz;+1( ) < h(z,y)
o (2)B (y)+0 () ([ [ gtsnisar)
a(m)/@(y)
Therefore
0 %z(x,y) , , ) )
%[w] < b y)a @) + @5 ()
f(w,y)(/ /g(s,t)dsdt).
a(z) B(y)

By keepingy fixed, settingr = s, and integrating the
above inequality and usin@5), and again by keeping
x fixed, settingy = ¢, and integrating the resulting in-
equality and using45), we obtain the inequality44).

E-ISSN: 2224-2880

Dalila Bitat, Hassane Khellaf

oo oo a(z)
Remark 30 If we replace [ [ with [ and the

_ _ o) By) 0
functions with one-variable functions in Theoré&m

and Corollaries26, 27, and 29 we obtain Proposi-
tions 13, 15, 17, and 19 ij2] respectively.

Theorem 31 Leta € C(R§ x Rj,R")anda, €
CY(R$,R$) be non-decreasing functions in each
variable, witha(x) < xon R{ and B(y) < yon R,
f,9:h € C(R{ x Ry, Ry),b € C(Rg x Ry, Ry).

If u e C(Ry x R{, Ry) satisfies

u(z,y) < alx,y)+b(x,y) / / h(s,t)u(s,t)dsdt

a(z) B(y)
//fst //g TO'deO')det
(=) By) st
(46)
for (z,y) € R x R{,then
u(z,y) < a(x,y)exp [b(w,y) / h(s,t)dsdt
a(z) By)
+ / / f(s,t)(//g(T,U)deU)dsdt],
a(z) B(y) 5t
(47)
forall (z,y) € R§ x Ry.
Proof: Sincea(z,y) is positive and non-decreasing,
from (46) we have
u(@,y) < 14b(z,y) / h(s,t)u(s’t)dsdt
a(z,y) a(s,t)
a(z) By)
+ / / f(s,t)(//g(T,a)u(T’ U)dea)dsdt.
a(r,0)
a(z) B(y) 5t
Fix any (X,Y) € R x R{. Then, for0 < z < X,
0 <y <Y, we have
UTY) 4 hx,y) / (s, )45 goar s
a(z,y) (s,t)
a(z) B(y)
/ / f(s,t)(//g(r, )“E gd do ) dsdt
a(@) A(y) s ’
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above inequality, therx(x,y) is positive and non-

decreasingz(0,y) = z(x,0) = 1, agx y; < z2(z,y), a(z) Bly)

and (48)

Define a functionz(z,y) by the right side of the 7 7T
+ / / f(s,t)(//g(T, o)u(T, J)dea)dsdt,
t

»

99 hy) < 2(ary) [b(X, Y)h(z, y)o’ ()8 (y)

Ox dy
o oo u(z,y) a(z [ s,t)ds
+a(2) / / g(s,t)dsdt)]. Vs ol /m{ o

a(z) B(y)
/ /fst // TO'deO’ dsdt|,
It follows that

for (z,y) € R{ x Ry, then

a(z) B(y)
0 [ gr2(z,y) (49)
A | 2 | S (X Y)h(a, ) ()8 (y)
| z(z,y) P y .
forall (z,y) € Ry x Ry, whereW " is the inverse
function of
+ o (z)3 (z y / s,t) dsdt) 00
a(=) Aly W(r)= /wCEZ)’ r >0, (50)
By keepingy fixed, settingr = s, and integrating the T
above inequality, and again by keepin{ixed, setting o o
= t, and integrating the resulting inequality, we get
Y g g g nequaity g and (x1,y1) € Ry xRy is chosen sothat / / h(s,t)
y— o) B(y)
2(X,Y) <exp [b(X,Y) h(s,t)dsdt
o(X) BY) dsdt + / / f(s, t //g T,0) dea dsdt
z) B(y) st
+/ /fst // TadeUdet] Dom(W-1), forall (x,) lying in [0,21] %[0 3]
€ Dom , Jorall (x, ingin |0, x1|%x|0,y1].
(X) B0Y) y)ying 1 Y1
Since(X, Y) is arbitrary anﬁa(i’z) < z(z,y), by re- Proof: Sincea(z,y) is positive and non-decreasing,

placing(X, Y) with (z, y) in the above inequalitywe ™ (48) we have

obtain the resulf47).

e} o.¢]
o 0o al) ug“’i <1+ / / h(s,ze)w(“gs’g)dsdzur
Remark 32 (i) If we replace [ [ with [ and 0y a(z) Bly) 0
a(z) B(y) 0
the functions with one-variable functions in Theorem 00 oo 00 00 (r.0)
31, we obtain Proposition 20 if2]. / / // u(r, o
(i) If we takeb(x,y) = 1, then Theoren31 reduces f(s’t)< 9(r O)G(T, o) deJ)det'
to Theoren20. a(x) B(y) st

Define a functior:(z, y) by the right side of the above

inequality, ther:(z, y) > 0, 424 < (2 ), and

Theorem 33 Leta € C(RJ x Ry, R")anda, B €
»a(z,y)

CY(RZ,R$) be non- decreasmg functions in each
variable, witha(x) < xon R{ and B(y) < yon Ry,

f.g.h € C(RT x R{,RY). Letw be a non- 0 , 7
decreasing continuous function such that > 1, oz 2z, y) 2 = (z)w(z(2,y)) / h(z, t)dt —
w(z) > 2. Ifue C(RS x RY, RY) satisfies B(y)
u(z,y) < a(z,y) / / h(s,t)w(u(s,t))dsdt o/(x)z(x,y) / f(x,t)( / /g(s,a)dsda)dt,
a(z) By B(y) a(z) t
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oo o0

By integration and using0), we have

oo 00

z(z,y) < W—ll / / h(s,t)dsdt +

a(z) B(y)
/ / f(s,t)(//g(T U)decr)dsdt]
a(z) B(y) st
Sinceggi’zg < z(z,y), we obtain the result49).
. oo 00 . a(z)
Remark 34 (i) If we replace [ [ with [ and
a(z) B(y) 0

the functions with one-variable functions in Theorem
33, we obtain Proposition 22 if2].

(i) If we takew(u(x,y)) = u(z,y), then Theoren33
reduces to Theorenro.

3 APPLICATION

In this section, we present an application of the
inequality (15) given in Corollary11 to study the
boundedness of solutions of certain non-linear hyper-
bolic partial differential equations with delay of the
form

z,y)) + f(z,y)

a(z) B(y)
/ /k(s,t,u(s,t))dsdt,
0 0
(51)
u(z,0) = o1(x); w(0,y) = o2(y); u(0,0) =k,
(52)
for all (z,y) € R§ x R, where a, 3 €

CUR{ . RY), mk €  C(RRY),

f € C(R§ x R{,R{) 01,00 € C(R$,RT),
andk, ¢ > p > 0 are constants. We assume that
those functions are defined and continuous on their
respective domains of definitions.
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The following example deals with the estimation
of the solution of the partial differential equati¢i )
with the condition(52).

Example: Suppose that

| m(z,y,u) | < h(z,y)u” (53)
| k(z,y,u) | < g(z,y)u’ (54)
|o1(z) +o2(y) — k| < r, r>0 (constant),(55)

where h, g are defined in Corollary1.

If u(z,y) is any solution of51), then

u(z,y) < rPC(xyexp [//hstdsdt

(x) B(y) s t

/ /mgfst //gTadea dsdt]

0
(56)

for all (x,y) € R$ x R{, whereC(z,y) is defined
in (14).

Proof: It is clear that the solution(z, y) of (51)
with the condition(52) satisfies the equivalent integral
equation

uP(x,y) = o1(x)+o2(y)—k —l—//m(sj,u(s,t))dsdt-i—
00

Q

o)

/

0
From(53), (54), and(55) we have

(v)

f( s,t)(/S/tk(T, o, u(T, a))d7’d0>dsdt.

o\

a(z) B(y)

z Y
uP(z,y) < r—|—//h5tup(s t)dsdt+/

0
s 1

e
(57)

for (z,y) € R§ x Rg. Now a suitable application of
Corollary 11 to (57), with ¢(x,y) = r (constant),
yields the inequality56).

deJ) dsdt,

Remark 35 In the special case wheje= ¢ = 1 in
the boundary value probleif51) with the conditions
(52), (53), (54), and (55) in the above example, we
can obtain the inequality2) in Theoren®.
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Conclusion

In this paper, we worked on some retarded integral in-
equalities for functions of two independent variables.
Also, we generalized those inequalities by integration

ove

r infinite intervals. An example was given as an

application of the main results.
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