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Abstract: This paper introduces three generalized geometric distributions: the binomial, negative binomial and
Poisson distribution of the same order k. The generating functions and probability distributions of them are in-
vestigated, and then the corresponding modes of the distributions are discussed. By the Fibonacci sequence, the
modes of the negative binomial distribution of order k are derived as m X2 = 6,7,8 and m X3 = 13. For the
mode of the binomial distribution of order k, only a conjecture is proposed as an open question for the parameters
k = 2,n = 2n and p = 0.5. Finally, the modes of the Poisson distribution of order & are discussed in some cases.
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1 Introduction

The mode is an important statistic of probability dis-
tribution. Denote by mx the mode of P, = P(X =
n),n = 0,1,---, i.e., the value of n for which P,
attains its maximum. The mode of geometric distri-
bution of order k£ and some mode vectors of multivari-
ate distributions were found by Shao et al in [17, 18].
the mode of the Poisson distribution of order k£ was
solved partially by Georghiou and Philippou in [6].
To the best of our knowledge, many modes of other
distributions presented in statistical literature of recent
decades are still awaiting discovery. As a continuation
of Shao’s work in [17], the present paper discusses the
mode of the negative binomial distribution of order &
by the Fibonacci sequence, and investigates the prop-
erties of the binomial distribution of order k£ and the
Poisson distribution of the same order including their
modes.

2 On the mode of the negative bino-
mial distribution of order &

Let X ;) be the number of trials until the rth occur-
rence of the success run with length £ in Bernoulli
trials with success probability p. Then we say that
X(k,r) 1s distributed as the negative binomial distri-
bution of order k with parameter vector (r,p), de-
noted by N By(r,p) [9, 10]. Especially for r = 1,
X(k) = X(k,1) s distributed as the geometric distri-
bution of order k& with parameter p, denoted by G (p)
[1, 2, 10]. Note that N Bi(r, p) is defined by success
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runs, the readers are referred to [4, 7, 8, 12] for more
detail about the runs. The present section consider-
s the generating function, probability distribution and
modes of the distribution N By (r, p).

Lemma 1 [14, 16] The probability generating func-
tion of Xy distributed as Gy (p) is given by

B phak — phtightl

- 1 —l‘+qpk$k+1 :

GX(k) ()

Lemma 2 [15] The probability generating function
of X distributed as N By (r,p) is presented as

. [k g
Xor @) =\ T4 T )

Theorem 3 The modes of the random variable X )
distributed as N B»(2,0.5) are mx, , = 6,7,8.

Proof. Firstly, by Lemma 1, for Kk = 2 and p = 0.5,
we consider the probability generating function

G _Nopane A
X(2>($)—Z nt 1 —x/2 - 22/4’
n=0

where P, = P(X(9) = n). Then

(Po+ Pz +Pox?4---)- (1 —2/2 —2?/4) = 2% /4.
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Comparing the terms in both sides of the above equa-
tion, we find

1 1

Php=P =0,Py=-,P3 =,
1 1

Pn:§Pn—1+ZPn—27nZ4-

Let
P,=F, 2/2" n>2.

Combining (1) with (2), we come to

Fy=F =1,
Fn=Fy 1+ Fh2,n>2.

2

It implies that {F,,,n = 0,1,---} is a Fibonacci se-
quence. That’s why another name for the geometric
distribution of order 2 with parameter p = 0.5 is the
Fibonacci probability distribution [13].

Secondly, by Lemma 2, we present the probabili-
ty generating function of X 3 9) as follows

D
Gx s () = G = _ Puw
n=2
= (27 +§$ + ) _?Zanxna
n=0
where
n n
E FTL*’L 1 Bn
an=_ 5 g = gn 2 Fibn-i = 5rm 20
i=0 i=0
(3)
Note that
Bn:FOFn+F1Fn—l+"'+FnFOan207
which satisfying
Bn = Bn—l + Bn—2 + Fnu n > 2. (4)

Table 1: Numbers of F;, and B,, for 0 < n < 13

F(] F1 F2 F3 F4 F5 FG
1 1 2 3 5 8 13
By By By By By Bs Bg
1 2 5 10 20 38 71
F;,  Fg Fy Fyg Fun Fio Fi3
21 34 55 89 144 233 377
By Bgs DBy By Bi1n B2 Bz
130 235 420 744 1308 2285 3970

Combining Table 1 with formula (3), we get
&)

ap = a1 < ag = a3 = a4.
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When n > 4, by (3) and (4), we have

n4+1 — Ap = Bn+1/2n+1 - Bn/Qn

= (Bpt1 — 2B )/2n+1
= (Fpt1 + Byt — By) /2"
( n+1 — F Bn 2)/2n+1
(Fn | — )/2n+1

= (

n2+Fn 3— B, )/2n+1<0'

Then we arrive at

as > as > ag > - - - (6)
By (5) and (6), we obtain
ag = a3 = ag = max{a,;n=0,1,2,---}.  (7)
On the other hand,
GXon(@) =51 Z Oni
“a L a
_ n n+d n—4
= D= S
n=0 n=4
Then s
n—
P(X(Q}Q) = n) = ?,TL > 4.

By equation (7) we conclude that P(X(32) = n) at-
tains its maximum at X3 9y = 6, 7, 8. This completes
the proof of the theorem. O

Theorem 4 The unique mode of the random variable
X (2,3) distributed as N B5(3,0.5) is mx, ,, = 13.

Proof. Similar to the proof of Theorem 3, let
Gx, () be the probability generating function of

X9y distributed as Gi2(0.5). Then

SDIEES

n=2
where P, and F}, are the same ones as that in the proof
of Theorem 3. By Lemma 2, we obtain the probability
generating function of X 3 3) as follows

x) = (Z P,z"™)?
=2

$6 F1 FQ
:%(FO‘F?x—F? 2+ ")3

00
= CnT -,
26
n=0

FnZn

Gxeo Ton T
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where
1 n
Cp = 27 Z BiFn—i-
i=0
From Table 1, we calculate the terms

co = 1, C1 :3/2, C2 :9/4,

which yielding
co < 1 < Ca. (8)
When n > 2,
Cn+1 — Cn
n+1 n

= (Z BiFpi1-i—2 Z BiF,_;)/2" !
=0 =0

= (Bpt+1Fo + Z BiFpi1-i—2 Z BiF,_;)/2"t!

1=0 1=0
n

= {Buy1+ Y Bi(Fuy1-i — Fuy)

1=0
n
_ Z BiFn—i}/2n+1
=0

n—1 n

= (Bus1+ Y BiFp-1-i— ) BiFy-i) /2"
=0 =0

n—1
={Bny1 — B, + Z Bi(Fpo1-; — Fny)}/2" !
i=0

n—2
= (Bp41 — By — Z BiF,_o_;)/2"!
i=0
n—2
= (Bp—1+ Fypy1 — Z BiF,_o_;)/2" .
i=0
Forn = 2,3,4,5,6,
n—2
Bp_1+ Fhp — Z BiF, 2_;>0.
i=0
Then we have
co < ez <y <ces<ceg<cr. )

When n > 7, if we define

n—2

An = Bn—l + Fn+1 - Z BiFn—2—ia
=0
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by Table 1, we may get Ay < 0,Ag < 0. Assume
that A,, < 0, A, 11 < 0. Then

n
Apto = Bpy1 + Frys — Z BiFp—;

i=0
= (Bn + Bn—l + Fn+1) + (Fn+2 + Fn+1)
n—2
- Z Bi(Fp-1—i+ Fyn—2—;) — Bn—1 — By,
i=0
n—2
=2Fpi1+ Fupa = Y Bi(Foo1oi+ Fray)
i=0
n—2

=2F, 1+ Fhqo — Z BiF, 1

i=0
n—2
- E BiF, o
i=0
n—2

= (Bp-1+ Foy1 — Z BiF, o)
=0

n—2
- Z BiFy_1-i — Bp—1+ Fnt1 + Frpo
i—0

n—1
=A, - Z BiFy_1-i+ Fnt1+ Fryo
=0
n—1
- An + (Bn + Fn+2 - Z BiFn—l—i)
1=0
+Fn+1 - Bn

=Ap+ Api1+ (Fp+ Foy — By) <0.

The inequality implies that for any a fixed n > 7,
A,, < 0, from which it follows that

cr>cg>C9g>cCl0> . (10)
Combining (8), (9) with (10), we conclude that
c¢; = max{cy;n=0,1,2,--- }.
Note that
P(X@3) =n)= Cgf,n > 6,
then the unique mode of X5 3) is Mmx,y =13 0O

3 On the modes of the binomial dis-
tribution of order £

Let N,Sk) be the number of success runs of length &
in n Bernoulli trials with success probability p. The
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probability distribution of NP denoted by Bg(n,p)

is called the binomial distribution of order k£ with pa-
rameter vector (n,p) [5, 11]. Note that when k£ = 1,
Bi(n,p) is the usual binomial distribution B(n,p).
Based on the distribution N By (r, p), this section con-
siders the probability distribution, the mean and the
mode of Bg(n,p).

Theorem S [f the random variable X j, ..y is distribut-
ed as NBy(r,p), then its probability distribution is
given by

P(X(k,r) = n) =

D

N1,M2,0 0 ,NED
ni+2ns+---kng=n—=kr

k
nitng oA +r—1\ (a\E" .
Ny, Mg, N, T — 1 p P

where n=kr kr+1,kr+4+2,---.

Proof. Following Lemma 2, we get

GX(k,T)(x)
B pk$k r
“\ @t pet T aF

r
1
kr, kr
:p X
(1— g<px+---+pkxk>>

-Tr
— kT kT (1 _ ]%(p:m— o +pk$k)>

o n k‘
_ ko kr r+n—1\ (q
e (T 6) 2

n=0 J

:ka[Ekri (7“"”—1) <q)n y
n=0 r—1 p

( . ) (]H)m +2ng4--+kny
N1, Nk » Tk

nl’...
ni+-+ng=n
- r—1 Ny, Nk

n=0 ni,,Ng>
q n
% <> (px)n1+2n2+~“+knk+kr

(pz)’
1

ni+--+ng=n
p

. Z <n1+n2+-~+nk—|—r—1)
N1z Nk ny,ng, - ,Ng, T — 1

q ni+ng+--+ng
X () (pm)n1+2n2+---+knk+kr

p
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oo
n=kr N1, Nk
Zle ing=n—kr

q ni+nz+-+ng
X () ptz”.
p

<n1+---—|—nk—|—r—1>

ny,--- )nkaT_]-

So, from the above we can come to the probability
distribution of X, .. a

Theorem 6 The probability distribution of By(n,p)
is given by

k—

PN =n=Y Y

5= mi,ma, - ,ME>
mi1+2ma+--+kmip=n—s—kr

<m1 4o —|—mk+7‘> <q>m1+-..+mk .

- b,
mi,ma, -, Mg, T p
wherer = 0,1,--- ,[n/k], and [z] denotes the great-
est integer not exceeding x € R.

—_

Proof. Suppose X,y is a variable distributed as
N By (r, p), the occurrence of { X, 1) = m} mean-
s that either the (m — k)th trial is a failure and the
subsequent £ trials are successes, or the last 2k tri-
als are successes in the m trials. Let ®, @ and ©
be a trial, a success and a failure respectively. For
m=n+k,n+k—1,--- ,n+1, we have the figure of
the events { X, ,y1) = n+k—s},s=0,1,--- k-1
as follows, where k = 4 for simplicity.

n trials
O OOOOOOOCDDDD s=0
O OOOOPDPDPDDEDD s=0
O OOOOOOODDDD s=1
O OOODPDDDDDDD s=1
O OOOOOCDDDD s=2
O OOBDPDDDDDD s=2
O OOOOODDDD s§=3
O ODPDDDDDD s=3

Figure 1: The decomposition of {{(;, 1) =n +k — s}

Let {X(,+1) = n+k — s|(k — s) @} denote
the event that (r + 1) success runs of length & occur
in (n 4 k — s) trials and the last (k — s) successes are
deleted, where s = 0,1,--- ,k — 1. By Figure 1, we
shall find that Uf;é { X1y =n+k—s|(k—s) @}
is equivalent to all the possible occurrence ways of the
7 success runs in n trials. Hence we have

k—1

(N =1} = U Krrny = nbk—sl(b—s) &)
s=0
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Therefore
PN = 1)
k—1
=Y P({Xpysry=n+k—s|(k—s)o})
s=0
k—1

- >

M1,m2, Mg
mi1+2mo—+---+kmp=n—s—kr

k
(m1—|—m2+-~+mk+r) (q)ﬁmj n

p .
mi,ma,: -, Mg, T

p
Theorem 6 has been proven. g

Theorem 7 Let P;(n,r) = P(N,gk) = r). Then we
have the recurrence

PE(n,r) = Pp(n—1,7) — apt Pp(n — K — 1,7)
" P (n — ke — 1) — p*T Pr(n — k — 1,7 — 1),
wheren >k and 0 < r < [n/k|.

Proof. Similar to Figure 1, we still assume that k = 4
for simplicity. Consider the following two events

r runs in (n—1) trials

Bi={0--0000000},

r runs in n trials

(r—1) runs in (n—1) trials

By={0---000006006 6},

r runs in n trials

obviously, we have

{N®¥) =} = B| UBs. (11)

For the event By, regardless of success or fail-
ure, the nth trial doesn’t change the number of success
runs, hence it can be decomposed as

B1 = B11 U Byo,

where
r runs in (n—1) trials
B :{®--~®®9®®®9}
r runs in n trials
r runs in (n—1) trials
={0- 006060600},
E-ISSN: 2224-2880 220
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rruns in (n—1) trials
Biy={0--0000008}

T runs in n trials

rrunsin (n—1) trials 7 runs in (n—1) trials

={0-000000RI\{O--000 DD}
g —

n—k—1 trials

Hence we have
P(Bl) = P(BH) + P(Blg)
- qu;k(n_ 1,?”) —i—pP]:(n— 177a)
—qpPi(n—k—1,r)
=Pi(n—1,r)— qka];"(n —k—1,7r).(12)
On the other hand, for the event Bs, all the last k&

trials must be success, otherwise, the nth trial, i.e. the
last one can’t lead to a success run. So

(r—1) runsin (n—1) trials
By={0---00060a)}

r runs in n trials

(n—k) trials n—k—1 trials

— —
={0---000CDPPI\{O---OCCDDDD}.
~—— ~——

(r—1) runs (r—1) runs

Then we get
P(Bs) = ka,:(n—/{, r—l)—pkHP,:(n—k—l, r—1).
(13)
Combining (11), (12) with (13), we can derive the
recurrence relation in Theorem 7. O

Theorem 8 The mean of the random variable ngk)
distributed as By(n,p) is given by
[n/k]
EN® =3 {1+ (n — mk)g}p™.
m

=1
Proof. Let E,, = EN'®), we find that
Egy=FEi = =E1=0,E,=p",

When n > k + 1, following the equation in Theorem
7, we have

[n/k] [n/k]
Z r-Pp(n,r)= Z r-Pr(n—1,r)
r=1 r=1
[n/k]
—qp* Z r-Prin—Fk—1,r)
r=1
[n/k]

+5 ) (r—=1+1)- Pi(n—k,r—1)
r=1

Y (r—141)-Pi(n—k—1,r—1),

r=1
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that is
Ep=Ep1—qpEn_j1
AP B+ 0" = p" T By oy — PP
or
En—p"En i, = Ep_1 — p"Ep_po1 + ap.
Let H, = E,, — p*E,_. Then we get
Hy = Ep — p"Ey = p"

and
H,=H, 1 +q@"n>k+1

By the above recurrence, we come to
Hy, = Hy, + (n = k)gp" = p" + (n — k)gp",
where n > k + 1. That is
En—p"Ep i =p"+(n—E)gp*n>k+1.
So, when n > k,
Ep=p Ep i+ 0" + (n— k)qp"
=P En ok + 0" + 0" + (n— k)qp
+(n — 2k)gp* =
= pl* B, g+ (0F + % + -4 plEF) +
(n—k)ap* + (n—2k)qp® -+ (n— [ k) gpl
[n/k] [n/k]

=0+ mek+z (n — mk)q

[n/k]
=Y {1+ (n—mk)g}p™.
m=1
The proof is complete. O
When p = 0.5,k = 2, n = 2n, n € N, the
mean of the variable NQ(? distributed as B2 (27, 0.5)
is given by

Let [x] be the greatest integer not exceeding = € R,
we can show that [ENQ(?L)] =[(n—1)/3].

Conjecture 9 If the random variable N2( ) has a dis-
tribution By (21,0.5), then its unique mode is

My = (7 —1)/3].
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For example, let n = 2n = 10, by Theorem 6,

1 10 1 9
PV =0) = 210 <10,0,0) T om0 <8,1,0>
1 5 1 9
Tt om <0,5,0) T ol (9,0,0)
5
4

1 8\, 1
210 \ 71,0 210 \ 1,4,0

144
1024’

e 210 (0
210 <5, 1, 1)

365
T 1024

(2) 1 7 1 6
PN =3) = 210 (4 0 3> * o0 (2,1,3

+1 ) +1 6 +1 5
21010,2,3 21013,0,3 1,1,3

145
1024’

1 6 1 5
PN =4 —
( ) =31 <2,o,4> * 310 (0,1,4)

MR AR
210\ 1,0,4/) 1024’

@2 1 5 1
PNy =5) = 210 (0,0,5) 1024

So, we have

P(N{g = 1) = max {P(Njg) =)},
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which yielding m 2y = 1. On the other hand, (7 —
10
1)/3] =1, we have m o) = [(7L — 1)/3].
2n

In Figure 2, the horizontal axis denotes the num-
bers of success run in By (n,0.5) and the vertical ax-
is denotes the corresponding values of the probabili-
ty. We observe clearly that when n = 2 X 5,2 X 8
and 2 x 10, the modes of them are [(5 — 1)/3] = 1,
[(8—1)/3] =2and [(10 — 1)/3] = 3 respectively.

0.4

—-%—-n=10
0.35 e —-3%--n=16
! * —-%--n=20
i \
03 \
/ *4o
/ ;TR
: VRN
025 / / PR
/ / 7N \ X
02/ / ?’( \ NN
/ / / \ \ \,
! * \ X N
015g * NN
/ - %
S N NN
0.1 / / \ N
; A\ .
/ /'* \ N\ N
/o \ P \
/ . * 8
0.05% \ S %
# faRS Ny
o LT e el
o 1 2 3 a 5 6 7 8 9 10

Figure 2: The The probability distributions of B3 (n,0.5)

4 On the mode of the Poisson distri-
bution of order £

This present section investigates the mode of the Pois-
son distribution of order & in some cases. Theorem 10
is inspired by Dai and Hou’s work [3], where they de-
rived the usual Poisson distribution P(\) from a neg-
ative binomial distribution.

Theorem 10 In N By(r,p), the variable 0y, =
X(k,r)y — kr is the number of trials removing the r
success runs. Let ¢ — 0 and rq — A\ > 0) as
r — oo. Then the random variable 1) = Nk, o0) IS
said to have the Poisson distribution of order k with
parameter \, to be denoted by Py (). The probability
generating function of 1)y is given by

_  Mata?etak—k
Gy (2) =€ ( ),

Proof. Combining the definition of probability gener-
ating function of 7, .y with Lemma 2, we have
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p* (1 — px)’
(]_ —r+ qpk$k+l)T

= ((1 — q)%>—qu X

— :C—k'I’GX(k’T) (:_‘L') =

k=1
gz 3 (pz)™
0

k-1
(10 ) "5

m=0
Let ¢ — 0 and r¢ — A\ > 0) as r — oo. Then
we get the probability generating function of 7)) =
M(k,00) as follows

G (z) = G (z) = TILI& Gy (z)

_ e)x(ac+x2+~~-+ack—k)‘

Thus the proof is complete. g

Theorem 11 Let 1y be a random variable distribut-
ed as Py(\). Then

P(ngy =m)
\mtme e tmg Y

> o] ¢
T S milma!---my!
mi+2ma+-+kmp=m

where m = 0,1, ---.

Proof. Following Theorem 10, we get

>

mM1,ma, - ;Mg
mi+2ma+---+kmp=m

) g 2mateetkmy
, M

Amef)\kxm1+2m2+---+kmk

D

M1,M2, Mg D
mi+mo+-+mr=m

ml!mg! cee mk!

k

m;
© )\]2::1 Je—kkr
= 3 N e
mﬂmgl s mk'

mM1,m2, Mg
mi1+2ma+---+kmr=m

Therefore,

P(ngy =m) =
\matme e mg

§ : —Ak
€ )
ml!mQ! . mk'

mM1,Mm2, - Mg
mi1+2mao—+---+kmp=m
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where m =0,1,--- . O

Theorem 12 Let 13 be a random variable distribut-
ed as P»()). Then the mode of it is my,, , = 0 if

0<A<V3—1my, , =00r2ifx=+v3-1,
=2ifV/3-1<A<1

My a
Proof. By Theorem 11, we have

)\m1+m2672)\
Pp=Plhg=m)= >  —F——

mi,mo>
mi1+2mo=m

m1!m2!

AZ
Py=e 2 Pl=e 2\, P, = 6_2)‘(? + ). (14)

Note that 0 < A < 1, when n > 1, we have

P2n - P2n+l
z”: )\2n—ie—2/\ n )\2n+1—ie—2/\
- SRR ESRYH]
— (2n — 2i)!4! paar (2n + 1 — 27)ld!
n )\Qn—ie—2>\ n )\2n—’ie—2>\
>

(20— 20)lil £ (2n 41— 20)l!

n )\2n—i€—2)\ )\2n—i€—2>\

- Z,:O((zn —2)lil  (2n+1- 2@’)!2’!) > 0.
(15)
Popi1 — Popyo =
" \2ntl-ig—2X ntl oy 2n42-i,—2)
- ; (2n+1-20)lil & (2n+2 — 2i)li!

n—1 — -
)\2n+1 o 2\

2n+2—1i ,—2\
. ( A e
_Z o+ 1 -2 (2n + 2 — 20)i!
=0

N o ()\nJrl )\n+2 )\n+1
e

A 0.
Unl 2l Ol(n+ 1)!> ”
(16)

)

By (15) and (16), when 0 < A < 1, we get
P,>P3>P>---. a7

Combining (14) and (17), when A = V3—1, P =
P, = max{P,,,m > 0}, this means My x = 0,25
when 0 < A < /3 — 1, Py = max{P,,,m > 0}, it
yields My A = 0;whenvV3—1< A< 1, P =
max{ Py, m > 0}, that is my, » = 2. O

Theorem 13 Let 12y be a random variable distribut-
ed as Py(\). Then the mode of it is my,, , = (3A—1)
if A>1land A € N.

(2),A
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Proof. By Theorem 10, for £ = 2, we have
G(z) = Gy, () = T2,
differentiating G(x), we get
G'(z) = M1+ 22)G(z).

Differentiating (n — 1) times both sides of the above
equation with respect to x, then setting x = 0, we
arrive at

G (0) = MG D(0) 42X (n — 1)G2(0),

We employ the fact P, = G (0)/n! and the above
to obtain the recurrence

nP, = A(Py—1+2P,_2). (18)
Assume that M) A = n*, so by (18),
N Ppx = N Ppr—1 + 2P+ —2) < 3\Py»,

which yielding
n* < 3\ (19)
Let Ag = P) >0, A, =PFP,— P,_1,n > 1.
Then
A =P —-FP= ()\ — 1)6_2)\ > 0,
Ao =Py — P = 36_2>\ > 0.

By (18), we come to

AA+n)A,
(n+1)(n+2)

ABA—n—4)
(n+1)(n+2)

P, 1.

(21)
So, when 1 < n < 3\ —4, we have A, 1o > 0, that is

An-|—2 =

Az >0,A4 >0,---,A3x_0 > 0. (22)
Combining (20) with (22), we obtain
Ph< P <---<Psg_o,

which yielding
3A—2<n" (23)

Together with (19) and (23), we get
3A—2<n" <3\ (24)
By (18), we arrive at
nAp, =A—n)Ap_1+ (BX—n)P,_s. (25)
Setting n = 3\ in (25), we get
Ay = —2A3\ 1. (26)
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Setting n = 3\ — 3,3\ — 5 and 3\ — 7 in (21) respec-
tively, we get

(o AA=3)As s — APy
-l BA—2)BA—1) '
A(AX —5)Asy_5 + APsy—¢
Agy_3 = 27
A _ AN — T)Asy_7 + 3\P3)_g
A5 (3\—6)(3\ —5)
By (18), we get
P o )\(7)\ — 10)P3)\_6 + 2)\2P3)\_7
AT (3X — 4)(3\ — 5) " 08
Py AP3y 7+ 2AP3) 3
3A—6 =

3N—6
Together with (27) and (28), we have

3A=1)---(3XA =6
D6,

= (643 — 267\ + 360\ — 156)Aszy_7
+(3A2 + 24\ — 36) P3y_g > 0.

Combining (26) with (29), we have A3y 1 < 0
and A3y > 0, this means that P3y_; > P3),_5 and
P3)_1 > Ps), noting that the mode n* satisfies (24),
so we get the mode my;, » =n* =3A — 1. O

At the end of this section, we give the probabil-
ity distributions of P»(\) when A = 0.5 and A =
1,2,3 in Figure 3, where the corresponding modes

Mgy 05 = 0and my, = 32 —1 = 2,58 are
obvious.
025 i
X —%--1=05
;\ —d— A =1
) k- a=2
0.2 \\ ’/?“.\‘ —-%—-a=3
| VAN
/ N,
0.15 \\ ! *
* 7'\*//' \\ 3‘6‘\ *
* \ AT TR
\ Re \ SR
o1 K * o
//\( N, X‘\
Vol % '\* LS
0.05 o o T
K * “x. Sk
;K,/ .x\ R L »_»7\32:-7 e S
S e R TTTR — R T e —x
o 2 4 6 8 10 12

Figure 3: The probability distributions of P> (\)

5 Conclusion

In section 2, we discuss the mode of the random vari-
able X(j which has a distribution N By (r,p). By
the Fibonacci sequence, we obtain m X2 = 0 7,8
and my, , = 13 if the parameter p = 0.5. In sec-
tion 3, we investigate the probability distribution and
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mean of the variable N\") distributed as By, (n,p) and

propose the conjecture on By (27, 0.5), i.e. mye) =
2n
[(R — 1)/3]. In section 4, based on N By(r,p), we
consider the probability generating function and prob-
ability distribution of Py (A), furthermore, we obtain

its modes in some cases: (1) My \ = 0if0 < A <
V3 —Timy,  =00r2if A =v3—1my, =2

ifV3—1 <X <1 (2) myg, , =3A—1if A € Nand
A > 1. It’s still an open question for all other cases.
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