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Abstract: In this paper, by use of the properties of fractional derivative and certain inequality technique,
some new oscillatory criteria are established for a certain functional fractional differential equation with
damping. The fractional differential equation is defined in the sense of the modified Riemann-Liouville
fractional derivative. Using a similar analytical method, we also research oscillation of a higher order
fractional differential equation, and obtain some oscillatory criteria for it. These oscillatory criteria are
new results so far in the literature. As for applications of the oscillatory criteria established, some exam-

ples are presented.
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1 Introduction

Fractional differential equations are generaliza-
tions of classical differential equations of integer
order, and can find their applications in many
fields of science and engineering. In the last few
decades, research for various aspects of fractional
differential equations, for example, the existence,
uniqueness and stability of solutions of fractional
differential equations, the numerical methods for
fractional differential equations and so on has
been paid much attention by many authors (for
example, we refer the reader to see [1-12], and the
references therein). In these investigations, we no-
tice that very little attention is paid to oscillation
of fractional differential equations. To our knowl-
edge, recent results in this direction include the
works in [13-17].

In [13,14], Chen researched oscillation of the
following two fractional differential equations:

(@: [y

~aOf([ =) (w)dn) =0
DMey(t) — p(t)Dy(t)

+aOF ([ =0 y(o)n) 0,

where Dy(t) denotes the Liouville right-sided
fractional derivative of order a of z. In [15],

(b) :
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Zheng researched oscillation of the following non-
linear fractional differential equation with damp-
ing term, which is a generalization of (a):

(©): [a(®)(Dx(®)"] + p(t)(D (1))
—q(t)f( / (€ — )2 (€)d€) = 0, t € [to, o0).

In [16], Grace et al. researched oscillation of the
following nonlinear fractional differential equation
under the definition of Riemann-Liouville differ-
ential operator:

(d): Dilz+ fi(t,z) =v(t) + fi(t,z)
—q(t) f( / (€ — t) " 2()d) = 0, t € [to, o).

In [17], Feng researched oscillation of the following
nonlinear fractional differential equation in the
sense of the modified Riemann-Liouville differen-
tial operator:

(e) = D (r(t)ki(z(t), Dix(t)))

+p()k2(2(t), D'z (t)) + Dy (t)

() =0, t> 1920, 0<a <1,
where Dg(.) denotes the modified Riemann-

Liouville derivative with respect to the variable
t.
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Motivated by the above works, in this paper,
we are concerned with oscillation of the follow-
ing functional fractional differential equation with
damping

Difr(t)(Dga(t))7] (1)
+p() (D (1)) + q(t) f(x(t)) = 0,

and the following higher order fractional differen-
tial equation

DD (r(t) D (t)] + q(t)z(t) = 0, (2)

where t > tp > 0, 0 < a < 1, D¥(.) de-
notes the modified Riemann-Liouville derivative
[18] with respect to the variable ¢, the function
re Ca([tﬂvoo)aR-i-)v P, g€ C([t(),OO),RJ,.), and
C*“ denotes the continuous derivative of order «,
~ is the ratio of two positive integers, the function
f is continuous satisfying f(x)/z7 > K for some
positive constant K and Vx # 0.

In general, a solution z(¢) of Eq. (1) or Eq.
(2) is called oscillatory if it has arbitrarily large
zeros, otherwise it is called non-oscillatory. Egs.
(1) and (2) are called oscillatory if all their solu-
tions are oscillatory.

We organize the rest as follows. In Section 2,
we give the definition and some important prop-
erties for the modified Riemann-Liouville deriva-
tive. Then in Section 3, we establish some new
oscillatory criteria for Eq. (1) by use of the prop-
erties of fractional derivative and certain inequal-
ity technique. In Section 4, we use the analytical
method in Section 3 to research oscillation of Eq.
(2), and obtain some oscillatory criteria for it. In
Section 5, we present some applications for the re-
sults established. Some conclusions are presented
at the end of this paper.

Throughout this paper, we denote

te te o
¢ = e ),fz_m,z_0,1,2,3,4,5
R+ = (0,00) T’(t) = ?(5)7 p(t) = ﬁ@-)v Q(t) =
§(€), and A(¢) = exp( [ B dr).
2 The Jumarie’s modified

Riemann-Liouville derivative

The definition and some important properties for
the Jumarie’s modified Riemann-Liouville deriva-
tive of order « are listed as follows (see also in
[19-21]):

i Jo(E = O (F(€) — £(0))de,
0<a<l,

Dy f(t) =
(FO @),
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The derivative has the following properties:

ogr F(l + T) r—o
Dt _F(1+r—0¢)t ’ 8)
and
Dy (f(t)g(t)) = g(t) D f(t) + f(1)Dig(t), (4)

and derivative of composed function

Diflg)] = folg@]DFg(t)
= Dgflg®)l(g'(1))".

The modified Riemann-Liouville derivative
has a lot of excellent characters in handling with
various fractional calculus problems. Many au-
thors have investigated various applications of the
modified Riemann-Liouville fractional derivative
(see [22-26] for example).

()

3 Oscillatory criteria for Eq.(1)

In this section, we will establish some new os-
cillatory criteria for Eq.(1) by use of the Riccati
transformation technique. First we give two lem-
mas for further use.

Lemma 1 Assume x(t) is an eventually positive
solution of FEq.(1), and

ds = 0o (6)

L
s [A(s)F(s)]7

Then there exists a sufficiently large T such that
Dfx(t) >0 fort € [T,00).

Proof. Let z(t) = z(&¢). Then by use of Eq.(3)
we obtain D{*¢(t) = 1, and furthermore by use of
the first equality in Eq. (5), we have

DP7(§) = () DrE(t) =7 (6).

Similarly we have D{x(t) = 7'(§). So Eq.(1) can
be transformed to the following form:

[F@ ()T +PEE (£)) + q(&) f(2(9)) = ?%)
where £ > & > 0. Since z(t) is an eventually
positive solution of (1), then Z(§) is an eventually
positive solution of Eq. (7), and there exists & >
& such that z(§) > 0 on [£1,00). Furthermore,
for £ > &1 we have

Di'r(t) =
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—q(§)A(§) f(Z(E))
< —KA(€)q(§)(x(8)” <0 (8)

Then A(&)7(E) (T ( ))7 is strictly decreasing on
[€1,00), and thus /() is eventually of one sign.
We claim z'(§) > 0 on [§2,00), where & > & is
sufficiently large. Otherwise, assume there exists
a sufficiently large &5 > &, such that 7'(£) < 0 on
[€3,00). Then for & € [£3,00) we have

£
7(E) — (&) = / 7 (s)ds

&3
/f A3 (5)
& [AW)()

2=

1

1 3
<A@ (@) [ s
& [A(s)r(s)]
By (6) we deduce that éli_)m z(§) = —oo, which

contradicts to the fact that z(&) is an eventually
positive solution of Eq. (7). So Z’'(§) > 0 on
[£2,00), and furthermore Df'z(t) > 0 on [t2,00).
The proof is complete by setting T = t». O

Lemma 2 [27, Theorem 41]. Assume that A and
B are nonnegative real numbers. Then for all A >
L,
AXYAM - XA < (A =1y
Now we state the main theorems and establish
oscillatory criteria for Eq. (1).

Theorem 3 Assume (6) holds, and there ex-
ist two functions ¢ € C*([tg,00),Ry) and p €

C1([to, 00), [0,00)) such that
oo _ _ = s NS
| {mAGE ) - o T
3 (5)A(s)]

7
DR AT,
(v+ 1)7+1C~7(3)[?(8)A(s)]§

= 00,

where C(€) = ((t), p() = p(t).
tion of Eq. (1) is oscillatory.

Then every solu-

Proof. Assume (1) has a non-oscillatory solution
x on [tg,00). Without loss of generality, we may
assume x(t) > 0 on [t1, 00), where ¢; is sufficiently
large. By Lemma 1 we have D{fa(t) > 0 on [t2, 00)
for some sufficiently large to > t;. Define the
generalized Riccati transformation function:

QW) (Dp ()"
o)

ot =0 {
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Then for t € [ta, 00), we have

A(E)r(t)(Dfa(t)”
27 (t)

r(t)(Dfx(t) "

(1)

)(Df'z(t))"]

(t)

Difw(t) = Di¢(t)

A9

+o DELA@C

+DFC()p(t) + C(8) Dy
_ b (
KGR

p(t)

p()(Dyz(t))"A(8)]
x7(t)

+((t)

[A©)C(E)r(t)]

—Kq(t)C(1)A(§) + C(t)Dfp(t). (10)
Using the following inequality (see [28, Eq.

(2.17)):

1 1 1
(u—v)1+v > u1+w + ’U1+’Y
v
1. 12
—(1+ =)vru, Yu,v >0,
we obtain

1

[w(t) = ¢(B)p]
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YAt st (DA () + DO (DAL
(y + ST (B[ (H) A©)] 7T

by Lemma 2 we get

+«v+1xam%t
(3 + 110 (1) AE)]

2=

(12)

Let w(t) = @(§). Then Dfw(t) = w'(€), and

De¢(t) = C'(€), DEp(t) = 7(€). So (12
transformed to the following form

) can be

&'(€) < —KA€)C(6)al¢)
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Lo - POk
FO A€

1

{(y + D)5 (€) + @MM@AQH5P“’
(v + 1+ (E)[F(E) A

+
§ > & (13)

Substituting £ with s in (13), an integration for
(13) with respect to s from & to & yields that

13 - -
(K A()(s)a(s) — ()7 (s) + E—22020%
& [7(s) A(s)]

(1) () [F(s) A(s)]7
< w(&) —w(§) <w(&) < oo,

which contradicts to (9). The proof is then com-
plete. O

Theorem 4 Assume (6) holds, and there exists
a function H € C ([, ), R) such that H(, &) =
0, for £ >&), H(&s)>0, for &> s> &), and
H has a nonpositive continuous partial derivative

H(&,s). If

5 ~
oo H(E & ){/g H(E, s){KA(s)C(s)q(s)
7 (5)C(s
)+ LKL
[F(5)40)
A0+ (5) + L ()[F(9)A (1)] }”H}ds}
(y+1)¢ (5)[F(5) Als)]>

. 1
lim sup

2=

= o0, (14)
where Z, p are defined as in Theorem 3. Then
every solution of Eq. (1) is oscillatory.

Proof. Assume (1) has a non-oscillatory solution
x on [tg,00). Without loss of generality, we may
assume x(t) > 0 on [t1, 00), where ¢; is sufficiently
large. By Lemma 1 we have Df*z(t) > 0 on [ta, 00)
for some sufficiently large to > ;. Let w(t) and
w(§) be defined as in Theorem 3. By (11), for
& > & we have

_ _ ~142
KA@X@M@)—«@ﬁ@w+ﬂ—49g§
FOAE)
v+ )i e

(&) + T (©F()A (61)]
(v + D)7 [FE)AQ)]

< —w(¢)
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Substituting £ with s in (16), multiplying both
sides by H(,s) and then integrating it with re-
spect to s from &2 to £ yields

3 ~ ~
[ HE KAL) ~ TP 6)
~1
NARIOE)
(s)A(s))”
A0+ D87 )+ ()
(s

(v + 1)+ (s) [
3
<— [ H(s)d (s)ds

&
— H(E E)wlEn) + L H (€, 5)u(s) As

< H(E §)w(§2) < H(E,o)w(E2).

3]
/-\
®
N—
D
—
®
Pt
2|
—
E=

3
/—\
®
N~—
S
®
Pt
2=

Then

[F(s)A(s)]>
Lt D)7 () + I AGI ™
(v + 1)+187(s)[F(s) A(s)]7
+ ] HE ){K A(s)C(s)d(s) — C(5)P (5)
NASIOIE)
[F(s)A(s)]7
L D)7 () + TG AGI Y
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{O4+DUs)5 (5)+8(5)[F(s) A(s)] 717
(7 + 1)1+187(s)[F(s) A(s)]

2=

So

1
lim sup
£—o0 H(Ea 50)

B ~1+l C(s
()7 (s) + 19

Fls)AG)
{4 )P ()48

(v + )L () [F(
&2
< w(2) + A K A(5)C(5)d(s) —
~1
)
[7(s) A(s)]
{0+ OO
(v + 1)L (5)[F(s) A(s)]7

¢ -
{ . H(E, s){ K A(s)¢(s)q(s)

3
/\
¥
N—
N
—
®w
=
2]
—
%

]
(s)[r

Cla
N—
N
—~
w
P
2=

< 00,

which contradicts to (14). So the proof is com-
plete. O

Based on Theorem 4, we have the following
two corollaries.

Corollary 5 Under the conditions of Theorem 4,

if
s e / P K A5)E()3(5)
—Z@)ﬁ@HM
Fle)A()]*
+3(s)[F() A(s)] 1

A{)E) (5)+8 )
(v + 1710 (s)[7(s) A(s)]

}ds}
= 0,

then every solution of Eq. (1) is oscillatory.

(;orollary 6 Under the conditions of Theorem 4,

i

h?’i}sol.élp m{ . (ln € In S)

~ - ~1_‘_% 5 .
(K A(s)3(s)i(s) — ()7 (s) + 2 12)es)

3
roun
w
S~—
BN
—~
w
=
2=
—
t

{O+DE)F ()48 ()
(y + 1)+187(s)[F(s) A(s)] 7

= 00,

then every solution of Fq. (1) is oscillatory.
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The proof of Corollaries 5-6 can be completed by
choosing H(£,s) = (€ —s)*, A > 1 or H(E,s) =

lng in Theorem 4 respectively.

Theorem 7 Assume (6) does not hold. If (9)

holds, and
/ Als

i

Then every solution x of Eq.(1) is oscillatory or
satisfies tlim z(t) = 0.
— 00

s)ds] Ydr = (16)

Proof. Assume (1) has a non-oscillatory solution
x on [tg,00), and let z(t) = z(£). Without loss of
generality, we may assume z(t) > 0 on [t1,00),
where t; is sufficiently large. By (8) one can
see that A(E)r(§)(@'(§)) = A(E)r(t)[Dfx(t)]
is strictly decreasing on [t1,00), which implies
D{x(t) is eventually of one sign. If D{x(t) >
0, t € [ta,00) for some sufficiently ta, then after
carrying out the proof process similar to that of
Theorem 3, we obtain that the solution z is oscil-
latory. Now we assume Di'z(t) < 0, t € [t2,00)
for some sufficiently to. Then Dxz(t) = Dz (€) =
FEDY = () < 0, & € [&,00). Since
Z(&€) > 0, furthermore we have gliﬁm (&) =p=>0.
o0

We claim 8 = 0. Otherwise, assume 3 > 0. Then
x(t) > f on [ta,00), and by (8) we have

(AT ()) < —KA(£)q(&)(2(£))”
< —KB7TA(§)q(8), € = & (17)

Substituting ¢ with s in (17), and integrating it
with respect to s from & to £ yields that

A(ET(E)(@'(6))"
< A(L)T(&) (@ (&)) — K87 . A(s)q(s)ds
3
< ~KG7 [ A,
which means
1 1 1
o —BKA|[—— A ds|]v. (18
© < =BK gy ., AGT (9)

Substituting ¢ with 7 in (18), and integrating it
with respect to 7 from & to £ yields that

2(§) — (&)

¢ 1 4 _ 1
< —BK /£2 [W . A(s)q(s)ds]>dr.

E-ISSN: 2224-2880
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By (16), one can see £lilfn Z(§) = —oo, which is a
— 00
contradiction. So the proof is complete. O

Finally, based on the theorems above, we have
the following theorem.

Theorem 8 Assume (6) does not hold. If (14)
and (16) hold, then every solution x of Eq. (1) is
oscillatory or satisfies tl_i)m z(t) = 0.

Remark 9 From the above process of establish-
ing oscillatory criteria for the functional frac-
tional differential equation (1), one can see that
the most important points lie in two aspects. The
first point is that Eq.(1) is transformed to a new
equivalent differential equation of integer order
with respect to the variable & by use of the proper-
ties of the modified Riemann-Liouville fractional
derivative, which is Eq.(7). Since & = £(t) is in-
creasing with respect to t, then the discussion of
the oscillation of the solution xz(t) of Eq.(1) can
be transformed to the discussion of the oscillation
of the solution Z(§) of Eq.(7). The other point is
that the construction of a suitable Riccati trans-
formation function, which is denoted by w(t), and
plays an important role in the proof of oscilla-
tory results. We note that following this analy-
sts model as shown above, oscillatory criteria for
other kinds of fractional differential equations in
the sense of the modified Riemann-Liouville frac-
tional derivative can also be easily obtained. So in
this sense, the analytical method presented above
is of general meaning, and can find its broad ap-
plications in the research of oscillation of other
fractional differential equations.

4 Oscillatory criteria for Eq. (2)

In this section, we use the analytical method sum-
marized in Remark 1 to establish oscillatory crite-
ria for Eq.(2). First we prove the following lemma.

Lemma 10 Assume x(t) is a eventually positive
solution of Eq. (2), and

e

Then there exists a sufficiently large T such
that D¢ (r(t)Dgx(t)) > 0 on [T,00), and either
D{x(t) >0 on [T,00) or tlim z(t) = 0.

— 00

(19)

s)dsdrd( = oo. (20)
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Proof. Let z(t) = Z(§), where £ = F(fifm) Then
similar to the process of Lemma 1, Eq.(2) can be
transformed into the following form:
(F(OT'(€)" +q()T(§) =0, £ > & > 0. (21)
Since z(t) is a eventually positive solution of (2),
then z(§) is a eventually positive solution of Eq.

(21), and there exists £ > & such that Z(£) > 0
on [£1,00). Furthermore, we have

(F(©)7'(€)" = —q(£)7(§) <0, £ > &.

Then (7(£)Z'(£))’ is strictly decreasing on [£7, 00),
and thus (7(£)2’(§))’ is eventually of one sign. We
claim (7(£)2'(€))’ > 0 on [£2,00), where & > & is
sufficiently large. Otherwise, assume there exists
a sufficiently large &3 > &3 such that (7(£)7'(§))’ <
0 on [€3,00). Then there exists a sufficiently large
&4 with & > &3 such that 2/(£) < 0, € € [&4, 00).
Furthermore,

f@)—iﬂ@)—1/f5%$ds— /§?@#F@ﬂds

& g T(8)

13
< FENT (E) /ﬁ N(l)d

(22)

By (19) we deduce that glim z(§) = —oo, which
—00

contradicts to the fact that z(§) is a eventually
positive solution of Eq. (21). So (7(£)z'(§))’ > 0
on [§2,00), and Da( (t)Dgz(t)) > 0 on [tg,00).
Thus D{x(t) = 2'(€) is eventually of one sign.
Now we assume 7'(§) < 0, £ € [&,00) for some
sufficiently large & > &4. Since z(§) > 0, fur-
thermore we have 5li%m z(§) = B > 0. We claim

B = 0. Otherwise, assume > 0. Then z(&) >
on [£5,00), and for £ € [£5,00), by (21) we have

(7(€)7'(€))" < —=a(O)F(E) < —q(&)B-

Substituting £ with s in the inequality above, an
integration with respect to s from £ to oo yields

~FEOF©) <~ Jim (OO 5 | a(o)d

< - /:O q(s)ds

which means
&z (€)) Y s)ds.
FOF (©)) >ﬁ/5 (s)

E-ISSN: 2224-2880
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Substituting ¢ with 7 in (23), an integration for
(23) with respect to 7 from £ to oo yields

—?(5)5/(5)
> - lim (¢ +B/ / 5)dsdr
>ﬁ/ / s)dsdr,
that is,
) < 5~ / / Sdsdr.  (24)

Substituting £ with ¢ in (2.7), an integration for
(24) with respect to ¢ from &5 to £ yields

G

By (20), one can see lim;_,o, Z(§) = —oo, which
causes a contradiction. The proof is complete. O

z(§) — x(&s) < —5 s)dsdrdg.

Theorem 11 If (19)-(20) hold, and there exist

¢ € C’l([tg,oo),R+) and ¢ € Cl([to,oo), [0,00))
such that
:o{iﬁ(s)a(s) — 3()F(s) + ‘“S)A(;Ef)?ms)

_[2@(8)5( JA(5,62) +7(s) (5)]
40(5)A (s, £2)7(s)

tds
(25)

= OO’
where 3(€) = B(t), FE) = plt), and A is de-
fined as below. Then every solution of Eq. (2) is
oscillatory or satisfies tlim z(t) = 0.

—00

Proof. Assume (2) has a nonoscillatory solution
x on [tg,00). Without loss of generality, we may
assume x(t) > 0 on [t1, 00), where ¢; is sufficiently
large. By Lemma 10 we have D(r(t)Dgx(t)) >
0, t € [t2,00), where to > t; is sufficiently large,
and either D¢z (t) > 0 on [t2, 00) or tll)rgo z(t) = 0.

Now we assume Df'z(t) > 0 on [tz,00). Define
the generalized Riccati function:
Dg(r(t) Dz (t
wlt) = o (ZODETD) 4 oy (o)
x(t)
Then for t € [t2,00), we have
o o Dg(r(t)Diz(t
DtW(t):Dth(t) t( () t ())

x(t)
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oy Df (r(t) Dffa(t)) Substituting £ with s in (29), an integration
+o(t) DY x(t) } for (29) with reipect to s fI"OI?((l fz to & yielggis
Dy ber et f 5(5)A(5,6)7
Bk AT [ (Gepite) - o)z () + LG
+2E00utt) + o) DRt @) REHHAEE) TP,
46(5)A(s, &2)7(s)
On the other hands, By (22), we obtain that <w(&2) —w(é) <w(&) < oo,

(7(£)7'(£))' is strictly decreasing on [£2,00). So
which contradicts to (25). So the proof is com-

FOT (€) > T(OT () — F(E)T (&) plete.
3 .
_ / (7(5)F (5)) ds > (F(E)F (€)' (€ — &), Remark 12 From‘the results establzshed'abm’)e
€ one can see that using the method summarized in
Remark 9, oscillatory criteria for fractional dif-
that is ferential equations of higher order can also be es-
tablished.
Dy a(t)
> DerOD; x(t))( o B 5 Applications
r(t) 'Nl4+a) TA+aw)

Example 1. Consider the following functional

Denote A(t, t2) = F(fj—a) _ F(ﬁa). Then fur- fractional differential equation:

thermore we have

e 128 o 5 F(l + a) o
Dt Dt x 3 7Dt X

Dift) < ~o(00() | T oy (PEO)) + =g Diall)
ST — o () Fof e =0,

Dy o(t) o t>2, 0<a<l (30)
+ 28000 + o) Dttt | 5
= —(t)q(t) + (t) Do (2) In Eq. (1), if we set tg =2, v = 35

HOAEL)AE)  Alht)

(t re” te L(1+a)
2 : = raray =
(OSDA 1) + rODEAD) i+
< —o0alt) 1 oloDrelt) A o
Co0AG ) 1= Faygy) S =
(@

then we obtain (2). So & = F(fijﬂ),

* 1O A () (1) ) ~
e (28) () = r(t) = m = Ve
Iq;?:) &(é)& ) :(t)A(lé’th)’(Qoégg) :bwg)’ %(5) d _ r(l+a)
to tfle(pfollov_viig f(.)rrn: p(&) = p(t) = s =&,
- te _13 _13
F(©) < -3(9)d() + H()F(©) @) =alt) = (i) ° =€
P(E)A(E, &)P%(€)

- and f(ac)/:):g > 1, which implies K = 1. Further-

Z(SL Iy more, since
+ [Q&QW(@A@’ &) + ()P (6)]? : |

4p(E)A(E, )T B . B
§ =& AOSE &) (29) A(§) = exp(/50 T 2d7) = exp(2§, > — 2§ 2)
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so 1 <A < exp(2§0_%), and in (6),
[
& [A(s)T(s)]7
> exp(—gfo 2) /50 s™10ds = oo.

On the other hands, in (9), letting E(ﬁ) =

5%7 p(&) = 0, we obtain

0 ~ ~ ak s)((s
(K A(s)C()3(s)— () () + £ (2)S0s)
& [7(5)A(s)]
O )+ EEFD A,
(7 + 1413 (s) [F(5) A(s)] 7
= [ A -G ds
o s
o0 8 8.1
>/€0 1- () Y ds =0

Therefore, Eq.(30) is oscillatory by Theorem 3. O

Example 2. Consider the following functional
fractional differential equation:

a 1 a 2
D (i )<D3x<t>>3>+[r(1t;”wm<t>
+F(1t+) s+ 2(t)] =0,

t>5, 0<a<l. (31)

In fact, if we set in Eq. (1) to =5, v =1,

a a 2
0 = ey o0 = L
o) = fray [@ = ha+a)

then we obtain (19). So & = F(1+a)a

0 = () = ey = ¢
a 2
() = pit) = HLEAT e
7 = alt) = Fyy = €

and f(a:)/:n% > 1, which implies K = 1. Further-
more, since

1

£ _
A(E) = exp( | 7 im) = eyt - 56

N|=

)
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so 1 <A < exp(%ﬁo_%), and in (6),

0 1 o0 1
——ds< [ s =58
/so AT /s A
1

— 5a

2 [F(l + )
So (6) does not hold. On the other hand, in (9)
and (16), letting () = £, p(€) = 0, we obtain

172 < o0

*° ~ ~ 7 (5)C(s

(K A()3(8)a(s) () () 4 200

. 7o) A

{0+ )+ EFAI,
(3 + 118 (3)[F(s)Als)] S

w\us
wln

s3]ds

¢

& 4

= [ A - )
o 4 4 2

2/50 [52—(5) 353 |ds = o0,

and

Therefore, (9) and (16) hold, and then Eq. (31)
is oscillatory according to Theorem 7.

Remark 13 The oscillatory results for the two
examples above can not be obtained by the oscil-
latory criteria established in [13-17].

Remark 14 [t is worthy to note that the method
used in Section 3 to establish oscillatory criteria
for the functional fractional differential equation
(1) can be used not only in the analysis of oscilla-
tion, but also in the analysis of asymptotic prop-
erties of solutions of functional fractional differ-
ential equations.

6 Conclusions

In this paper, by use of certain generalized Riccati
transformation functions, inequality and integra-
tion average technique, some new oscillatory cri-
teria for a functional fractional differential equa-
tion with damping have been established. Using a
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similar analytical method, some oscillatory crite-
ria for a higher order fractional differential equa-
tion have also been established. These results are
of new forms so far in the literature. We note
that the approach in establishing the main theo-
rems above can be generalized to research oscilla-
tion of fractional differential equations with more
complicated forms, which are expected to further
research.
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