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Abstract: The objective of this paper is to investigate optimal investment strategy for a pharmaceutical or petroleum
company under mean-variance criterion. The surplus of the company is modeled as a dual risk model. We assume
that the company can invest into a risk-free asset and n risky assets. Short-selling and borrowing money are
allowed. Since this problem is time-inconsistent, we study it within a game theoretical framework. The sub-
game perfect Nash equilibrium strategies (namely time-consistent strategies) are derived by solving the Extended
Hamilton-Jacobi-Bellman(HJB) equations in the classic diffusion dual model and in the diffusion dual approxi-
mation model, separately. Surprisingly when a coefficient parameter p = 0, optimal time-consistent investment
strategies and the value functions have the same expressions in both cases. Finally, We present economics impli-
cations and provide sensitivity analysis for our results by numerical examples.
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1 Introduction ding technique does not satisfy the Bellman Optimal-
) ) ) ity Principle and is time-inconsistent. This precom-

Recently, quite a few interesting papers have been mitted strategy implies that the strategy computed at ¢
published on the dual risk model. The dual risk mod- will not necessarily coincide with the strategy derived
el can be natural for companies that have occasion- at £ + At. As aresult, at ¢ + At the rational investor
al profits. For companies such as pharmaceutical or will implement the strategy computed at ¢. A rational
petroleum companies, the jump can be interpreted as investor will find a time-consistent strategy which en-
the net present value of future income from an inven- sures him to keep a consistent satisfaction. Another
tion or discovery. Many scholars investigated the dual possibility is to take the time-inconsistency more seri-
risk model under different criterions. For example, ously and study the problem within a game theoretical
Zhu and Yang [22] studied the ruin probability under framework. The basic idea is that when we decide on
the dual model, while Avanzi et al. [1] [2] consid- a strategy at ¢ we should explicitly take into account
ered the dividend payment problems in the dual mod- that at future times we will have a different objective
el. Dai et al.[8] and Yao et al.[18] investigated the dual functional, which means our preferences change in a
model under the objectives of maximizing the expect- temporally inconsistent way as time goes by, and we
ed present value of the dividends minus capital injec- can thus view this problem as a non-cooperative game.
tions, while the latter considered the transaction costs. We then look for a subgame perfect Nash equilibrium

The objective of this paper is to investigate the point for this game. The game theoretical approach to
optimal investment problem in the dual model un- address general time inconsistency via Nash equilibri-
der mean-variance criterion. Most of the literatures um points has a long history starting with [17] where
exploited an embedding technique to deal with dy- a deterministic Ramsay problem was studied. Further
namic mean-variance problem. The embedding tech- work along this line in continuous and discrete time

nique was proposed by Li and Ng(2000) and Zhou were provided in [11], [14] and [15].
and Li(2000). Since the iterated expectation property

does not hold for the variance operator, the optimal s- Recently there has been renewed interest in these
trategy(precommitted strategy) derived by the embed- problems. In the interesting papers [9] and [10], the
authors considered optimal consumption and invest-

*School of Management, Tianjin University ment under hyperbolic discounting in deterministic
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and stochastic models from the above game theoret-
ical point of view. They provided a precise definition
of the game theoretical equilibrium concept in contin-
uous time. Bjork and Murgoci [3][4] studied time in-
consistency (in discrete and continuous time) and the
authors undertake a deep study of the problem within
a Wiener driven framework. Zeng and Li [19] studied
the diffusion risk model under mean-variance crite-
rion and obtained optimal time-consistent investment
and reinsurance policies. Zeng et al.[20] investigated
the optimal time-consistent investment problem in the
classic risk model. In the following paper, Bjork et
al.[5] investigated mean-variance portfolio optimiza-
tion with state dependent risk aversion. Besides, there
are some other investment problems under different
models, see Li et al.[12], Chang and Lu [6], Chang et
al.[7] and references therein.

However, all of the above references do not con-
sider optimal investment problem in the dual risk
model under mean-variance criterion. Zhang et al.[21]
studied optimal investment strategy in a dual risk
model under mean-variance criterion and they as-
sumed that the financial market consisted of a risk-
free asset and a risky asset which price was mod-
eled by a diffusion process without jumps. In our
paper, we assume the prices of the risky assets are
described by a diffusion process with jumps. Short-
selling and borrowing money are allowed. Due to
lack of Bellman Optimality Principle, we exploit the
game theoretical approach to deal with this problem
and the time-consistent investment strategies are in-
vestigated in the classic diffusion dual model and
the diffusion dual approximation model. Similarly
as Bjork and Murgoci [3], we give a series of ele-
mentary definitions and closed expressions for opti-
mal time-consistent investment and the corresponding
value functions are derived by solving the extended
Hamilton-Jacobi-Bellman equations.

This paper is organized as follows. In Section 2,
we describe the classic diffusion dual risk model and
the diffusion dual approximation model by consider-
ing the investment strategy, define the equilibrium s-
trategy and give the verification theorem for the dual
risk model. In Section 3, optimal time-consistent in-
vestment strategy and the value function are derived
by solving the extended HJB equation in the clas-
sic diffusion dual model. In Section 4 we give opti-
mal time-consistent investment strategy and the val-
ue function in the diffusion dual approximation mod-
el. The final Section provides economics implications
and sensitivity analysis for our results by numerical
methods.
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2 Problem formulation

In this section, we start with the classic diffusion
dual model and the surplus process of the company is
given by

N (t)
Rt)=xz+ Y Zj—ct+ooWo(t), R(0) ==, (1)
j=1

where z is the initial capital, c is the rate of expens-
es, {N1(t)}+>0 is a Poisson process with intensity
A1 and Zj is the size of the jth positive incomes or
profits. The incomes are i.i.d.with the first and sec-
ond moment p, and o2, respectively. Wy(t) is a s-
tandard Brownian motion which denotes the uncer-
tainty of profit. The expected increase of the surplus
per unit time satisfies the positive loading condition:
Apz —c>0.
The company is allowed to invest its surplus in
a financial market consisting of a risk-free asset and
n risky assets. The total amount of money invested
in the ith risky asset at time ¢ is described as [;(t).
Denote the price of the risk-free asset Sy by
dSo(t) = ro(t)So(t)dt, So(0) = so, 2)
where s is the initial price of the risk-free asset, ()
represents the risk-free rate and it is a positive contin-
uous bounded function. The price process .S; () of the
ith risky asset (i = 1,2, ...,n) satisfies the following
stochastic differential equation

Si(t) | ri(t)dt + Zdj 0 (£)dW;(t)
j=1

Y]) 5 SZ(O) = S84,

dsi(t) =
(3)

No (t)

+dz

Jj=1

where 7i(t)>rq(t) is the appreciation rate, r(t)
and o0;;(t) are positive continuous bounded func-
tions. W(t) = (Wi(t), Wa(t),..., Wa(t))T is a d-
dimensional standard Brownian motion. Y; is the jth
jump amplitude of the risky asset price and Y}, j =
1,2, ... are i.i.d. random variables with the finite first-
order moment /i, and second-order moment 02. Fur-

thermore, assume 7°(t) + Ao, >70(t) which means
it is better to invest money into risky asset in the long

term and Wy (t), W (¢), Z;»V:ly) Zj and Z;ngt) Y; are
independent and P(Y; > —1) = 1 which can make
the risky asset’s price remain positive. Here the su-
perscript T denotes the transpose of a matrix or a
vector and d > n. Let X'(t) denote the resulting

surplus process after incorporating strategy / into (1).
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The dynamics of X!(¢) can be preserved as follows
dX'(t) = (ro(t)X'(t) + rT(t)I(t) — c) dt
+o0dWo(t) + 1T (t)o(t)dW (t)
Ni(t) Na(t)

+d > Z;+1T(t)ed Y Y5,
j=1 j=1

4)

where r(t) = (r'(t) — ro(t), r(t) — ro(t),..r"(t) —
ro(t)T, o(t) = (0ij)nxd and e = (1, 1, DT
Furthermore, denote () = o(t)o”’(t) and let I
represents the identity matrix. We also assume that
() + Apod is reversible for all ¢ € [0, 7.

Similarly as Schmidli [16], the diffusion approxi-
mation of (1) can be described as

dR(t) = Mz — ¢)dt + /A o2dW*(t) )
+Uode(t),

where W*(t) is a standard Brownian motion. Assume
that Wo(t), W*(t), W (¢) and 32" ¥; are indepen-
dent except that W*(t) is correlated with Wy (¢) with
correlation coefficient p, i.e.,

E(Wo(t)W*(#)) = pt. ©)

When the company invest its money into the financial
market which is described above, the resulting surplus
process Y (t) can be given by

ay'(t) = (ro®)Y'(t) + rT (£)U(t) + A1ps
—c) dt + oodWo(t) + 1T (t)o (t)dW () %
FV/AGZdW () + T (e d Y Y,

Denote C12(Q) = {&(t,z)|¢(t,.) is once con-
tinuously differentiable on [0, T], and ¢(.,x) is
twice continuously differentiable on R} where () :=
[0, T] x R, then for ¢(t,7) € C12(Q), the infinitesi-
mal operator of the surplus process X' () is

A'G(t,x) = du(t, x) + ¢u(t, ) [ro(t)r —
+rT($)(1)] + 2bualt,z) (08 + 1T (£)2()I(1))

and the infinitesimal operator of the surplus process
Y(t) is

()

B'o(t,z) = ¢u(t, x) + ¢o(t, ) [ro(t)m + A1pe
—c+ rT(t)l(t)] + %qﬁm(t, z) (08 + poor/ Mo2 ©
HIO()I() + Mo?)
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Next, we give a series of definition on the classic
diffusion dual process X*(t).

Definition 1. A strategy | ={I(t) =
(1)) }i>0 is said to be admissible if

(1) I(t) is a Fy-adapted process;

(2) l satisfies the integrability condition:

Efg IT()2()I(t)ds < oo almost surely, for all t > 0;
(3) SDE(4) has a unique solution corresponding to .

(1 (t),l2(t), ...

Denote the set of all the admissible strategies by
U. We mainly consider mean-variance criterion and
the objective of the company is find the maximization
of the following function

J(0,251) = By, [Xl (T)} _ %Varo,x[XI(T)], (10)

where  is a pre-specified risk aversion coefficien-
t, Eo.[] = E[|XY0) = x| and Varg.[] =
Var[.|X!(0) = z]. This problem is a static mean-
variance problem. Due to this criterion lacking
the iterated-expectation property, it leads to a time-
inconsistent problem. It means that the Bellman Op-
timality Principle does not hold. We formulate an in-
vestment problem in a game theoretical framework.

Furthermore, we take this problem as a non-
cooperate game, with one player for each time ¢,
where player ¢ can be regarded as the future incarna-
tion at time ¢. For any fixed (¢, z), the objective is to
find

sup J(t, x;1) = sup;cy {Et@ [XZ(T)] —

leU (11)

IWVarey, [XU(T)]}.

This problem can be viewed as a dynamic mean-
variance problem.

Similarly as Bjork and Murgoci [3], we provide
the definition of the equilibrium strategy and the veri-
fication theorem for problem(11).

Definition 2. (Equilibrium Strategy) For any
fixed chosen initial state (t,z) € (), Consider an ad-
missible strategy *(t, x). Choose two fixed real num-

berl > 0 and e > 0 and define the following strategy:

. (L, for(s,x)eft,t+e] xR
l (va) - { l*(ij% fOT(S,JI) S [t+57 T] x R.

Ifforalll € R and (t, x) € Q, we have
lim inf J(t,x, %) — J(t,z, %)

e—0 IS

>0, (12)

then I*(t, ) is called an equilibrium strategy, and the
corresponding equilibrium value function is defined
by

V(t,z) = J(t,z,1*) = By p [ X7 (T)]

. (13)
—IWary, [XU(T)].
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By definition 2, we know that the equilibrium s-
trategy is time-consistent. So the equilibrium strategy
[* is called optimal time-consistent strategy for prob-
lem (11).

To solve problem (11), we use stochastic analysis
techniques described in [3] or [19] to derive the ex-
tended Hamilton-Jacobi-Bellman(HJB) equation and
the verification theorem.

Theorem 3. (Verification Theorem) If there exist t-
wo real functions W (t,x), h(t,z) € CY*(Q), which
satisfy the following extended HJB equation

sup {AIW(t,x) — A (%hQ(t,x))

leU

+ ~h(t, z)Alh(t, x)} =0, (14)
W(T,z) =z (15)
A h(t, ) =0, (16)
WT,z) =z, (17)
where
I* = argsup { AW (t,2) — A (3h%(t, z))
+h(t, z)Alh(t, )} . (1%
Then V (t,x) = W(t,x), E.(X"(T)) = h(t,z)

and l* is optimal time-consistent strategy.

Theorem 3 can be proved by the same procedure
stated in [3] or [19] ,while the only difference in the
proof is that diffusion process and jump diffusion pro-
cess have the different infinitesimal generator.

Remark 4. A series of definitions on Y'(t) can be
omitted, for we can do it in the same way as in classic
diffusion dual process X4.

In the following two sections, optimal time-
consistent strategies and the corresponding value
functions can be explicitly derived in the classic diffu-
sion dual model and the diffusion dual approximation
model, respectively.

3 Optimal time-consistent strategy
and its equilibrium value function
in the classic dual model with dif-
fusion

This section studies optimal time-consistent in-
vestment strategy and the optimal equilibrium value
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function in the classic dual model with diffusion. Nex-
t, we will construct the solution to problem (11). As-
sume that there exist two real functions W (¢, z) and
h(t,x) satisfying the conditions stated in Theorem 3.
By virtue of the infinitesimal operator (8), (14) can be
rewritten as

?&[f) {Wt(t, x) + Wy(t,z) (ro(t)xr — ¢
+rT()1(t)) + 5 (Waa(t, z) — yh3(t, x))

x (o + 11 (O)S(0)I(t) + ME[W(t,x + Z)
—Ih(t,z+ Z) x (h(t,x + Z) — 2h(t, )]
+XE Wtz +11t)Y) - Jht,z+Y Y0,
Li(t)) x (h(t, x + 325 Li(t)Y) — 2h(t, x))]

~Ou ) [W(6) + 3020,)] =0

19)

(16) becomes

hi(t, ) + ho(t, ) (ro(t)z — ¢+ rT(2)I*(1))
+3haa(t, ) x (08 + 1T (1)S(E)1*(t))

+ME [h(t,x 4+ Z) — h(t, z)]
+XE [tz + 30 F()Y) -

(20)

h(t,z)] =0

where [* is determined below. Since the linear struc-
ture of (19) and (20), and the boundary conditions of
W (t,x) and h(t,x) given by (15) and (17) are linear
in z, it is natural to conjecture that

W(t,x) = M(t)z + N(t),

M(T)=1,N(T) =0,
h(t,x) = m(t)x +n(t),
m(T) =1,n(T) = 0.

1)

The corresponding partial derivatives are
Wi(t,z) = M(t)x + N(t), We(t,x) = M(),
he(t, z) = m(t)x +n(t), ha(t,z) = m(t),
Waa(t,x) =0, hgr(t,z) = 0.

(22)

Inserting (21)-(22) into (19), it yields

sup{M )z + N(t) + M (ro(t)x —

o ( () + Aips +/\2ule( )e)
—3m?(t) [(0f + \o?) + 1T (X))

+hao 2T (1)I(1)] } =0.

(23)
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t, we construct a function Substituting (29) into (26), we have
L(l) = M(t)x + N(t) + M (ro(t)z — ¢ (S(0) + )\2031)—1 (r(t) + Aoy )

*(t) = 30
T () + Aapis + AopiylT (B)e) o0 0 LT (30)

Y2 (¢ T (¢
3 (¢) [(UO Ao ) + @I According to the argument listed above, we can de-
oo T ()1(t)] . rive the explicit expressions for W (t,z) and h(t, z)
and the results can be summarized as the following
theorem.

derivative to zero, we get

Theorem 5. In the classic dual model, optimal time-

M(t) (r(t) + Aapy €) — ym?(t) (3(t) 25) consistent strategy l* is given by (30), and the equilib-
T A US I) I(t) = 0. rium value function is given by
It follows from (25) that Vit,z) = el oGy 4 (A, — c)
(1) = (E(t) + )\QUZI)*l (r(t) + A2y e) 26) v ftT @fsTm(u)dudS . %(03 + )\103) 31)
v (M(#) ™ m2(1) T 2 [T rodugg 1 (T
x [, e*s ds + 55 J;
Inserting (26) into (19) and (20), we have

(WE(E) + oM (L)) @ + N (1) — M (1)

and

By (X"(T)) = eli ro(s)dsy 4 (Aipz — )

FA1peM(t) — Fm?(t)(og + Mo?) ’ ., (32)
+M2(t)f(t) — 0’ (27) % ftT efs TO(U)dUdS 4 % LT g(S)dS

2ym?2(t)

(m(t) + ro(t)ym(t)) z + n(t) — em(t)

+)\1Mzm(t) + M(t){(t) — 07

whe

£(6) = (1) + Aaprye)” (S(0) + hao2T) ™

By Theorem 5 and the definition of the corre-
sponding value function given by (13), we have

re 1 Var, (X" (T)) = % [h(t,z) — V (¢, )]

(28) = (02 +Mi02) [l e e2 [ rou)du g (33)

(r(®) + Aapeye) +$2 ftT &(s)ds.

To ensure the above equations hold, we require

Remark 6. It is easy to see that the optimal strategy

M(t) + ro(t)M(t) = 0, M(T) = does not depend on the wealth process X'(t) and the
( ) (Arpz —c) M — %mz(t)(a?) + )\103) parameters of the surplus process have no impact on
_|_M G ) (1) _ =0,N(T)=0 the optimal strategy; The risk aversion coefficient and
2ym*(t) ’ the coefficients of financial market decide the optimal
(t) + ro()ym(t) = 0, m(T) = 1, e coefficients of financial market decide the optima
M(1)E(t) strategy together.

n(t) + (Mg — ) m(t) + ) = 0, n(T) = 0.

) ) ) Remark 7. The efficient frontier for problem (11) at
Solving the system of ordinary equations, we have initial state (t,x) can be derived from (32) and (33).
M(#) = el ro()ds,

Et,x(Xl* (T)) = eftT TO(s)dsf + ()\LU’Z - C)
N(t) = (A — ¢) f[] els ro@dugg :
i) 2 ( 1 2 f>f2f ., % f;T efsTTO(")dudS‘f‘{ [Va?“t’m(Xl (T))
— (a3 4+ Mo2) [ e )s rolwdugy 4
2 ' —(a3+ Mo?) x [ eI mldug] o
+g ¢ £(s)ds, 29

1

mit) = el o, ﬁz@@}%

This efficient frontier is not a straight line but a hyper-
+1 ftT £(s)ds. bola in the mean-standard deviation plane.
5
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4 Optimal time-consistent strategy
and its equilibrium value function
in the dual diffusion approxima-
tion model

In this section, optimal time-consistent invest-
ment strategy and the optimal equilibrium value func-
tion can be derived in the dual diffusion approxima-
tion model by the same way as that in Section 3. De-
note the set of all admissible strategies for Y (¢) by
U-.

Next, we will construct the solution to this prob-
lem. Assume that there exist two real functions
Q(t,x) and g(t,x) satisfy the Extended HIB equa-
tion which have the same expression as in Theorem 3
except the different infinitesimal operator.

sup { Qlt,2) + Qu(t.2) (a0 + Ao
et TOI0) + H(Quelt ) 16211

(ag ¥ poor/MOZ + Ao + lT(t)Z(t)l(t)>

ME[QU e +I0Y) — Tg(trt T,y O
L(1) % (g(t,+ X1y L(B)Y) — 2g(t,2))]
—AAQ@@+&f@wﬂ}—Q

QT,z)=x (36)

gt(ta I’) + gm(t7 J}) (To(t)l' + )\lﬂz
—c+ rT(t)l(t)) + %gm(t, x)X

(37)
<08 + poo\/A102 + Mo? + lT(t)Z(t)l(t)>
+AE gtz + 30 L(D)Y) — g(t,2)] =0

9(T,z) == (38)

where [ is determined by the incoming equation (42).
Since (35)-(38) are linear in x, we can conjecture that
Q(t,z) and g(t, =) have the following structures

Q(t,x) = D(t)x + F(t),
D(T) =1, F(T) =0,
g(t,z) = d(t)z + (1),
d(T) =1, f(T)=0

By a simple calculation, the corresponding partial
derivatives are given by

Q:(t,z) = D(t)x + F(t), Qu(t, ) = D(t),
ge(t,x) = d(t)x + f(t), go(t, ) = d(t),
Quz(t,z) =0, gza(t,z) = 0.

)

(39)

(40)
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By inserting(39)-(40) into (35), (35) can be reduced to
the following equation

sup

{D(t)x +F(t)+ D (ro(t)x — ¢
lEU*

( U(E) + gz + AapylT (t)e)
( + poo/AoZ + \o? )

HIT()S(6)I(E) + Mool (8)I(1)] } = 0.

(41)

Differentiating the function in the left bracket of (41)
with respect to [ and setting the derivative to zero, we
get

D(t) (S(t) + A202D) ™" (r(t) + Aapuy €)

I(t) = R0 -(42)
Inserting (42) into (35) and (37), we have
(D(t) + ro(t)D(t))x + F(t)
—eD(t) + A D (1) + 5D (43)
de )(08 + poor/A102 + A\102)
d(t) + — cd(t
( . (z)ﬁ() 0 “4)
+A1pd(t) + v = 0
where
E(t) = (r(t) + Aapye)” (B() + Apo2D) 45)

X (r(t) + Aapye) .

In order to ensure the above equations hold, we re-
quire the functions D(t), F'(t), d(t), f(t) satisfy the
following equations

D(t) +ro(t)D(t) = 0, D(T) =
F(t) + (Mpz — ) D + QV(de()) %d%)
% (03 + poor/Mo2 + Aio2) = 0, F(T) =0,
d(t) + ro(t)d(t) = 0, d(T) = 1

F(t) + (apz — ) (1) + 290 = o,

F(T) = 0.

(46)
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Solving the system of equations, we have
D(t) = eJi rols)ds.
F(t) = Mips —c) [ ST ro(u)du g
—3(08 + pooy/ M2 + Mio?)
X ftT 2 S ro(wdugy | %ﬂTﬁ(s)ds,
d(t) = eli Tos)ds,

(47)

f@) = (Apz —c) ftT efsT ro(u)du ¢
T
+% Ji &(s)ds.
Substituting (47) into (42), we have

(S(t) + Ao02D) ~H (1 (t) + Aapy 2

I(t) =
( ) ,yeftTro(s)ds

(43)

Summarizing the results discussed above, the explicit
expressions for Q(¢, z) and g(¢, x) can be given by the
following theorem.

Theorem 8. For the diffusion dual approximation
model, optimal time-consistent strategy l is given by

(2(t) + A02D) ™H (1 (t) + Aapy 2

I(t) = 49
( ) fyeftT ro(s)ds ( )
and the equilibrium value function is given by
V(t,z) = Q(t,x) = el To()sy
+ (A1ppz — ) ftT eJd To(wdu g .
—2(02 + poor/ M2+ Mo?)
> L/TeszTro(u)dudsJr %LTS(S)CZS
and
E x Xl* T)) = t = szTO(s)dS
t, ( ( )) g( ,.f) e €T (51)

+ (A\pz —¢) ftT e rowdugg 4 % ftT§(s)ds.

Remark 9. From (50) and (51), the relationship be-
tween the expectation and the variance of the terminal
wealth can be obtained as below:

Epo(XV(T)) = el 0@z 4 (A, — ¢)
X j;T eli rolwdugy { [Vary (X" (T))—

52
(08 + porar/ A + Mo2) [T 2 I ratwngy) O

I f(s)ds} y

(52) shows that the efficient frontier is also a hyperbo-
la in the mean-standard deviation plane.
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Remark 10. It follows from (30) and (49) that optimal
time-consistent investment strategies have the same
expressions in the classic diffusion dual model and the
diffusion dual approximation model. When W*(t) is
independent with Wy(t), in other words p = 0, the
value functions and the same efficient frontiers are
the same in both cases. Thus, we can only present
economics implications and provide sensitivity analy-
sis for our results in the dual diffusion approximation
model.

Remark 11. A special case is considered in order
to analyze the effect of the parameters on the time-
consistent strategy and the equilibrium value function.
Assume that the wealth can only invest into a risk-
free asset and a risky asset where the dimension d of
W (t) equals to 1 and all the other parameters are all
constants. The optimal investment strategy, the corre-
sponding value function and the efficient frontier are
given by the following equations

T+ /\QMy

I(t) = . 53
®) vero(T=1) (g2 + )\205) (53)
V(t,x) = ety 4 % (eTO(T*t) — 1)
_7(03+pao\4/rkow'z’+ho§) (€2r0(T7t) ~1) (54)
+5= (T — )
and
Ero(X" (7)) = er0T g 4 Qattz=d)
X (eTO(T—t) — 1) + { [V(H‘t,x(Xl*(T))
(02+poor/A102+A102) 2r0(T—t) _ 1 (55)
- 2rg (6 - )
1
2
Xé.(T - t)} ’
where
B (r+ )\guy)Q
r=ry—rp, {= 2§ Ago? (56)

S Numerical analysis

In the next subsections, we study the effect of
parameters on optimal time-consistent strategy and
the corresponding value functions in the dual diffu-
sion approximation model and provide some numeri-
cal examples to illustrate the effects. For convenience
but without loss of generality, assume that d = 1,

Volume 14, 2015



WSEAS TRANSACTIONS on MATHEMATICS

n = 1 and all the other parameters involved are con-
stants. For the following numerical illustrates, unless
otherwise stated, the basic parameters are given by
ro = 0.06,71 = 0.15,¢ = 0.6,z = 10,y = 0.6,p =
03,1 = Lip, = Lo, = 1.1,A = 0.6,uy =
0.5,00 = 1,0 = 0.3,00 = 0.2, T = 10.

Due to all the parameters are all constants, op-
timal investment strategy, the corresponding value
function and the efficient frontier are given by (53)-
(59).

5.1 Analysis of the time-consistent strategy

In this subsection, we will work on numerical
analysis of time-consistent strategy in the dual diffu-
sion approximation model. From (53), we can con-
clude that

(D) g—,ly = —% < 0 which illustrates that optimal
time-consistent investment strategy is decreasing with
respect to -y, namely, the more the company dislikes
risk, the less amount the company invests in the risky
asset, see Figure 1(a)

(2) 88710 = - W;Eﬁﬁ?’“g&%) < 0 which re-
veals that optimal time-consistent investment strategy
is decreasing with respect to g, namely, the smaller
the risk-free rate is, the more amount the company in-
vests in the risky asset, see Figure 1(b).

ol __ .
3) 77 = 2T (o7 4 2p03) > 0 which reveals

optimal time-consistent investment strategy is increas-

ing with respect to 1, namely, when the appreciation

rate 71 increases, the company should invests more
money in the risky asset, see Figure 1(c).

a _ T : .

@) 5,2 = — 2 Thoo? < 0 which tells that op

timal time-consistent investment strategy is decreas-
ing with respect to o2, namely, when the volatility of
the risky asset increases, the company should invests
more money in the risk-free asset, see Figure 1(d).

e/ — A2 PR _
(5) By~ 7er0T=9 (024 rz02) > 0 which illus

trates that optimal time-consistent investment strategy
is increasing with respect to ji,, namely, the bigger
the expectation of each jump amplitude of the risky’s
price, the more amount the company invests in the
risky asset, see Figure 1(e).

oL __ Jal
©) oo} <02+>\205)

that optimal time-consistent investment strategy is de-

creasing with respect to o2, namely, the bigger the

second-order moment of each jump amplitude of the

risky’s price, the less amount the company invests in
the risky asset, see Figure 1(f).
ol pyo?—rog

7 ax = ,yero(Tft)(UQ_i_;QUg)

that optimal time-consistent investment strategy is de-

creasing (increasing) with respect to A2 when % <
Y

< 0 which illustrates

> which illustrates
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ger the intensity of the jumps of the risky’s price, the
less amount the company invests in the risky asset, see
Figure 1(g).

> ~3). For example, when g—é’ < 73, the big-

5.2 Analysis of the equilibrium value func-
tion

In this subsection, we will work on numerical
analysis of the value function in the dual diffusion ap-
proximation model. Figure 2 shows that how the co-
efficients involved impact on the value function. For
convenience but without loss of generality, assume
p > 0 except the analysis of p and oy > 0. By (54)
and some simple calculations, we can have the follow-

ing findings:
ov _ _ (08+poor/ Mo+ Mi02) (o (T
(D) oy = Y Irg (6 ro(T'—t) _ 1)—

2%(T — t) < 0 which illustrates that the value func-
tion is decreasing with respect to the coefficient
risk aversion <, namely, the larger risk aversion the
company has, the smaller the optimal mean-variance
utilities is, see Figure 2(a).

(2) g—x) has a complex expression with respect
to r9. Thus we only analyze its impact on the val-
ue function from numerical methods. When all the
parameters except rqg are fixed, our numerical exam-
ple reveals when the risk-free rate increases, the value
function increases, see Figure 2(b).

+A P
(3) g%/l — #%(T —t) > 0 which illus-

trates that the value function is increasing with respect
to r1, namely, the bigger the appreciation rate is, the
bigger the optimal mean-variance utilities is, see Fig-
ure 2(c).

2 — .
4) % = —w < 0 which reveals
g 27(U2+)\205)
that the value function is decreasing with respect to

o2, namely, the bigger the volatility of the market’s

risky asset is, the smaller the optimal mean-variance
utilities is, see Figure 2(d).
142 Aro?
7(+063) (e2o(T=H) — 1) < 0
which reveals that the value function is decreasing
with respect to ag , hamely, when the volatility of the
risky asset increases, the optimal mean-variance utili-
ties decrease, see Figure 2(e).
poo [02 | 2
(6) % — /:Tz;(e?"o(T—t) - 1)_7(24T\/371+z)><
(e2roT=t) — 1) which illustrates that the value
function is decreasing (increasing) with respect to A\;
when

1252y S 4o2)
Bz (,ro(T—t) 1 F
o (e o(T—1) 1)<

4rg

(e2ro(T=1) _ 1)
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(a) The effect of « on optimal time-consistent strate- ‘

gy

(e) The effect of 1, on optimal time-consistent strat-
egy

(b) The effect of 7o on optimal time-consistent strat-
egy

(f) The effect of 05 on optimal time-consistent strat-
egy

Rz

(c) The effect of 71 on optimal time-consistent strat-
egy

(g) The effect of A2 on optimal time-consistent strat-
egy

Figure 1: The effect of parameters on optimal time-
consistent strategy

(d) The effect of o2 on optimal time-consistent strat-
egy
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) 4ro ;
For example, when the value function is increasing

with respect to A;, the bigger the intensity of the
jumps of the risky’s price becomes, the bigger the
optimal mean-variance utilities become, see Figure
2(D).

(52 /24 +2)

D) Gz = —% (e2o=1) —1) <0
which illustrates that the value function is decreasing
with respect to o2, namely, the smaller the second mo-
ment of the positive income is, the bigger the optimal
mean-variance utilities become, see Figure 2(g).

(8) gTV = 2L (¢r0=H —1) > 0 which shows
that the value function is increasing with respect to
1z, namely, the bigger the expectation of the positive
income, the bigger the optimal mean-variance utilities
become, see Figure 2(h).

oV _ @uyo?—rogtapyoy)(r+depy)(T—t)
® 32 - 2 2)?
2 27(0 +)\20y)
which illustrates that the value function is decreasing

. . . 1”0'572;@0'2

(increasing) with respect to Ao when Ay > i
yTy

ro§72,uy02
.U«y‘7§

N <

ro2—2u,0? . . . .

?’MT, the bigger the intensity of the jumps of the
Y=y

risky’s price, the bigger the optimal mean-variance u-

tilities become, see Figure 2(i).

oV _ alrtdam)(T1) —
(10) Opy ’7(024-;205) > 0 which illus

trates the value function is increasing with respect to
4y, namely, the bigger the expectation of each jump
amplitude of the risky’s price is, the bigger the opti-
mal mean-variance utilities become, see Figure 2(j).
(1) 2% = —2elredam) (120 ) which shows
y 27(02+)\205)
that the value function is increasing with respect to
JZ, namely, the bigger the second-order moment of
each jump amplitude of the risky’s price , the smaller
the optimal mean-variance utilities become, see Fig-
ure 2(k).
(12) %l = _’YUOT Vr;‘“'g (€2r0(T—t) _ 1) < 0
which reveals that the value function is decreasing

with respect to p, namely, when p increases, the opti-
mal mean-variance utilities decrease, see Figure 2(1).

). For example, when Ao >

6 Conclusion

In this paper, we investigate the dual model with
diffusion including the classic dual model and the d-
ual approximation model. We are concerned on opti-
mal time-consistent investment strategy under mean-
variance criterion. We assume that companies can in-
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(d) The effect of o2 on the equilibrium value function
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(j) The effect of i, on the equilibrium value function

02 o
o, t

0
a, t

(g) The effect of o2 onthe equilibrium value function
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(1) The effect of p on the equilibrium value function

(h) The effect of 1. on the equilibrium value function ) o
Figure 2: The effect of parameters on the equilibrium

value function
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vest into a financial market which has a risk-free asset
and n risky assets. Short-selling and borrowing mon-
ey are allowed. Surprisingly optimal time-consistent
investment strategy and optimal value function have
the same expressions in both cases when p = 0. How-
ever, in practice, the company can not be allowed to
borrow at the risk-free rate to invest in risky asset. An
interesting further research topic is to investigate the
precommitted strategy where Short-selling and bor-
rowing money are not allowed. It is necessary to com-
pare the precommitted strategy with time-consistent
strategy. Another interesting further research topic is
to investigate the optimal strategy for the dual model
with regime switching. This is a challenge to derive
the optimal strategy and optimal value function.
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