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Abstract: A sign pattern is a matrix whose entries belong to the set {4+, —, 0}. An n-by-n sign pattern A is said
to allow an eventually positive matrix or be potentially eventually positive if there exist some real matrices A with
the same sign pattern as A and a positive integer ko such that A* > 0 for all k& > k. Identifying the necessary and
sufficient conditions for an n-by-n sign pattern to be potentially eventually positive, and classifying the n-by-n
sign patterns that allow an eventually positive matrix were posed as two open problems by Berman, Catral, Dealba,
et al. In this article, a new tree sign pattern .4 obtained from one tridiagonal sign pattern by adding one pendent
edge are investigated. Some necessary conditions for the sign pattern .4 to allow an eventually positive matrix are
established first. Then all the minimal tree sign patterns that allow an eventually positive matrix are identified.
Finally, all the tree sign patterns that allow an eventually positive matrix are classified.
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1 Introduction Recall that an n-by-n real matrix A is said to be
] ] . ) o eventually positive if there exists a nonnegative inte-
A sign pattern is a matrix A = [a;;] with entries in ger ko such that A¥ > 0 for all k > ko; see, e.g., [3].

the set {4+, —,0}. An n-by-n real matrix A with the

. . X £ An n-by-n sign pattern A is said to allow an eventual-
same sign pattern as A is called a realization of A.

ly positive matrix or be potentially eventually positive

The set of all realizations of sign pattern A is called (PEP, for short), if there exists some A € Q(A) such
the qualitative class of A and is denoted by Q(A). that A is eventually positive; see, e.g., [4] and the ref-
A subpattern of A = [a;] is an n-by-n sign pattern erences therein. An n-by-n sign pattern A is said to
B = [Bij] such Fhat Bij = 0 whenever a;; = 0. .If be a minimal potentially eventually positive sign pat-
B # A, then B is a proper subpattern of A. If 5 is tern (MPEP sign pattern) if A is PEP and no proper
a subpattern of A, then A is said to be a superpattern subpattern of A is PEP; see, e.g. [5] and [6]. Sign
of B. A permutation pattern is a sign pattern matrix patterns that allow an eventually positive matrix have
with exactly one entry in each row and column equal been studied first in [4], where a sufficient condition
to +, and the remaining entries equal to 0. A product and some necessary conditions for a sign pattern to be
of the form ST.AS, where S is a permutation pattern potentially eventually positive have been established.
and A is a sign pattern matrix of the same order as However, the identification of necessary and sufficien-

S, is 'calle.d a permutation similarity. A pattern A is t conditions for an n-by-n sign pattern (n > 4) to
reducible if there is a permutation matrix P such that be potentially eventually positive remains open. Al-

so open is the classification of sign patterns that are

T A 0 potentially eventually positive.

PrAP = [ Asr A ] ’ . L
21 22 Recall that an n-by-n real matrix A is said to be
power-positive if there exists a nonnegative integer k
where A;; and Ay are square matrices of order at such that A¥ > 0. An n-by-n sign pattern A is said to
least one. A pattern is irreducible if it is not reducible; allow a power-positive matrix or be potentially power-
see [1] and [2] for more details. positive (PPP), if there exists some A € Q(.A) such
A sign pattern matrix A4 is said to require a cer- that A is power-positive; see, e.g., [7]. A relation be-
tain property P referring to real matrices if every real tween potentially eventually positive sign patterns and
matrix A € @(.A) has the property P and allow P or potentially power-positive sign patterns has been es-
be potentially P if there is some A € @Q(.A) that has tablished in [7]. An n-by-n sign pattern A is said to
property P. be a minimal potentially power-positive (MPPP) sign
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pattern, if A is PPP and no proper subpattern of A
is PPP; see, e.g., [6]. A relation between minimal po-
tentially eventually positive sign patterns and minimal
potentially power-positive sign patterns has been es-
tablished in [6]. At present, there are a few literatures
on the potential eventual positivity of some specific
sign pattern matrices; see e.g., [5], [6], [7], [8], [9]
and [10]. Especially, the potentially eventually posi-
tive double star sign patterns have been identified and
classified in [5]. More recently, the minimal potential-
ly eventually positive tridiagonal sign patterns have
been identified and all potentially eventually positive
tridiagonal sign patterns have been classified in [8].
In [9], the eventual positivity of one specific tree sign
pattern obtained from the double star sign pattern S5 o
by adding a pendent edge has been investigated.

In this article, we focus on the eventual positivi-
ty of one new specific tree sign pattern obtained from
a tridiagonal sign pattern by adding an pendent edge.
Our work is organized as follows. In Section 2, some
preliminary results are established. In Section 3, the
minimal potentially eventually positive sign patterns
are identified and consequently, the tree sign patterns
that allow an eventually positive matrix are classified.
Some remarks and future work are concluded in Sec-
tion 4.

2 Preliminary Results for Tree Sign
Pattern A to be Potentially Even-
tually Positive

We begin this section with introducing some neces-
sary graph theoretical concepts which can be seen
from [2], [11], [12], [13] and the references therein.

A square sign pattern A = [o;;] is combinatorial-
ly symmetric if o;; # 0 whenever aj; # 0. Let G(A)
be the graph of order n with vertices 1, 2, - - -, n and an
edge {i, 7} joining vertices ¢ and j if and only if i # j
and a;;; # 0. We call G(.A) the graph of the pattern A.
A combinatorially symmetric sign pattern matrix .4 is
called a tree sign pattern if G(.A) is a tree. Similarly,
path (or tridiagonal) and double star sign patterns can
be defined.

A sign pattern A = [ay;] has signed digraph
I'(A) with vertex set {1,2,---,n} and a positive (re-
spectively, negative) arc from 7 to j if and only if
aj 1s positive (respectively, negative). A (direct-
ed) simple cycle of length k is a sequence of k arc-
s (i1,12), (i2,43),- -, (ix, 1) such that the vertices
i1, -+, are distinct. Recall that a digraph D =
(V, E) is primitive if it is strongly connected and the
greatest common divisor of the lengths of its cycles is
1. It is well known that a digraph D is primitive if and
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only if there exists a natural number k such that for
all V; € V, V; € V, there is a walk of length k from
Vi to V;. A nonnegative sign pattern A is primitive if
its signed digraph I'(\A) is primitive; see, e.g. [4] for
more details.

For a sign pattern A = [«;;], we define the posi-
tive part of A to be AT = [a;;], where ozjj = + for
ajj = +, otherwise oz;; = 0. The negative part of A
can be defined similarly. In [4], it has been shown that
if sign pattern A" is primitive, then A is PEP. Here,
we cite some necessary conditions for an n-by-n sign
pattern to be potentially eventually positive in [4] as
Lemmas 1 to 2 in order to state our work clearly.

Lemma 1 If an n x n sign pattern A is PEP, then
(1) Every superpattern of A is PEP.
(2) Every row and column of A has at least one
+ and the minimal number of + entries in A isn + 1.
(3)If Ais the sign pattern obtained from sign pat-
tern A by changing all 0 and — diagonal entries to +,
then A is PEP.
(4) There is an eventually positive matrix A €

Q(A) such that
(a) p(4) = 1.
(b) A1 = 1, where 1 is the n x 1 all ones
vector.
Ifn > 2, the sum of all the off-diagonal entries of
A is positive.

We denote a sign pattern consisting entirely of
positive (respectively, negative) entries by [+] (re-
spectively, [—]). Let [+]ix; be a square block sign
pattern of order 7 consisting entirely of positive en-
tries. For block sign patterns, we have the following
lemma.

Lemma 2 Let A be the checkerboard block sign pat-
tern

with square diagonal blocks. Then —A is not PEP,
and if A has a negative entry, then A is not PEP.

Recall that a vertex with degree 1 in a graph is
called a leaf vertex or end vertex, and the edge inci-
dent with that vertex is called a pendant edge; see [2]
for example. Now, we turn our attention to the specific
sign pattern A which are obtained from the tridiagonal
sign pattern P; by adding a pendent edge as shown in
the Figure 1.
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Figure 1: The graph G(.A) of sign pattern A.

Since sign pattern 4 is potentially eventually pos-
itive if and only if A7 or PT AP is potentially even-
tually positive, for any permutation pattern P. Thus,
without loss of generality, let the sign pattern

[ 7 % % x 1
?
? *
A: ? * )
* ?
i * 7]

where ? denotes an entry from {4+, —, 0}, * denotes
a nonzero entry, and the entries not specified in the
sign pattern are all zeros. Note that sign pattern A is a
combinatorially symmetric sign pattern and its graph
G(A) is a tree. It is clear that A is not a doublet star
sign pattern which has been investigated in [5] and is
not a tridiagonal sign pattern which has been studied
in [8]. Furthermore, sign pattern A is different from
the tree sign pattern investigated in [9].

Next, we address on the general properties of po-
tentially eventually positive sign pattern A. Follow-
ing [4] and [5], we use the notation & to denote one
of 0, —, & to denote one of 0,+. The following two
results are necessary for tree sign pattern A to be po-
tentially eventually positive.

Proposition 3 If sign pattern A is potentially eventu-
ally positive, then A is symmetric.

Proof: Since sign pattern A is potentially eventually
positive, let the real matrix A = [a;5] € Q(A) be
eventually positive. By Lemma 1, let ags = 1 — a1,
az3 = 1—ag1—ass, agqg = 1—aq1—age, as5 = 1—as3
and agg = 1 — agq. To complete the proof, it suffices
to show that as1a12 > 0, asziais > 0, aga14 > 0,
assas3 > 0 and aggagqs > 0. Suppose the positive left
eigenvector of A is w = (wq, we, ... ,wG)T. Then by
wl A = w”, we have the following equalities:

waass + we(1l — ass) = we, (1)

wsags + ws (1 — as3) = ws, 2

wiarg + wa(l — agn — ase) + weaes = wa, (3)

wiarz + w3(l — agr — ass) + wsasz = w3, (4)
E-ISSN: 2224-2880
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and
)

By Equalities 1, 2 and 5, we have agiai;s > 0,
assass > 0 and aqgags > 0. By Equalities 1 and
3, we have aq1a14 > 0. By equalities 2 and 4, we
have aj3az; > 0. It follows that A is symmetric. O

wiaiz + wa(l —ag) = wa.

Theorem 4 [f sign pattern A is potentially eventually
positive, then all nonzero off-diagonal entries of A are
positive.

Proof: By Proposition 3, the potentially eventually
positive sign pattern .4 is symmetric. To complete the
proof, it suffices to show that a;o = +, a3 = +,
a4 = +, azs = + and ayg = +. By a way of contra-
diction, assume that there are some off-diagonal en-
tries that are — in the set {aj2, 13, a14, 35, (6}
Let k be the number of off-diagonal entries — in
the set {12, @13, a4, 35, e }. For the potentially
eventually positive sign patter A has at least 7 posi-
tive entries, 1 < k < 4.

Casel. k= 1.
Suppose that a2 = —. Then the potentially even-
tually positive sign pattern
7 - 4+ + ]
- 7
+ ? +
A=14 ? +
+ ?
L + [

By changing all diagonal entries to be +, we have a
potentially eventually positive sign pattern

+ - 4+ +
- +
4 + + +
A=14 + +
+ +
i + + |

with a proper checkerboard superpattern

(-] +]
[+]1><1 _]

[+]1><1 [
[
(=] [H]axa

(-]
[+

It follows from Lemma 2 that sign pattern A (and
hence A) is not potentially eventually positive. It is
a contradiction.

In general, the other Subcases a13 = —, a4 =
—, ags = — and ayg = — can be discussed similar-
ly. We list the corresponding sign patterns and their
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checkerboard block sign patterns as following:

[ 7+ — + ]
?
_ ? +
+ ? + |’
+ ?
! + 7

[Haxe [ ] [ 4]
=] [hx [ [+] (-]
+ F a0 [
e S N e N o [ E I
+ = H Hha

7?4+ o+ - T

+ 7

+ ? +

- ? + |’

+ ?
+ ?

and its checkerboard block sign pattern

[+laxz -] [
(=] [+ |
[+] -] [+
[-] [+] [
7+ o+

+ 7

+ 7

+ ?
L B +

+]
]
]1><1

-

[
[
[
[+

-]
o,
-1 |

]1><1

and its checkerboard block sign pattern

[+]axa -]
-] [+lix1
[+] [-]

7?7 + 4+ +
+ 7
+ ?
+ ?
+

[
[
[+

+]
-

]1><1

and its checkerboard block sign pattern
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Case 2. k = 2.
Suppose that a2 = a3 = —. Then the poten-
tially eventually positive sign pattern
fo o o -
- 7
— ? —+
A= ’
+ ? +
+ ?
L + [

By changing all diagonal entries to be +, we have a
potentially eventually positive sign pattern

+ - - +
- 4+
i | - + +
A=14 + +
+ +
! + A+

with a proper checkerboard superpattern

S el B N e N
=] [ = [+ [H]
+ D Hha H [
S N b I o [P S b
+ = D Hha

It follows from Lemma 2 that sign pattern A (and
hence A) is not potentially eventually positive; this
is a contradiction.

In general, the other 9 Subcases a3 = oy = —,

Q12 = Q35 = —, (12 = Qye = —, (13 = Q14 = —,
13 = 35 = —, 13 = Q46 = —, 14 = O35 =
—, 14 = Oy = — and agz; = (g — — can be

discussed in a similar way. We list the corresponding
sign patterns and their respective checkerboard block
sign patterns as following:

fo 4 -
- 7
+ ? +
- ? + |’
+ ?
+ ?

and its checkerboard block sign pattern

Il G A G B S B
o I G AR G A ol B G
[ A o O ol B B
e I G B G ol RGN
[ A G O el B B
B ey b B B b B S B R
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(7 - + +

- 7

+ ? —

+ ? + |’
— ?
+ ?

S TETR I S R S I
N e
o Be H
- Bha [
A H D B
B
- 7
+ ? +
+ ? —
+ ?
— ?
and its checkerboard block sign pattern
o ]
F Hoa F
HF Bee |
O Hha
[ 7+ - =
+ 7
_ ? +
— ? +
+ ?
+ ?
and its checkerboard block sign pattern
[Haxe [=]  [4]
(=] [Hlexe [
H D [l
7+ - +
+ 7
_ ? _
+ ? + |’
- ?
+ ?
and its checkerboard block sign pattern
[+Hax2  [=] 4]
=] a0 ]
[+ [ [Flaxs
E-ISSN: 2224-2880 88
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o+
~0

and its checkerboard block sign pattern

[+lox2  [-] [+] (]
=] [ [ [+]
[+] -] Hoa  H
(-] [+] (] [Hexe
7+ + =
+ 7
+ ? -
_ ? + ’
— ?
+ ?

and its checkerboard block sign pattern

[mgxs -] ]
[—]  [Hsxs |’

7+ 4+ -

+ 7

+ ? +

_ ? _
+ ?
— ?

and its checkerboard block sign pattern

[+Hlaxs  [-] [+]
= [ =]
[+] (=] [+2x2
7?7+ 4+ 4+
+ 7
+ ? _
+ r
_ ?
- ?

and its checkerboard block sign pattern

[ [Hlaxa -] ] '

] [Floxe

Case 3. k= 3.
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Assume that «vy9 = a3 = a14 = —. Then the

potentially eventually positive sign pattern

ro -
- 7

By changing all diagonal entries to be 4, we have a

potentially eventually positive sign pattern

pN
I

+ + |

with a proper checkerboard superpattern

[Hixi [ ]
=] [Hsxs |

It follows from Lemma 2 that sign pattern A (and
hence A) is not potentially eventually positive; a con-

tradiction.

In general, the other 9 Subcases 12 = a3 =
Qg5 = —, (12 = 13 = Q4 = —, 12 = Q14 =
ags = —, Q12 = Q14 = Q4 = —, 12 = Q35 =
Qg = —, 13 = 14 = Q@35 = —, (13 = Q14 =
46 = —, a3 = g5 = age = — and a1y = ags =
a4 = — can be discussed in a similar way. We list

the corresponding sign patterns and their respective

checkerboard block sign patterns as following:

SR -
- 7
_ ? _
+ ? + |
— ?
+ ?

and its checkerboard block sign pattern

[Hoa =] 4]
(=] [Hlexe  [H |
[+ [ [Flaxs
S -
- 7
- ? -
+ ? — |

+ ?

— ?
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and its checkerboard block sign pattern

[Flix1 -] [+] -]
(=] [+lax2  [+] -+ .
[+] o T PO T el B I
[-] [+] -] [H]oxe
7 - 4+ =

- 7

+ ? —

_ ? + ’

- ?
+ ?

and its checkerboard block sign pattern

[+lix1 -] [+] (-]
] [+hixt [+ -+ .
[+] =] [t [H] |
[-] [+] (=] [+lsx3

- o+ -

- 7

+ 7+

_ 2 _ |

+ ?
— ?

and its checkerboard block sign pattern

[Flixa [ [+] (-] [+]
=1 o
+ o F o ] [
=1 D Hha [H
+H o F Hoa [H [Haxe
[ 7 - + + 1
- 7
+ ? —
+ ? - |’
— ?
— ?
and its checkerboard block sign pattern
a1 ]
et I o O T el N 5 R I
[+ [ Hexe [ |7
= D e
[ 7+ - =
+ 7
_ ? —
_ ? + |’
— ?
+ ?
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and its checkerboard block sign pattern

[+Hoxe [ ][]
=] [Hexe [ + .
e e T A
] [+] =1 [Hh«a
fo o4 -

+ 7

— ? 4+

— ? S

+ ?
— ?

and its checkerboard block sign pattern

[tloxe =] [+]]
=] [Hsxs =] s
+ ] Hha
7 4+ — T
+ 7
_ ? —
+ ? — |

- ?

- ?

and its checkerboard block sign pattern

[+lox2  [-] [+] (-]
] [+hixt [+ -+ .
[+] (=] [Hexe  [-] |’
[-] [+] =] [+t
7o+ o+ - ‘
+ 7
o -
_ ? _ ’
— ?
- ?

and its checkerboard block sign pattern

[+lsxs  [-] [+]
=] [Hlexe [
[+] =] [
Cased. k = 4.
If 19 = 13 = a4 = ags = —. Then the
potentially eventually positive sign pattern
S S -
- 7
_ ? _
A= 9 "
— ?
L + [
E-ISSN: 2224-2880 90
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By changing all diagonal entries to be +, we have a
potentially eventually positive sign pattern

_|____
-+

— + —
- + +

N
Il

with a proper checkerboard superpattern

a0 = [
-] [Hsxs =] [H]
+ [ Hoa [
= Hha

It follows from Lemma 2 that sign pattern A (and
hence A) is not potentially eventually positive; a con-
tradiction.

In general, the other 4 Subcases a2 = a3 =
Q14 = 04 = —, 12 = Q13 = Q35 = Q4 = —
and a13 = a4 = a3 = g = — can be discussed
similarly. We list the corresponding sign patterns and
their respective checkerboard block sign patterns as
following:

and its checkerboard block sign pattern

+Ha [F] ]
(-] [Haxa -] |
+H [ Hha
S ]
- 7
_ ? —
+ ? - |’

- ?

- ?

and its checkerboard block sign pattern

[+lix1 -] [+] (-]
] [Hlex2  [+] -+ .
[+] (=] [Hexe  [=] |
[-] [+] (=] [+ix1
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[Flia [ [+] (] [+]
=1 o D  H
+ o F a0
=1 D Haxe [H
+ = D Hha
fo o4 -
+ 7
_ ? —
— ? — |
— ?
— ?

and its checkerboard block sign pattern

[+axa  [-] [+]
(=] [Hexe  []
[+] (=] [Haxe

As discussed in above, If £ = 1,2,3 or 4, then the
corresponding sign pattern A is not potentially even-
tually positive. Tt follows that if the sign pattern A is
potentially eventually positive, then £ = 0. Thus, all
nonzero off-diagonal entries of A4 are positive. g

3 The Minimality of Potentially
Eventually Positive Sign Pattern A

Recall that an n-by-n sign pattern A is said to be a
minimal potentially eventually positive sign pattern
(MPEP sign pattern) if A is potentially eventually pos-
itive and no proper subpattern of A is potentially even-
tually positive. To consider the minimality of poten-
tially eventually positive sign pattern A, the follow
proposition is necessary.

Proposition 5 If sign pattern A is potentially even-
tually positive, then there exists some 1 €
{1,2,3,4,5,6} such that av;; = +.

Proof: By a way of contradiction, assume that a;; =
—or0Qforalli = 1,2,...,6. Since sign pattern A
is potentially eventually positive, it follows that all
nonzero off-diagonal entries are + by Theorem 4. For
every superpattern of potentially eventually positive

E-ISSN: 2224-2880
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sign patterns is also potentially eventually positive, it
suffices to consider the sign pattern whose diagonal
entries are all —. That is ,

-+ + 4

It is clear that sign pattern A is a proper subpattern of
the checkerboard block sign pattern

[hxa [+ (-]
[+ [Haxs [+
(-] [+ [Flaxe

Consequently, .4 is not potentially eventually positive
by Lemmas 2 and 1. It is a contradiction. It follows
that there exists some i € {1,2,3,4,5,6} such that
Qi = +. O

To state our main results clearly, let

+ 4+ + 4+ 0 0

+ 0 0 0 0 0
4|t 000+ 0
=1+ 00 0 0 + |’
00 + 0 0 0
000 0 + 0 0|
[0 + + + 0 0]
+ + 0 0 0 0
L0 0 0 + 0
A=11 00 0 0 + |
00 + 0 0 0
000 0 + 0 0|
[0 4+ + + 0 0]
+ 0 0 0 0 0
A |t O+ 0+ 0
+ 0 0 0 0 + |’
00 + 0 0 0
L0 0 0 + 0 0
and ) i
0 + + + 0 0

+ 0 0 0 0 0
A_| T 000 + 0
+ 0 0 0 0 +
00 + 0 + 0
00 0 + 0 0

The following theorem indicates that Aq, Ao, As
and A5 are minimal potentially eventually positive
sign patterns.
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Theorem 6 Sign patterns Ay, Ao, As and As are
minimal potentially eventually positive sign pattern-
s.

Proof: Sign patterns A, Ao, A3 and A5 are poten-
tially eventually positive for their positive parts are
primitive, respectively. If some nonzero off-diagonal
entries are changed to be 0, then the corresponding
subpatterns are not potentially eventually positive by
Theorem 4. By Proposition 5, the diagonal entries of
A1, Ao, A3, A4 and Aj; can not be changed to be 0.
Therefore, no proper subpatterns of A;, As, Az and
Aj are potentially eventually positive. It follows that
sign patterns Ay, Ao, Az and A5 are minimal poten-
tially eventually positive sign patterns. g

Proposition 7 If A is a minimal potentially eventual-
ly positive sign pattern, then A has exactly one posi-
tive diagonal entry.

Proof: By a way of contradiction, assume that .4 has
at least two nonzero diagonal entries. Then by Theo-
rem 4, all nonzero off-diagonal entries of A are posi-
tive, and A has at least one positive diagonal entry by
Proposition 5. Consequently, .A must be a proper su-
perpattern of one of A, A9, A3 and As. By Theorem
6, A is not a minimal potentially eventually positive
sign pattern; a contradiction. Hence, .4 has exactly
one positive diagonal entry. O

Note that if A is a minimal potentially eventually
positive sign pattern, then A has exactly one positive
diagonal entry by Proposition 7. Moreover, the other
diagonal entries of A must be zero. Thus, all minimal
potentially eventually positive sign patterns are iden-
tified in the following Theorem 8.

Theorem 8 Tree sign pattern A is a minimal poten-
tially eventually positive sign pattern if and only if A
is equivalent to one of A1, As, Az and As.

Proof: The sufficiency follows from Theorem 6. For
the necessity, if sign pattern A is a minimal potentially
eventually positive sign pattern, then all nonzero off-
diagonal entries are positive by Theorem 4, and A has
exactly one positive diagonal entry by Proposition 7.
Thus, up to equivalence, A is one of sign patterns Aj,
Ay, Az, A4 and As. O

In the following Theorem 9, all potentially even-
tually positive tree sign patterns are classified.

Theorem 9 Tree sign pattern A is potentially eventu-
ally positive if and only if A is equivalent to a super-
pattern of one of Ay, Az, Az and As.
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Proof: Theorem 9 follows readily from Theorem
8 and the fact that every superpattern of potential-
ly eventually positive sign patterns is also potentially
eventually positive. O

Recall that an n-by-n sign pattern A is said to re-
quire an eventually positive matrix (REP, for short),
if every matrix A € Q(.A) is eventually positive; see
e.g., [14]. It is obvious that sign pattern A requires an
eventually positive matrix, then 4 is potentially even-
tually positive. But the converse is not true in general.
We end this section with an interesting corollary.

Corollary 10 For the tree sign pattern A, if A has
exactly 11 nonzero entries, then following statements
are equivalent:

(1) A is a minimal potentially eventually positive
sign pattern;

(2) A requires an eventually positive matrix;

(3) A is nonnegative and primitive, and has ex-
actly one positive diagonal entry.

Proof: Corollary 10 follows readily from Theorem 4
and Theorem 2.3 in [14]. O

4 Concluding Remarks

In this article, we have identified all the minimal po-
tentially eventually positive tree sign patterns as four
specific tree sign patterns A;, Ay, A3 and As. Conse-
quently, we have classified all the potentially eventu-
ally positive tree sign patterns as the superpatterns of
the previous specific tree sign patterns.

However, it seems that the difficulty in identifying
and classifying the (minimal) potentially eventually
positive (tree)sign patterns is great increasing, when
the order of (tree) sign patterns to be discussed is in-
creasing. In a follow-up paper, we will consider the
potential eventual positivity of tree sign patterns with
bigger orders.
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