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Abstract: Some new generalized Ostrowski-Griiss type integral inequalities in two independent variables on time
scales are established in this paper. The established results generalize some known results in the literature, and
unify corresponding continuous and discrete analysis. New bounds for the related Ostrowski-Griiss type inequali-

ties are derived, and some of these bounds are sharp.
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1 Introduction

Recently, the research for the Ostrowski type and
Griiss type inequalities has been paid much atten-
tion by many authors. The Ostrowski type inequal-
ity, which was originally presented by Ostrowski in
[1], can be used to estimate the absolute deviation of
a function from its integral mean, while the Griiss in-
equality [2] can be used to estimate the absolute de-
viation of the integral of the product of two functions
from the product of their respective integrals. Among
the research for the Ostrowski type and Griiss type in-
equalities, generalizations of the two inequalities have
been a hot topic, and, in the last few decades, various
generalizations of the Ostrowski inequality and the
Griiss inequality have been established (for example,
see [3-13] and the references therein), while some new
inequalities are established, one of which is the in-
equalities of Ostrowski-Griiss type (for example, see
[14-26]). The first Ostrowski-Griiss type inequality
was presented by Dragomir and Wang in [14], which
got improved in [15-18, 21-23]. In [25], Lii extended
UJEVIC’s results [17] to 2D case. In [26], Liu ex-
tended the inequality above to a more general form.
The most important application for these inequalities
mentioned above lies in that they can be used to pro-
vide explicit error bounds for some known and some
new numerical quadrature formulae, and furthermore
can provide sharp bounds related to these inequalities.
So establishing new Ostrowski type and Griiss type in-
equalities is a purposeful work in estimating new error
bounds for numerical quadrature formulae.

On the other hand, Hilger [27] initiated the theory
of time scales as a theory capable of treating continu-
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ous and discrete analysis in a consistent way, based
on which some authors have studied the Ostrowski
type and Griiss type inequalities on time scales (see
[28-38]). But we notice that Ostrowski-Griiss type in-
equalities in two independent variables on time scales
have been paid little attention in the literature.

Motivated by the above works, in this paper, we
establish some new Ostrowski-Griiss type inequalities
in two independent variables on time scales with more
generalized forms than those existing inequalities in
the literature. New bounds related to the Ostrowski-
Griiss type inequalities are derived, and some of them
are sharp. The established results unify continuous
and discrete analysis, and extend some known results
in the literature.

Throughout this paper, R denotes the set of real
numbers, while Z denotes the set of integers, and
Ny denotes the set of nonnegative integers. T, To
denote two arbitrary time scales, and for an interval
[a,b], [a,b]T, := [a,b] T4, i = 1,2. For the sake
of convenience, we denote the forward jump operators
on Ty, Ty by o uniformly. Finally, a point ¢t € T; is
said to be right-dense if o (¢) = ¢t and ¢ # sup T;.

For more details about the calculus of time scales,
we refer the reader to [39-40].

2 Main results

Lemma 1 (Generalized Montgomery Identity). Let
a, b, s, x€Ty,c,d, t,ye Towitha <b, c<
d. f : [a,blm, X [c,d]T, — R is A1Ay differen-
tiable. ¢ € [0, 1] such thata—i—fbga, b—ﬁbfTa IS
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T, c+&6%5¢, d— §d2c € Toandw € [a+£%5%,b—
¢, y € [C+5d ,d — €%E]r,. Then

(1-¢)? f(fc Y)
) 5L (@) +f (. y)+f(x,¢)+ f(x,d)]

m/-\
o}

[f(a,c)—i—f(b,c)+f(a,d)+f(b,d)] -

-+
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| ‘

)

Q\e‘
&h

a(s), )Als— i/df(x,a(t))Azt

S
‘ -

S
—
f=al

[f( (s),¢) + flo(s), d)]Ars

|
—_

w\m DO |

fla,o(t)) + f(b, o(t))] Aot

LLf
:(b—a)(d—c)/a/cKm’y’s’t X

0°f(s. )
A]_SAQt

where K (x,y,s,t) =

\

AQtAlS

AgtAls,

Ki(x,s)Ks(y,t), and

Proof: We have the following observations:
b pd 82f(8 t)
K * 2 AotAis =
/a/c (x,y,s,t) A 5Dyt otA1s
o[y b—a
oA
t—(c+¢&
xz prd
)
a Jy
[t —(d—¢
b ry
o)
[t—(c+¢
L[

t—(d-¢

d—c . 0%f(s,1)
—— Aot A
2 )] A18A2t 2t 18

d—c . 0°f(s,1)

2 )] AlsAgt AztAlS

d—c 02f( t)
9 )] Al AQtA tAls

d—c 82f( t)
2 AlsAQt AQtAIS
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-/ x[s—(a+s“>]{[y—<c+sdgc>]afljj>
—[e— (+£ C)]aJZfSC)}Als
_/j /Cy[s—(aJrﬁb;a)} af(Z’lgs(t))A tAys
+ [[s—<a+5b‘“>]{[ ~(-¢en 20
- (@ - e
_/aiv/yd[ ( 2a)}af(2;( )>A2tA13
+ [ 0-e"5 My (ere 2L
i—c o505
—le—(c+¢ 5 )] Als }Ays
by —a 5,0
[ [ -y T A
g [[s—(b—sb;")]{[ (-2 2L
- (a-¢" C>f’f(5 s

_/x/y - (b— " 2 f(fo D AgiALs

- <c+6%>mx— (a
a0+ €3N ) = [ S0 A1)

—[c—<c+§g>]{[x—<a+sb; e

[a—(a+£—>]< R AR IGOROINE
| (@ o(t)

—[a—<a+£b‘—“>]f< o(1))} Aot

+/ / f O' 8 O' AgtAls
= (- €SO~ (o + 5 S, d)

a0+ €@ d) — [ Ho). das)
Iy (- €S e~ (0t €S )

—a— @+ €SN — [ 106 A

d b—a
- [Hla = @+ 5N @.o)
Y
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%a—@Afgigﬂﬂ o(1))} Ast

+/ / F(o(s), 0(£) Aot Ars

b—a

Hy = (e+ €5 - 6= 5 (by)
o= (b— 5*> (2.1) /f y)Ass)
o= (e + €5 - 6= 751700

b
o= 0= (e = [ Flo(s)e)Mus)
-/ 0
e~ - g )

( — e - - irt,a)
e (b Fla,d) — /f d)A;s)
- - - - ¢ a)]f(b )

- (b~ fa.y) /f y)Ass)

) (2,0 ()} Agt

+/b /df(a(s),a(t))AgtAls
(

(1=~ a)(d~c)f(z,y)
(b—a)(d—c)(1=¢) x

[f(a,y) + f(by) + f(z,¢) + f(x,d)]

Hb—a)(d— )5

—(d—c)(1-¢ /f y)Ais

—(b—a)(1-¢ /fa;,a ))Agt

S-0) [ 17(0(6).0) + ots), s

So-a) / d[f( o(0) + b0 (0)] ot

/ / Flo(s), o(£)) AgtArs,
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that is the desired result. O

Theorem 2 Under the conditions of Lemma 1, if
21282 ¢ Loy((a,b)r, x (c,d)T,), then we have

(1= €)*f(zy) +

(1= 5[ (@9) + J(b.9) + F(a,) + 1, )]
0 (F@,0) + 16.0) + Fla.d) + £(b.)
19 [ flo)u)as
19 [ o)
S [16(9).0) + Slo(s),Dls
¢ 1

= ) c //f 1) AgtArs
( d) —

_[f(b 0 fbc)+f(a6)}x
(b a2(d—c)?

[ha(z, a+£bT) ha(a, a+€ a)
+ha(b, )—h2( )]X
[hg(y,c—l—S?) (e, + € C)
thafd, d— €170 < ha(y.d— £229)
b3 — a3 —a
ACSE ~2at S hawa+ Y
~ha(a,at €5 0) ~ (at 2“>2<x—a>
26— €2 ol — €250
—E ) - (- €S- )] %
3—0
g <c+§d—><h2< )
~haere+ €5 - <c+§ C>2<y—c>
~2(d— €2 h(d,d~ 09
~ha(y,d—€159) — (a- €1 d - y)
1 b b—a
—m[( 2(z,a+¢ 5 )
—hQ(a,a—l-ﬁb;a)
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b—a
+ha(b,b — 5 ) — ha(z,b—

(ha(yoc+ €955) ~ hafere+ €55

+h2( ) d ; C)
~ha(y,d = €50 T (P 2e),
where

_ /ab /Cd F2(5,) AotAy s

(@)

1 b prd
(b_a)(d_c)(/a/cf(sat)AgtAls)Q_

The inequality (2) is sharp in the sense that the coeffi-
cient constant 1 of the right-hand side of it can not be

replaced by a smaller one.

Proof: From the definition of K (x,y, s,t) we obtain

b rd
/ / K(z,y,s,t)AgtAys =

/lesAls/ Ko (y,t) Aot =

e A
d—c d d—c
(c+&—)]A —£—)|A
A [ e Nt [t (-5 ut)
= Ihafa,a+ €75 %) ~ hafa, a+§ =)
+ha(b,b — 57) ho(,b— € a)]x
[hQ(yac+§TC)_h2(cvc+€ 9 C)
d—c d—c
hald,d = €55 = ha(y,d — €55))
3)

and
b rd
//K2<Q?,y,8,t)A2tA18
R J
:/ K%(w,s)Als/ K%(y,t)Agt
={/ &—a+f9:EWAw
o1
x{/
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o e e [ aolo) ¢ (0(s))?
26— €25~ - €25

. gb - a)Q]Als}{/cy[tQ + ta(t)3—|— (o(t))?
~2(e+ €1t~ (e +625°)
_(C+§)Q]A2t+/yd[t2 +ta(t)3+ (o(t))?
~2(d - €125 - (d - 6°5°)
(-1 n0)

_ < @ 2(a+§7)[h2($,a+§b; %
~ha(a,a+ €] - (a+ &5 )
ST b - €25
o, b= €] - (b €S- )} ¢
o et o+ 259
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—ha(y, G- (-

a)2(d_y)}' _(b—a)——c / / K SL’ Y, S, t)AQtAlS) ]%

d 32
) / /
A1$A2t A2tAlS

//da? ) Agtrs)?)h
b—a)(d—rc) AlsAgt 20218

/ / K2 (z,y,s,t)AgtAys

Furthermore, we have

//{ (o9:5:0) = = >1<d—c)

/ / K(z,y,s,t)AgtAqs]

— / / (x,y,s,t)AgtArs) ]%
S t) — a — C
A1$A2t (b — a)(d C) (fA1A2).
1O A Aqs]}AqtA
/ / AlsA 2tArs]}Asthrs ©)
*f(s,1) Combining (3)-(6) we can get the desired inequality
= K —— 2 AgtA
/ / @, 8.0 R A D2t @).
b rd To prove of the sharpness of (2), let T be right
(b—a)—c/ / K(z,y,s,1)AstAys dense and f(s,t) = fi(s)f2(t), where
d 2 —a —a
/ / of AgtAls h2(37a+§b7)_h2($7a+§bT),
AlsAgt f (S) s € [CL,l’)Tl
&1 (s.1) W =N g, b— €552) — ho(a,b— £452)
K t ——— = AotA ’ 2 ) 2 )
/ / (@9,5, A sAqt 1 s € [z, b,
—Jfla,d) — J(b.0) + fla, 0] Pa(t, e+ €45¢) — ha(y, c + £459),
b —a)d—o) " te ey,
b pd 2 = d—c d—c :
0 Je t € [x,b]
) Then
On the other hand, [8_ (a—i-fb_Ta)Ht—(C-l-f%)],
/ / 1 [ (5 € [aéx)')lil[’ 13 f [Cv y)crlI‘Z )]
K(z,y,8,1) = v s — (a+&32)][t — (d - £5°)],
b=a)ld=c) 5 f(s,) _ s la.2)n,, 1 € [y d)r,
/ / K(2,y,5,1)AgtALs] x ArsAot [s — (b= £559)][t — (c+£%59),
a2 ¢ s € [‘Tab)Tla te [Ca y)T2
fo) 1 [s = (b —€55*))lt — (d— €450,
A1sAat (b - a)(d - C) S € [CE,b)Tl, t e [y, d)T2
g A Aqs]}AqtA °
2
/ / AlsA tA1s]}Asthrs which implies 2L — K (2, y, 5, ). So (4) and (6)
1 hold equality, which implies (2) holds equality, and
<|K(z,y,.,.) - m the proof is complete. a
b ed In Theorem 2, if we take T';, T for some special
/ / K(x,y,5,1)AstAqs|2 x time scales, then we immediately obtain the following
two corollaries.
9%f(.,.) 1
| AL sAot - (b —a)(d—c) x Corollary 3 .Ifwe take T.l = T, = R in Theorem 2,
/ / a2 f( then we obtain the following inequality
AQtAlsng
Ay A t (1= &)?f(x,y)
=1 [ 5 st HO =051 y) + 1.9) + 1) + fla, )
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2

+%[f(a, c) + f(b,c) + fla,d) + f(b,d)]

-9 [ 1) pas

_dica _¢) /cdf(x,t)dt

b
S [0+ (s s
&1

—Qd_/ﬁﬂaw+f@tﬂ

b—a) _C/a/cfstdtds

_f(b.d) — fla,d) = f(b,0) + fla,c)]
(b—a)?(d—c)?

(z—(a+€5%))°  (a—(a+E%5%))

[

2 2
—(h — £b=a)2 x— (b — £b=a))2
NG w252>>_< w252»]x
[(y— (c+£%59)°  (e—(c+&59))?
2 2
o _ ¢#d—c))\2 o _ ¢d—c)\2
NG w2 )y w252»]
3 —al —a. (z— (a+ &2
S (A P R U )
a— (a b=a))2 —a
( ( 7;6 2 )) ) (a+§b2 )2($_a)
b—a, (b= (b—¢€%52))
20— 15—
z— (b— £552))2 —a
7( (b2£ 2 ))) (b*§b2 )Q(b—x)]x
& - c3 d—c. (y—(c+&%59)
[ —2(e+ ) -
c— (c d—cy)2 —c
_( ( _;‘5 2 )) )—(C—Fde)Q(y—C)
d—c, (d—(d—¢%59))?
—2(d — €55 R
—(d — gd=c))2 —c
S @S e -y
I S G U )
(b—a)(d—rc) 2
b—ayy2 (b _ cb=a\2
_(a—(a+2 %)) +(b (b 252))
b—a
_@—@;52»3X
((y— (c+£%59)°  (e—(c+&59))
2 2
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T( :/ab/Cde(s,t)dtds
—(b_a)l(d_c)(/ab /Cdf(s,t)dtds)z.

Corollary 4 If we take T1 = Ty = Z in Theorem 2,
then we obtain the following inequality

(1 - €)*f(z.y)

HO =051 y) + 1,9) + 1) + f, )
€2
4

L 1-9F s

~[fla, )+ f(bc)+fla, d)+ (b, d)]

1 d—1
1O S+

5 i f(s+1,¢)+ f(s+1,d)]

g Z fla,t+1) + f(b,t +1)]
B b—1d-1
+(b d_c);”z;fs+lt+1
_[f(b,d) = f(a,d) — f(b,c) + f(a, )] "
(b —a)*(d - c)?
[(w—(a+£b‘7“))( —(a+£%5%) - 1)
2
(a—(a+&5Y))(a— (a5 - 1)
2
+(b—(b—§b5“))(52— b+ - 1)
7(56—(6—51"7“))(6—(17—51"7“)—1)}X
2
[(y—(chi%))(y—(chf%)—l)

2
_(c—(6+€%))(c—(6+€%)—1)
2
+(d—(d—£dgc))(d2— (d+¢%59) —1)
_(y—(d—€%))(d—(d—é%)—l)”
2
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3 _

(5% 2t Y
(o=@t e ( T+ebge) 1)
2
_<a—<a+£%“>><a—<a+f%“>—1>)
2
€T —a) 20
U ) (U CRR S B
2
(g6 -5 1),
2

(b2 )] x

3_03 —c

E55 —2e+ 659

W=+ — (et 659) 1)
2

(o= (e e e (4 %) ~ 1),
2

e+ e Pty - ) 23 -1

(1= (@€~ (d €59 ~ 1)
2

(=€) (=gt 1),
2

d—c 1

(e eretz) -1

(o (a+€5)(a — (a+E50) ~ 1)
2

L= =250 B+ 6550 — 1)
2

OO G DRI
2

((y—(chf%))(y—(ché’%)—l)
2

(e (5 (e (c+E50) - 1)
2

A== ‘?C))(eé—(d+§d -1

_(y—(d—édzc))(c;—(d—ﬁd)—1))]2};

T(A2A1f),

where AsA1f denotes the difference on [ with
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b—1d—1
order two, and T(f) = f(s,t) —
b—1d—1 e
(b—a) d C)(sza tZ f(S t))

Remark 5 Corollary 3 is equivalent to [26, Theorem
3], and is the generalization of [22, Theorem 5] to 2D
case. If we take & = 0, then Corollary 3 reduces to
[25, Theorem 4], and is the 2D generalization of [17,
Theorem 4]. If we take £ = 3, x = “;b, y = C+d

then Corollary 3 reduces to [25 Theorem 3], and is
the 2D generalization of [17, Theorem 1]. So in this
way, Theorem 2 is the further extension of some known
results in the literature to arbitrary time scales.

Theorem 6 Under the conditions of Lemma 1, if we
assume f2122 € Lo ((a,b)t, % (c,d)T,), then we
have

HA =051 y) + ,9) + Fwe) + S, )
2
FE 1@ 0+ (by) + Flad) + 7 (b, )

b— ) //cf AQtAls
_[f(b,) f( d) — f(b,c) + f(a,c)]
(b—a)?(d—c)?
[ha(x, a+£L) ha(a, a+€ a)
+ha(b, )—hz( )]X
[hg(y,c—l—ﬁT) hole,c+ € 20)
+h2<d,d—£%>—h2<y,d—£d_c>n
IE3*CL3
<Vb—a{{ —2( =)
[h2<xa+§—> hafa,a+ €2 %)
~(at €SP w—a)
3_ .3 —a —a
N a0 62 )[h2(b,b—gb2 )

Issue 11, Volume 12, November 2013



WSEAS TRANSACTIONS on MATHEMATICS

20— )} x

—C

- 0-

oo+ €5) ~ haere+ €25
d—c)

d— 1
e T

+ha(d,

_hQ(ya

®)

Proof: First we have the following observation:

// (z,y,s,t) — (b—a)l(d—c)x

2
//K(w,y,s,t)AgtAls]aAlf;AQ)

/ / K(z,y,s,t Af(A )AgtAl
(b—a)—c/ / K(z,y,s,t)AqtAys

d 82
/ / A18A2t AQtAlS

2
:/ / K(:c,y,s,t)af(s’t)AgtAls

AlsAgt
_[f(b,d) — f(a,d) — f(b7c) +f(a7c)] >

(b—a)(d—rc)

b pd
/ / K(z,y,s,t)AgtAys.
a (&
Then

JUALCTRUE e

2
/ / K(a;,y,s,t)AgtAl ]if(A )AQtALS’

AQtA18

©)
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//'K”’” = >1<d—c>><

//K(xﬂy7Sat)AQtA1S‘A2tA13HfA1A2Hoo

<o-aa—of [ s

1 b pd
T d—a) K Aot s|?
(b—a)(d—c)/a/c (x,y,5,1)AgtAys]
AgtAys]? [ F4152)

= m/b/df(z(%y,s,t)ﬁﬂﬁls -

(b_a)—_c / / K(,y,5,t) AotAs)?]2 x

[V ™

10)

Then combining (3), (4) and (10) we get the de-
sired result.

Lemma 7 [41, Lemma 2.8](2D Griiss’ inequality on
time scales). Let f, g € Crq([a,blT, X [¢,d]T,,R)
such that ¢ < f(z,y) < ® andy < g(z,y) < T for

all z € [a,b]T,, y € [c,d]T,, where ¢, @, ~, T are
constants. Then we have

g | 700001
__cl_a/b/df(s,t)AgtAls
d b= a) / / (s,t)AgtAqs|

(®— ¢)(F 7)-

}_n

=3
an

Theorem 8 Under the conditions of Lemma 1, if
there exist constants K1, Ko such that K| <

92 f(s,t)
A1sAot
(-2 ()
H1 =51 y) + 10.9) + 1) + S, )
2
+%[f<a )+ F(b,) + fla,d) + (,d)

~(1-¢ /f
_L

-9 [ o

b
S [0+ f(o(). dlds

< Ky, then we have

Als
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d
-gd% [ 1#(a.ote) + @)
+b a) //f D)AatArs
(o) — flad)— £(b.c) + Fa.c)
b—a)2(d—c)2
haf,a+ €2 5%) ~ hafa, a+sb‘a>
+hy(b,b— 57) ho(,b— € a)]x
[hg(y,c+gT) hac, e+ €2 C)

tha(d,d — €1 oy,

)

(K2 — Ky).

.Js\r—‘

(12)
Proof: From the definition of K (z,y, s,t) we have

sup(K (x,y,5,)) — inf (K (2,9, 5,1)) < (b—a)(d —
¢). So by Lemma 7 we obtain

//Kmy s, Af(A )AtA
_(b_a_c/ / K(2,y,5,t)AstArs

da2
d—c) // AlsAt

a)(d— C)(KQ — Kl).

A tA18’

(b—a)(d—c)
s(b

.&\r—‘|

The desired result can be obtained by the combination
of (3) and Lemma 1. O

Remark 9 If we take & = 0 in Theorem 8, then Theo-
rem 8 becomes the 2D extension of [28, Theorem 4].

3 Conclusions

In this paper, we establish some generalized
Ostrowski-Griiss type inequalities in two independent
variables on time scales. Some of the estimates for
the established inequalities are sharp. The established
results unify continuous and discrete analysis, and are
further extension of some known results in the litera-
ture. How to extend the results in this paper to the case
in n independent variables is our task in the future.
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