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Abstract: Some properties of near-Toeplitz tridiagonal matrices with specific perturbations in the first and last main
diagonal entries are considered. Applying the relation between the determinant and Chebyshev polynomial of the
second kind, we first give the explicit expressions of determinant and characteristic polynomial, then eigenvalues
are shown by finding the roots of the characteristic polynomial, which is due to the zeros of Chebyshev polynomial
of the second kind, and the eigenvectors are obtained by solving symmetric tridiagonal linear systems in terms
of Chebyshev polynomial of the third kind or the fourth kind. By constructing the inverse of the transformation
matrices, we give the spectral decomposition of this kind of tridiagonal matrices. Furthermore, the inverse (if the
matrix is invertible), powers and a square root are also determined.
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1 Introduction

Tridiagonal matrices arise frequently in many areas
of mathematics and engineering [1, 2, 3, 4]. In some
problems in numerical analysis one is faced with solv-
ing a linear system of equations in which the matrix
of the linear system is tridiagonal and Toeplitz, except
for elements at the corners. For example, for the ho-
mogeneous difference system

u(l+1) = Au(l), leZ,

where A is a nonsingular constant matrix and Z is the
set of all integers including zero, the general solution
can be written as u(l) = Alc, | € Z, where c is an
arbitrary constant vector. Thus, to obtain the general
solution of the above homogeneous difference system,
we need to give the general expression for A’.

It is well known that if a matrix A has spectral de-
composition A = SAS™!, then the Ith (I € N) power
of A can be obtained by A’ = SA'S~!, where A is
a diagonal matrix, the diagonal entries of which are
the eigenvalues of A and S is the transforming matrix
formed by eigenvectors of A with them as columns
[5]. Therefore, the spectral decomposition plays an
important role in computing powers of a matrix.

Rimas derived the general expression of the Ith
power (I € N) for one type of symmetric tridiagonal
matrices with 0, 1,0 as lower diagonal entries, main
diagonal entries and upper diagonal entries respec-
tively in [6, 7, 8, 9]. And then he done some work
about arbitrary positive integer powers for tridiagonal
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in [10, 11] and presented that the expression of the [th
power (I € N) of the matrix B is

1 1

B' = —Q()

(gi5(1));

n

here

= Mk Mk
i (1) = ;51@)\2%2‘21 (2> T <2> ,

i,j=1,2,...,n,

B = 1, ifk=n,
T 2, ifk#n,
A = —2cos %” k=1,2,..., n, are the eigenvalues

of the matrix B, n (n € N) is the order of the matrix
B. In addition, the odd order matrix B is nonsingu-
lar and the expression can be applied for computing
negative integer powers of B. Taking [ = —1 he got
the following expression for elements of the inverse
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matrix B~ 1:

The even order matrix B is singular and its inverse
and negative powers do not exist.

J. Gutirrez-Gutirrez derived the entries of positive
integer powers of an n X n Hermitian tridiagonal ma-
trix in [12]. And in [13] he studied the entries of pos-
itive integer powers of an n X n complex tridiagonal
Toeplitz (constant diagonals) matrix of the form

A, = tridiag,, (a1, ap,a_1)

ayg a_—1
al ag a—1
a
= )
a—1
al aq a—1
ai agp

where aja_1 # 0. He gave the following result:
Consider a1,ag9,a_1 € C, aja_1 # 0and n €

N. Let A,, = tridiagn(al,ao,a_l) B8 = 1/“—11 and

Ap = —2cos ;75 forevery 1 < h < n. Then
Al ﬁj_k n+1y 4
[Avlik =575 |20+ (D" )agU;-1(0)Uy-1(0)

2 An—h+1
24 X b1 Ujl( S )
X Ug—1 [(ao + a—18An—ht1)
+ (=1)7*(ag — a—15>\n—h+1)q]]

forallg € Nand 1 < j, k < n, where | z] denotes the
largest integer less than or equal to z.

In this paper, we consider the near-Toeplitz tridi-
agonal matrices of order n (n € N,n > 2) with the
same specific perturbations in the first and last main
diagonal entries as follows:

[ a+b ¢
a b ¢
A= ; (D
b c
i a oa+b ]
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where o, a, b, ¢ € C, and a = ++/ac, ac # 0.

If a = ¢, then A is symmetric. For a general
real symmetric matrix is orthogonally equivalent to a
symmetric tridiagonal matrix, so solving the spectral
decomposition problem of the symmetric tridiagonal
matrices makes a contribution to that of the general
real symmetric matrices.

The outline of the paper is as follows. In next
section, we review some basic definition and facts
about the Chebyshev polynomials and an equality on
the sum of trigonometric function without proof. In
section 3, we first compute trace, determinant, the
characteristic polynomial, the eigenvalues and eigen-
vectors. The eigenvalues and eigenvectors are calcu-
lated by using root-finding scheme and solving sym-
metric tridiagonal linear system of equations respec-
tively, which are different from the techniques used
in [14]. As we all know, the powers are easily deter-
mined if we know the spectral decomposition. There-
fore, we present the spectral decomposition by con-
structing the inverse of the similarity matrix of which
column vectors are eigenvectors of A. On the grounds
of the spectral decomposition, we discuss the condi-
tions under which A can be unitarily diagonalizable.
In addition, we give some conclusions when A is a
symmetric tridiagonal matrix. In section 4, using the
results in section 3, we present the powers, inverse (if
invertible) and a square root of A . In the end, to make
the application of the obtained results clear, we solve a
difference system as example and verify the result ob-
tained by J. Rimas is a special case of our conclusion.
Moreover, the algorithms of Maple 13 are given.

2 Preliminaries

There are several kinds of Chebyshev polynomials. In
particular we shall introduce the first and second kind
polynomials T},(z) and U,(x), as well as a pair of
related (Jacobi) polynomials V,,(x) and W,,(x), which
we call the Chebyshev polynomials of the third and
fourth kinds [15, 16].

Definition 1. The Chebyshev polynomials T, (z),
Un(z), Vi(x) and Wy (x) of the first, second, third
and fourth kinds are polynomials in x of degree n de-
fined respectively by

T, (z) = cosnb,
Un(x) =sin(n+1)6/sin 0,

1 1
Vo(z) = cos <n + 2) 9/005 56,
W) = sin (n+ =) 0 /sin =0
n(z) =sin (n+ 5 sin 50,

whenx =cosf, —1<z <L
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Lemma 2. The four kinds of Chebyshev polynomial
satisfy the same recurrence relation:

Xn(:L') = 2:L'Xn71(l’) — Xn72(l'),

with Xo(z) = 1 in each case and X(x) = z, 2z,
2x — 1, 2z 4 1, respectively. Furthermore, three rela-
tionships can be derived from the above relations:

2T, () = Up(x) — Up—2(x),
Vo(z) = Up(z) — Up—1(2),
Wy (x) = Up(z) + Up—1(2).

In the light of the Laplace expansion, expanding
the following determinants along their last rows and
using the three-term recurrence for U, (x) in Lemma
2, we find Uy, () can be expressed by the determinant,
namely,

Uy (z) =1,
Ul (I) = 2937
Us () = 2;’ 2| =22l (2) ~ U (a).
20 =z
y 2z
20 =z
y 2z

=22Up_1 () — Up—2 (2),
where yz = 1.

Lemma 3. The equality

G { 0,
E COS — =
n -1,

h=1

if k is odd,
if k is even,

holds for everyn e N, k=1,--- 2n — 1.

3 Spectral Decomposition

Employing the Laplace expansion, the expression of
U, (x) in terms of determinant, and the relations be-
tween the Chebyshev polynomials in Lemma 2, we
have the following assertions.

Lemma 4. If A is a tridiagonal matrix of the form
(1), then the trace of A is

trA = nb + 2,
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the determinant of A is

b
A=la" (2 R
det la|" ™ (2c0 + b)Up—1 <2]a\> ,

and the characteristic polynomial of A is

A—b
pa(\) = o/ YA =b—2a)U,_, <2’a’> ©)

Proof: The trace of A is equal to the sum of all the
diagonal entries, so we have trA = nb + 2« from the
form of A.

Let B,, (the subscript n denotes the order) be a
tridiagonal matrix with constant entries along the di-
agonal, namely,

a b ¢
a b

On the basis of the determinant expression of Uy (z),
we deduce an equality concerning the determinant of
B,, and Chebyshev polynomial of the second kind by
extracting /ac from each row of B,:

= Ve
b
Vac

det B,, = (vac)"

S
Q10

3

= (Vac)"U, ( 3)

b
2\/ac > ’
By expanding the determinant of A along the first col-
umn and the last column, we have

a+b c
a b ¢

det A =

a b c
a «a+b

nxn

= (a4 b)*det B, 5 — 2(a + b)acdet B,,_3
+ a’c? det B,,_4.

According to the equality (3) between det B,, and
U, (x) and the relations of Chebyshev polynomials in
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Lemma 2, we have

det A = (o +b)*(Vac)"*Up—2 (2%)

—2m+wx¢ww4w13(

+ (Vac)"Un-a (2%>

:mﬁwFMW%aﬁ(JQ)—ma+m

b b
n—1 7 n _

_ |a|”[(a+b)2Un_2 < b ) 2(a+b)

1)

af? 2/al o
b b
U,_3| — Up—s | —
8 3@@0* 4@@0]
b
=la|" Y20+ b)Up_1 | — | .
N

Similar to the determinant, the characteristic
polynomial

et A—b
pa(A) = o] (AN =b—2a)U,—1 ( 2ol )
can be calculated by pa(\) = det(AI — A), where I
is the identity matrix. O

Consequently, the eigenvalues of A can be ob-
tained through computing the zeros of the characteris-
tic polynomial (2). In view of the roots of U,,_1 () are

T; = COS %r,i: 1,2,...,n—1, so the eigenvalues of
A are
A = b+ 2|afcos °T, zizl,...,n—l,
b+ 2a, T =n.

From this, we can obtain the following conclusions:

(a) The expression of determinant can be also writ-
tenas det A = (2a+b) [T} (b+ 2|af cos ).
Concerning the formula of determinant in
Lemma 4, we obtain

b

L

n—1 .
= (2a + b) H (b + 2| COSm> ,

i=1 "
namely,

b n
nil —_— =
i 57) =

-1
=1

(b + 2|/ cos m) .
n
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(b) If n is even, then \,_; = 2b — X\;, i =
L2,...,5 -1, )‘% =band A\, = b+ 205 If
nisodd, then A\, ; =2b— N\, i =1,2,..., 5]
and A, = b+ 2a. From this, we can again obtain
that trA = nb + 2. In addition, the spectral

radius of A is b+ 2|«

© If b # —2[alcosZ(i = 1,2,...,n — 1) and
b # —2a, then A is invertible.

It is generally known that the corresponding
eigenvectors of A can be attained via solving the
equation

(AMI-A)v=0, v#0, 4)

in which the coefficient matrix AI — A is nonsymmet-
ric. It is more convenient to solve the equation system
if we change the coefficient matrix into a symmetric
matrix.

Let D = diag(do,d1,...,dp,—1) and dp =
(a/e)*/?,

Suppose u solves equation

(AL - A)Du =0, (5)

which can be deduced to the linear system of equa-
tions with the symmetric tridiagonal matrix, then v =
D is an eigenvector of A.

Letx; = cos%r,i =1,2,....,n—1. When a =
—+/ac, the equation (5) can be written as

A—b
<—|—1>U1—UQ—O,

|af
A—b
—u1 + W’UQ —uz =0,
—uUg + ﬁus ug =0,
—Up—2 + |T_|un—1 —up =0,
A=b
—Up—1 + <|a + 1) Up = 0.

Solving the above equations, we have some solutions
[Wo (i), Wi (i), ..., Wn1(z)] ",

ul® = i=1,...,n—1,
[L—1,..., (=", i=n

Hence, solutions of the equation (4), the eigenvectors
of A with o = —+\/ac, are

[doWo(z;), di Wi (2i), ..., dp1 Wi—1(2:)] T,
v = i=1,...,n—1,

[do,—dl,...,(—1)n_1dn_1]T, 1 =n.
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When a = /ac, the equation (5) can be written
as

u1 + ‘a‘ U2 — U3 0
A—0b
—ug + ol uz —uqg =0
A—b
—Un_2+Wun_1—un:0

A=b
—Up—1 + <|O[_1) un:0

The system has solutions

Vo(zi), Vai(@i), .., Vi1 ()T,
i=1....n—1,

Therefore, the solutions of the equation (4) are

. [doVo (i), diVi(2s), . .., dn1 Vi ()],

v = i=1,...,n—1,
[do,dl,...,dn_l]T, i:n,

which are the eigenvectors of A with o = /ac.

Using the above results on the eigenvalues and the
corresponding eigenvectors of A, we give the spec-
tral decomposition of A and demonstrate it. Note that
A = diag(A1, A2,...,A\p) and \; (i = 1,...,n) are
eigenvalues of A in the remainder of the paper. We
introduce the fact about the spectral decomposition in
[5] as the following lemma.

Lemma 5. If A has n linearly independent eigenvec-
tors v @ v(”),form a nonsingular matrix S
with them as columns, then A = SAS™1, where

A
A=
An
and \1, ..., A\, are eigenvalues of A.

Theorem 6. If A has the form (1) with « = —y/ac.
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Then A = SATST (D)2, where

doWo (1) doWo (22)
di W1 (1) diWh (z2)
S = ) )
dp-1Wn-1(z1) dn-1Wn_1 (z2)

do

—d;
dn_l(—l)n_l

T = diag(ty,...,t,) and

(1—ap)/n, h=1,2,....,n—1,

o]

Proof: Obviously, the only thing we need to do is to
show that STST(D~1)2 = 1. If i = j, then

1/n, h = n.

n—1
STST(D™1)?);; = Z th Wiy (xn) + tn
h=1

n—1 .
1 (2i — 1)hm
= n <n ;COS n ) .

From Lemma 3, we have [STST(D~1)?];; = 1.
If i # j and ¢ + j is even, then

[STS™ (D)7

n—1
=dij (Z thWit (xn) Wiy (xp) + tn>

h=1
n—1 . .
—Jh
n

h=1

n—1 . .

—1)h
— Z COS W—)ﬂ- + 1) .
h=1 n

According to Lemma 3, we have

[STST(D)?);; =0.

di_j
n

If ¢+ 4 j is odd, then

di

n—1 . .
i—j (i — j)hm
- (;cos -

n—1 . .
—1
ZCOSW1>.
n
h=1

By Lemma 3, we have [STST(D71)%];; = 0. And
STST(D~1)? = 1 follows from the above discus-
sion. O

[STS™(D™)?);; =
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Corollary 7. Let A be a tridiagonal matrix of the
form (1) with « = —\/ac. If |a| = |c|, then A can
be unitarily diagonalizable.

Proof: A scalar multiple of an eigenvector

of A is still an eigenvector of A, so 'vgi)

\ S ldoWo i), di Wi (i), - -y dyy Wi (22)] T
1,2,...,n 1, (n)

Uy
\/%[do,—dl,...,(—1)"*1dn_1]T are still eigen-

vectors of A. Let U be a matrix with vgl), . ,vgn)

as columns. If we want to prove that A = UAU*
(U* is the Hermitian adjoint, whose entries are the
conjugate transpose of entries of U), then what we
need to do is to verify that UU* = I. Obviously,

7 = and

n—1

>

h=1

1—xp

[UU"];; = di—1dj— < Wi-1(zp)

1
X ijl(l'h) + n) .

If i = j, then
—1-z 1
* — Th
[UU"]ii = di—1di— (Z - W2 (zn) + n)
h=1
-z 1
— Th
= |dz’-1\2<z TWf_l(ach) + n)
h=1
From the proof of Theorem 6, we have
n—1
Z TWi_l(mh) + ﬁ =1.
h=1
Since |a| = |c|, |di—1|* = |%|""' = 1. Thus,

[UU*]“ = 1. If ¢ # j, then
n—1
h=1

by the proof of Theorem 6. From the above discus-

sion, we know that the transformation matrix U is

unitary and A with @« = —4/ac can be unitarily di-
agonalizable when |a| = |c|. O

1—xh

1
- Wi—i(xp)Wi—1(zp) + = 0

Theorem 8. A is a tridiagonal matrix of the form (1)
with a = \/ac. Then A = PAQPT(D1)2, where
P consists of the eigenvectors of A, i.e.,

doVp (1) doVo (x2) do
B di Vi (x1) diVi (x2) dq
dp—1Vn—1(x1) dp_1Vn—1 (x2) dp—1
E-ISSN: 2224-2880
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Q = diag(q1,...,qn) and
[ A+ap)/n, h=1,2,...,n—1,
ah = 1/n, h =n.
Proof: The technique used in the proof is the

same as Theorem 6 and we need to demonstrate that
PQPT(D1)? = 1. First, we have

[PQPT(D'));

n—1
= di1d; (Z anVi—1(zn)Vi—1(zn) + %)

h=1
n—1 . .
_diy (i —j)hm
-t (ol
h=1
n—1
-1
—|—ZCOS( tJ )h7r+1>
h=1

According to Lemma 3, we obtain the following con-
clusions: If ¢ = j, then

n—1

2i—1)h
g 0087(1 )F:0,
n
h=1

and [PQPT(D™1)?);; = 2 (n—1+41) = 1. If i # j,
then

n—1 . .
Z —j)h

n
h=1

and [PQPY(D1)?); =
PQPY (DY) =1

n—1

+ Zcos

h=1

(i—i—j—l)hTr_

_17
n

0. Therefore, we have
O

Corollary 9. Let A be a tridiagonal matrix of the
form (1) with o = y/ac. If |a| = |c|, then A can
be unitarily diagonalizable.

Firstly, we know that the vectors 'véi) =

V EE doVo (@), Vi (i), - ot Vi ()],
én) = \/% [d()a dla v 7dn—1]T

are still eigenvectors of A. Let V' be a matrix with
vél), ... ,vén) as columns. If we want to prove that
A = VAV* (V* is the Hermitian adjoint, whose
entries are the conjugate transpose of entries of V'),
then what we need to do is to verify that VV* = I,

Obviously,

Proof:

i=1,...,n—1,and v

n—1

D

h=1

14z,

(VV™*ij = di—1dj—1 ( Viei(zp)

1
X ‘/j_l(a?h) + n) .
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If i = j, then

1
1 1
(VV7]ii=di—1di R V2 (xn) + n)

(5"

n—1
- \d,»_ﬁ(Z

h=1

From the proof of Theorem 8, we have

n—1

14z 1
Z ‘/;2_1(1‘]7,) + E = 1.
h=1
Since |a| = |c|, |[di—1|* = |%|""' = 1. Thus,
[Vv‘/ﬂZZ =1.1f¢ 7é j, then
n—1
I1+z 1
> Vi (@n) Vi (an) + - =0
h=1

by the proof of Theorem 8. From the above discus-
sion, we know that the transformation matrix V is
unitary and A with & = y/ac can be unitarily diag-
onalizable when |a| = |c|. O

Corollary 10. Let A be a tridiagonal matrix of the
form (1) with o = —\/ac or o« = +Jac. If a = ¢,
then two arbitrary tridiagonal matrices A and B with
this kind of form are simultaneously diagonalizable,
that is, there is a single similarity matrix S such that
S~YAS and S~ BS are both diagonal.

Proof: If a = ¢, then D is the identity matrix in
Theorem 6 and Theorem 8. The conclusion can be
obtained directly from Theorem 6 and Theorem 8. O

Corollary 11. Let § be a family of the matrices of the
form (1) with a = ¢, « = —|a| or « = |a|. Then §
is a simultaneously diagonalizable family and a com-
muting family.

Proof: From Corollary 10, we know that § is a si-
multaneously diagonalizable family, that is, for any
A, B € §, there exists a single similarity matrix S
such that S~1AS = A; and S~'BS = A,, where
A1, As are diagonal matrices. Then

AB = SA1S"'SA,S = SA;A,ST!
= SAA1S ' =SA,STISA, ST = BA.

Therefore, § is not only a simultaneously diagonaliz-
able family but also a commuting family. O

E-ISSN: 2224-2880
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4 Powers and Inverse

As we all know, if the matrix A has spectral decom-
position A = SAS~!, then the Ith (I € N) power
of A can be obtained by A' = SA'S™!, where A is
a diagonal matrix, the diagonal entries of which are
the eigenvalues of A and S is the transforming matrix
formed by eigenvectors of A with them as columns
[5]. In the previous section, we have stated the spec-
tral decomposition of A. In this section, we calculate
the powers, inverse and a square root of A.

Theorem 12. If A has the form (1) with « = —/ac
and xj, = cos ™™, h =1,2,...,n — 1. Then the i, j

n

entry of Al is

[A'];; = dzn_]{

X Wi_l(xh)Wj_l(xh)

n—1

D

h=1

(b+ 2|a|xh)l(1 —xp)

+ (=1 (b + za)l}.

Proof: According to Theorem 6, we have the follow-
ing results: If ¢ + j is even, then

n—1

(A = di j Wi () Nyt W1 () + dijtn X,

=

di_j
X ijl(xh)

n—1

D

h=1

(b + 2]a\a:h)l(1 — mh)wi—l(xh)

+(b+2a)l}.

If 2 4 7 is odd, then

n—1
(A = di j Wi () Nyt W1 (zn) — dijtn X,
h=1
di. n—1
1—]

(b+ 2]a\azh)l(1 —xp)Wi_1(xp)

D

h=1

{

X le(l‘h)] — (b—|— QQ)l}.

The conclusion follows from the above discussion. O

Corollary 13. Let A be a tridiagonal matrix of the
form (1) with « = —+/ac and xp, cos h%, h =
1,2,...,n—=1Ifb# 2ax,, h=1,2,...,n—1, and
b # —2aq, that is, A is invertible, then | can be taken
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negative integer in Theorem 12. In particular,

A {Z

1

1—xp

b+ Q\a\x ~1(z)

N (_1)z+]
b+2a [’

x Wi—1(xn)

and the matrix C, whose i, j entry is

n

n—1
Cly = 2 { > [(1—xh>¢b + 2falz, Wi (zn)

h=1

X ijl(fh)

(- wm}

is a square root of A with o = —\/ac.

Theorem 14. IfA has the form (1) with o = +/ac
andmh:cos ,h=1,2,....n— 1. Then the i,)
entry of Al is

n—1
l di—
[A'] ij = J{
=1

Proof: By reference to the proof of Theorem 12 and
employing Theorem 8, the theorem can be proved. O

(b+20xp) (1424) Vi1 (z5)

>

x Vi_1(zn)

+(b+2a)l}.

Corollary 15. Let A be a tridiagonal matrlx of the
form (1) with « = \/ac and x;, = cos— h =
1,2,...,n—1 Ifb # —2axp, h=1,2,. n—l,
and b # —2q, then | can be taken negative integer in
Theorem 14. Furthermore,

n—1
_ di_; 1+ zp
Al =S Vi
X Vioi(zp)| + !
ji—1\Th b+20[ ’

and the matrix D, whose 1, j entry is

LS

h=1

l—l-iL'h)\/ b+ 204~Thvi—1(37h)

x Vi—1(zn)

+vb+2a},

is a square root of A with o = +/ac.

E-ISSN: 2224-2880
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S Numerical examples

In this section, Example 16 indicates that the conclu-
sion presented in [10, 11] is a special case of Theorem
14. Example 18 explains the application of our work
by solving a simple homogeneous difference system.

Example 16. Consider the matrix

(11
10 1
1 0 1
B =
1 0 1
11|

On the basis of the conclusions in preceding part, we
derive the following assertions:

(a) The eigenvalues of B are \; = 2cos &, i =
1,2,....,n—1and \, = 2. The correspondzng
eigenvectors are

, Vo (i), V(i) -, Voo ()],
v = i=1,...,n—1,
1,1,...,1Y, i=n,

where x; = cos % Moreover if n is even, then
Ai = =N, 1 = 1,2, 1)\n:0and
An 2Ifnls0ddthen)\nzz -, =
L,2,..., 5] and X\, = 2. From this, we deduce
that if n is odd, then B is invertible and if n is
even, then B is singular.

(b) The trace of B is trB = 2. The determinant
of B is det B = 2U,_1(0) = 2][}' 2cos
And if n is even, then det B = 0; If n = 1
(mod 4), then det B = 2; If n = 3 (mod 4),
then det B = —2.

(c) Let:ch:cos— h=1,2,...,n— 1. Then the
1, entry ofBl is
l 1 n—1 l 2l
[B'lij = ;(%h) (Ltap)Vier(@n) Vi1 (zn)+.

If n is odd, then the i, j entry of the inverse of B

_ 114z 1
[B™ij=—> h‘/%fl(ivh)ijl(wth*-
h n

The matrix By, whose i, j entry is

Bl ’Lj = %Z [ 1 + wh)v (xh)

=%

x Vii(zn)| +
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is a square root of B. and A\, = —2; If n is odd, then \,—; = —\;,
i=1,2,...,15] and \, = —2. From this, we

Proof: We demonstrate that the result (c) is equiva- deduce that if . is odd, then C' is invertible and

. . . hﬂ'
lent to the expression given in [10, 11]. Let 05, = 7=, if n is even, then C'is singular:
Ap = —2(:05%’T and xj, = cos%”,h =1,2,...,n—
1, then A\, = —2xp, xp, = cos . Since \,,—; = —\;, (b) The trace of C' is trC' = —2. The determinant of
i=1,2,...,[5], wehave C isdet C = —2U,_1(0) = —2]["}' 2cos .
. And if n is even, then detC = 0; If n = 1
1% A A (mod 4), then det C = —2; If n = 3 (mod 4),
l l h h
[Blij = ;; 2A T2izt <2> T2ia <2> then det C = 2.
1 A A = hr p — —
" 7A%T2i_1 A, (A (c) l.lef Ty = CoS o h=1,2,...,n— 1. Then the
2 2 1,7 entry of C' is
1 2!
== 2(2p) Taiza (zh) Taizr (w4) + = =,
n 2 2 n
h=1 [Cl]ij = E [(QZ'h)l(l — $h)Wi—1($h)
1 2 — 1 2j—1_ 2 h=1
== Z 2(2zp,)" cos : 5 0y, cos J 5 O + — (—1)i+
et n X Wj_l(:ch) + o (—2)1.
11 cos (i — 1) 6
= - [(2wh)l (1 + cos Op) # . - .
ni cos 3+ If n is odd, then the i, j entry of the inverse of C
1 } is
cos(j—5)0 2
% ( 9:) h + = 1
cos & B 1e=|1—2a,
= o [C™ i = - > 5y Wi-1(zn)
= > @xp) (1 + @) Vot (xn) Vi1 (2n) + e h=1
h=1 —1)itHd
X ijl(a?h) + ( 2)
The proof is completed. g —en
In view of the matrix B in [10, 11], we consider
the matrix C of the similar form with B and give the The matrix Cy, whose i, j entry is
related facts.
. . 1 n—1
Example 17. Consider the matrix [Cl]ij = - Z [\/Qxh(l —xp)Wi—1(xp)
(-1 1 T h=1
10 1 (=)™
x W,_ V=2
1 0 1 J 1(:Uh) + n )
C =
1' ' 1 is a square root of C.
L L =1 Example 18. Consider the homogeneous difference
We derive the following results: system u(l+ 1) = Au(l), | € Z, where the matrix A
‘ is given by
(a) The eigenvalues of C are \; = 2cos'}, i = 5 8 0 0 0
1,2,...,n—1and \, = —2. The corresponding 21 8 0 0
eigenvectors are 02 1 8 0
00 2 1 8
(Wo(z:i), Wi(xi), - .., Wa—i(2:)] T, 000 2 5
v = i=1,...,n—1,
[1, —-1,..., (—1)”’1] T , 1=mn, Solving the homogeneous difference system, we know
‘ that the general solution can be written as u(l) =
where x; = cos % Moreover, if n is even, then Ale, | € Z, where c is an arbitrary constant vector.
An—i = =iy i = 1,2,...,5 — 1, )\% =0 By using Theorem 14 and Maple 13 programme, we
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can calculate A', so the general solution u(l) = Alc
is also computed. For example, we get

20181.00 34920.00 44160.00
8730.00 13761.00 26920.00
u(b) = | 2760.00 6730.00 10049.00
880.00 1832.00  6730.00
208.00 880.00 2760.00
56320.00 53248.00
29312.00 56320.00

26920.00 44160.00 | ¢
13761.00 34920.00
8730.00  20181.00

by Maple 13 programme.

Note that Theorem 12 and Theorem 14 can be ex-
ecuted by Maple 13 programme. The algorithm of
Theorem 12 is as follows:

> restart:
> with(linalg) :
> n:=n: l:=1: a:=a; b:=b: c
Al:=array(l..n,1l..n):
x:=cos (h*pi/n) :
> for i from 1 by 1 to n do
for 7 from 1 by 1 to n do
Al[i, j]l:=evalf ((sum( (b+2
*sqgrt (axc) *x) "1x (1-x)
* (ChebyshevU (i-1, x)
+ChebyshevU (i-2, x))
* (ChebyshevU (j-1, x)
+ChebyshevU (j-2,x)),
h=1..n-1)+(=-1) " (i+73)
* (b=2xsqgrt (axc)) "1)
*sqgrt (a/c) ~ (1-3) /n)

=C:

end do
end do;
> print (Al);

The algorithm of Theorem 14 is as follows:

> restart:
> with(linalg) :
> n:=n: l:=1: a:=a; b:=b: c
Al:=array(l..n,1l..n):
x:=cos (h*pi/n) :
> for i from 1 by 1 to n do
for j from 1 by 1 to n do
Al[i, ]l :=evalf ((sum( (b+2
xsqrt (axc) *x) "1* (1+x)
* (ChebyshevU (i-1, x)
—ChebyshevU (i-2, x))
* (ChebyshevU (j-1, x)
—ChebyshevU (j-2, x))

=C:

r

E-ISSN: 2224-2880
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h=1..n-1)+ (b+2xsqrt (axc))
“1)*sqgrt(a/c) " (i-7J)/n)
end do
end do;
> print (Al);

where a, b, ¢ are the entries of A, n is the order of
A, [ is the power index. The /th power of A can be
obtained if we input a, b, ¢, n and [.

6 Conclusion

Being inspired by the research done by J. Rimas and
J. Gutirrez-Gutirrez, we not only generalize their work
concerning the positive integer powers of tridiagonal
matrices, but also explore other basic properties in-
cluding trace, determinant, eigenvalues, eigenvectors
and so on. Unfortunately, In this paper, we consider
only two kinds of tridiagonal matrices. If possible, we
can discuss more general tridiagonal matrices.
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