WSEAS TRANSACTIONS on MATHEMATICS

Yun Gao, Zhaolin Jiang, Yanpeng Gong

On the Determinants and Inverses of Skew Circulant and Skew
Left Circulant Matrices with Fibonacci and Lucas Numbers

YUN GAO
Linyi University
Department of Mathematics
Shuangling Road, Linyi
CHINA
gaoyun2014@126.com

ZHAOLIN JIANG
Linyi University
Department of Mathematics
Shuangling Road, Linyi
CHINA
jzh1208 @sina.com

YANPENG GONG
Linyi University
Department of Mathematics
Shuangling Road, Linyi
CHINA
gyp2011@sina.com

Abstract: In this paper, we consider the skew circulant and skew left circulant matrices with the Fibonacci and
Lucas numbers. Firstly, we discuss the invertibility of the skew circulant matrix and present the determinant
and the inverse matrix by constructing the transformation matrices. Furthermore, the invertibility of the skew left
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matrices by utilizing the relation between skew left circulant matrices and skew circulant matrix, respectively.
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1 Introduction

Skew circulant and circulant matrices have impor-
tant applications in various disciplines including im-
age processing, communications, signal processing,
encoding, solving Toeplitz matrix problems, precon-
ditioner, and solving least squares problems. They
have been put on firm basis with the work of P. Davis
[1] and Z. L. Jiang [2].

The skew-circulant matrices as pre-conditioners
for linear multistep formulae(LMF)-based ordinary
differential equations(ODEs) codes, Hermitian and
skew-Hermitian Toeplitz systems are considered in
[3, 4, 5, 6]. Lyness employed a skew-circulant matrix
to construct s-dimensional lattice rules in [7]. Spec-
tral decompositions of skew circulant and skew left
circulant matrices are discussed in [8].

The Fibonacci and Lucas sequences are defined
by the following recurrence relations, respectively:

Fn+1 :Fn+Fn71
Ln—l—l = Lp+ Lp—1

where Fy=0,F; =1,
where Lo =2,L; =1,

for n > 0: The first few values of the sequences are
given by the following table:

n|0 1 234 5 6 7 8 9
F,10 1 1 2 3 5 8 13 21 34
L,|12 1 3 4 7 11 18 29 47 76
The {F},} is given by the formula
an_ﬁn
=27
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and the {L,,} is given by the formula
L, = " + /Bn7

where a and  are the roots of the characteristic equa-
tionz? —z —1=0.

Besides, some scholars have given various algo-
rithms for the determinants and inverses of nonsingu-
lar circulant matrices [1]. Unfortunately, the com-
putational complexity of these algorithms are very
amazing with the order of matrix increasing. How-
ever, Some authors gave the explicit determinants
and inverse of circulant and skew-circulant involv-
ing Fibonacci and Lucas numbers. For example,
D. V. Jaiswal evaluated some determinants of circu-
lant whose elements are the generalized Fibonacci
numbers [9]. D. A. Lind presented the determi-
nants of circulant and skew-circulant involving Fi-
bonacci numbers [10]. D. Z. Lin gave the determi-
nant of the Fibonacci-Lucas quasi-cyclic matrices in
[11]. S. Q. Shen considered circulant matrices with
Fibonacci and Lucas numbers and presented their ex-
plicit determinants and inverses by constructing the
transformation matrices [12].

The purpose of this paper is to obtain the better
results for the determinants and inverses of skew cir-
culant and skew left circulant matrices by some per-
fect properties of Fibonacci and Lucas numbers. In
this paper, we adopt the following two conventions
0° = 1, and for any sequence {a,}, > p_; ar = 0in
the case ¢ > n.

Definition 1. [8] A skew circulant matrix with the first
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row (a1, az,...,a,) is meant a square matrix of the
form
aq a9 PN Qp,
—ap, ai Gp—1
—QGp—-1 —0an an—2 ,
—a9 —asz ... al

nxn
denoted by SCirc(ay, a, ..., ap).

Definition 2. [8] A skew left circulant matrix with the

first row (a1, ag, . .., ay,) is meant a square matrix of
the form

aq a9 e Qp,

as as e —aq

as ag ... —a 7

an —ax —Gn-1 nxn

denoted by SLCirc(aq, ag, ..., an).

Lemma 3. [8, 1] Ler A = SCirc(ay, ag, ...
skew circulant matrix, then we have

() A is invertible if and only if f(w*n) # 0(k =
0,1,2,...,n — 1), where f(z) = Z?:1 ajxi™t, w=

2mi

exp(<*), and n = exp(%i);
(ii) If A is invertible, then the inverse of A is a
skew circulant matrix.

,ap) be

Lemma 4. With the orthogonal skew left circulant
matrix

1 0 0 0
0 0 0 -1

0.—| 0 0 -1 0 7
0 -1 0 0

nxn

it holds that

SCirc(ay, ag,...,a,) = OSLCirc(ay, az, . .., ay).

Lemma S. If

[SCirc(ay, ag, ..., a,)] "+ = SCirc(by, by, ..., by),
then
[SLCirc(ay, as, ..., an)] " = SLCirc(by, —bp, ..., —by).
Proof: Let B = SCirc(ay,as,...,a,), A =

SLCirc(ay, ag, ..., a,), by Lemma 4, we have B =
©A’, then B~! = A'~1©~!. Thus, we obtain

A"t = B7'© = SLCirc(by, —by, ..., —bs),
where B~! = SCirc(by, ba, ..., by). a
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2 Determinant and inverse of skew
circulant matrix with the Fi-
bonacci numbers

In this section, let A, = SCirc(Fy, Fy,..., F,) be
skew circulant matrix. Firstly, we give a determinant
explicit formula for the matrix A,,. Afterwards, we
prove that A, is an invertible matrix for n > 2, and
then we find the inverse of the matrix A,,.

Theorem 6. Let A,, = SCirc(Fy, Fy, ...
circulant matrix, then we have

, ) be skew

det Ay = (1 + Fppyp)" !

+(=F)" ) (—F) <+_ = “) , (D)
k=1 n

where F,, is the nth Fibonacci number.

Proof: Obviously, det A; = 1 satisfies the equation
(1). In the case n > 1, let

1

1 1

1 1 -1

0 0 1 -1 -1

=1 . ;

0 1 . .

0 1 -1 .- 0

01 -1 -1

1 0 0O --- 00
7, n—2

0 (mifs) 0 - 01
_E n—3

Hl = 0 (F1+Fn+l> 0 o 1 O 5

: i N

0 w1 00

0 1 0O --- 00

be two n X m matrices, then we have

Fi f, bis bin-1 bin
0 fa b2 bopn—1 by
0 0 b33

T'A, Il = 0 0 F
T bnfl,nfl
0 0 F, bnn
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where

bij = Fr_jyo,
boj = —Fy_jy1,
bjj=Fi1+ Foy1, J

n—2

k=1

=3.,4,...,n,

—F, > (k+1)
i+ Foa ’

and

F, n—(k+1)
fo —ZFkH <F1+Fn+1> )

So we obtain

detI'det A,, det 11,

r n—2

Fi+Fot+ ) (—F) (Fl-l-F+1>

L k=1
-F, n—(k+1)
P+ Foy

- F
X (Fy + Fyqq)" 2

:Fl

n—1
Fi+ Fo+ Z(— k)
k=1

X (Fy + Fpy1)" 2

= (1 + Fn+1)n_1 + (_Fn)n_2
n—1 k—1
1+ Fn—H
—F;
SRy ( Lo ) ,
k=1
while

(n—=1)(n—2)

detI'’ =detIl; = (-1) =2,

hence, we have

det A, = (1+ Fn+1)”‘1+
—1
i 22 _F) <1+Fn+1> _

The proof is completed. g

Theorem 7. Let A,, = SCirc(F1, Fs, ..., F},) be skew
circulant matrix, if n > 2, then A, is an invertible
matrix.

Proof: When n = 3 in Theorem 6, then we have
det A3 = 14 # 0, hence A3 is invertible. In the case
n > 3, since F;, = ¢ =1,a8 =
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—1,w = exp(2=) and n = exp(Z), hence we have

flwhn) = ZFj(wkn)j‘l

- 52

— B0 (whn)

1 { a(l+a™)
a—pB|1-awkn
_ 1 [ (a—p)+ -
a— B [1-(a+ B)wkn + aBwkn?
 aBlan— )ty |
1 — (a+ B)wkn + afuw?kn?
1+ Fyp1 + Fowkn

= k=1,2,..,
1— Wkn _ w2k772 (

B+ 5")}
1 — Bwkn
(an+1

n—1).

If there exists w!n(l = 1,2,...,n — 1) such that
f(w!'n) = 0, then we obtain 1 + Foi1 + Fowln =0

for 1 —w'n —w?'n? #£ 0, thus, w'n = 1“;?“ is a real
number. While
20 + 1)me
wlﬁ = exp <( + )T”>
n
(204 1)m 20+ 1)m
=cos—— + sl ——,
n

hence, sin @ _ 0, so we have wln = —1 for
0 < @L)m < 2m. But x = —1 isn’t the root of the

equation 1 + F,, 1 + F,z = 0 (n > 3). Hence, we

obtain f(w*n) # 0 for any w¥n (k = 1,2,...,n — 1),
) i 14+ Fpi1+Fn

while () = ST, Fypt — Sasithn g

Hence, by Lemma 3, the conclusion is obtained. [

Lemma 8. Let the matrix G = [gm]” | be of the
form
F+ Fn+1> (N
9ij = Fr, i=Jj+1,
0, otherwise.

Then the inverse G—1 = [gz jL =1 of the matrix G is
equal to

(=Fp)i—3 . .

gl — { (F1+Fn+1)i*j+1’ 1 Z 7
.7 . .
0, 1< J.

Proof: Let ¢;; = Zk 1 gzkgkj Then ¢; ; = 0 for
1 < j. In the case 7 = j, we obtain

1

.
Fi+ Fot

cii = Giiby; = (F1 + Foq1) -
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For i > j + 1, we obtain

n—2
Cij = Z gik‘g;gj
k=1
(—F,)i—i-1
" (P Fp)i

/ /
= Gii-19i—1,; t 9,9 ;

(Pt Fany) o CE

1 n+l (FL + Fppq)i=it1 —
Hence, we verify GG~! = I, o, where I, 5 is (n —
2) x (n — 2) identity matrix. Similarly, we can verify
GG = I,,_5. Thus, the proof is completed. O

Theorem 9. Let A,, = SCirc(F}, Fs, ..., F},) be skew
circulant matrix, if n > 2, then we have

At —SClrc(xll, Thy ... ,xh),

fn

where

! — (Fi+ Fpy1)'’
n

—2 i
.Z‘/ _ _1_ZFn—1—i(_Fn)l !
2 P (Fy + Fop1)t

_F )k73
T = — (=Fn , k=3,4,...,n
b (F1 + Fpq1)F2
n—2 _F n—(k+1)
=F +F,+ —F <”> .
fn 1 n g( k‘) Fl +Fn+1
Proof: Let
1 —f, ms ma - Tin
Fn—Q Fn—3 F
0 1 i i e ]Ti
0, — 0 O 1 0 -0
2710 0 0 1 0 ’
0 O 0 0 1
where
=1 -
7T1]_7FTL7]+17F717]+2’ ]—3,4,...,”
In
n—2 _r n—(k+1)
=F+F,+) (-F <”> :
fn 1 n ;( k) Fl +Fn+1
and
n—1 _F n—(k+1)
r_ F ”) .
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Then we have
T'A I, =D @ g,

where D; = diag(F1, fp,) is a diagonal matrix, and
D1 @ G is the direct sum of D; and G. If we denote
II = II;II5, then we obtain

Al =T(D' e g .

Since the last row elements of the matrix II are

0,1, F}f’ F};‘?’, ceey %, % Hence by Lemma 8 if let
Al = SCirc(z1, 29, ..., 7y), then its last row ele-

ments are given by the following equations:

n—2

1 Z Fn—l—i(_Fn)i_l
(Fl + Fn+1)i ’

1

TR &
1 Fy
—x :777
’ fn (F1+Fn+1)

In i—1 (F1+Fn+1)l fn(F1+Fn+1)
1iF4_i(_Fn)i—l _1iF3—i(_Fn)i_1
In (F1+Fn+1)i fn (F1+Fn+1)i

Fy

 fu(FL+ Fuy)’

—T5 =

i=1 =1

n—2

i Z Fn—l—i(_Fn)iil
fn i—1 (F1+Fn+1)i

—Iy =

n—3

. i Z Fn—2—i(_Fn)i_1
fn i—1 (F1+Fn+1)i

i = Fn—3—i(_Fn)i71
oz (Bt Foa)'

11 "22 Fp1_i(—F,)i~!
In In i1 (F1+Fn+1)i
B i nz: Fn727i(_Fn)Z !

oz (Bt Foa)'

xr1 =

Let CT(LJ) — g . Fiy1i(=F)!

e (7 =1,2,..,n-2),

then we have

2 .

F F3_i(—F,) !
0122)_07(11):_714_2:—”
Fi+ Fon (F1 + Fot1)!

(B + F1)?

Issue 4, Volume 12, April 2013



WSEAS TRANSACTIONS on MATHEMATICS

Cy(Ln—Z) + Cﬁ/n—S)

n—2 "*3 1—1
_ Z -Fn— Z n i— 2 )
— (F1+ Frt1)® P F1+Fn+1)
| ACEy SRR
(F1+ Fpp)* 2 = (P14 Fop)'
) -
_ nz Fusi(=F)"™
— (F1 + Fps1)t’
and
cU+2) _ oG+t _ cl)
+2 -
_ ]Z Fjiz i(—F,)"!
~ (F1+ Fo)
.+1 . y s
_ jz Fjpo-i(=Fa)'~' i Fip—i(—Fp)"
—~ (Fi+Fu) = (Fi+Fop)
— FQ(_Fn)j Fl(_Fn)j—s_1
C(FL+ Bt (FL+ Foyr)7?
Fi(—F,)

 (F1 4 Fop )t

+ ZJ: (Fj45-i = 2Fjyai + Fiya—i) (= Fn)""!
— (F1 + Foy1)?
(_Fn)j+1

= - 1 =1,2.....n—4).
(Fy 4 Fpy1)7t2 U 25 = 4)
Hence, we obtain
1— CT(Lan) . 07(ln73)
e I
_ i 1— § Fn*i(_Fn)i_l
fn — (Fi+Foa)' )’
(n—?) n—2 e i—1
e 11 SRR
fn fn i—1 (Fl “‘Fn-&-l)Z
a1 1
€raq = — = — —_—— s
° fn fn( F1+Fn+l>
c? -V 1 F,
yu=-——5=—|—--—-1,
! fn fn <(F1+Fn+1)2>
o _07(13) . 07(L2) . CT(LI) B i (_ (_Fn)Q )
> fn fn (F1+Fn+1)3 ’
Cén—Q) . 07(ln—3) . Cr(zn_4)
Ty = —
fn
1 (_Fn)n—3

).

a (F1 + Fpgq)"2
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and
A;l = —SCirc(x}, 2, ..., 2),
In
where
-2
L1 =1 (F1+F +1
2 —
=1 nZ Bl F)
’ —~ (Fi+ Fp)'
_F \k-3
x;:— (=Fn) k=3,4,...,n

(Fy 4+ Fpp1)F2’
The proof is completed.

3 Determinant and inverse of skew
circulant matrix with the Lucas
numbers

In this section, let B,, = SCirc(Ly, Lo, ..., L,) be

skew circulant matrix. Firstly, we give a determinant

explicit formula for the matrix B,,. Afterwards, we
prove that B,, is an invertible matrix for any positive

integer n , and then we find the inverse of the matrix
B,

Theorem 10. Ler B, = SCirc(Ly, Lo, ...
skew circulant matrix, then we have

det B, = (1+ Lp)" L+ (=L, — 2)" 2

n—1 k—1

X Z(3Lk+1 — Lk+2) <— > ) (2)
where L, is the nthe lucas number.
Proof: Obviously, det B; = 1 satisfies the equation

k=1
(2), Whenn > 1, let

, L) be

1+Ln+l
2+ L,

1
’ 3 1
1 1 -1
0 0 1 -1 -1
Y= . )
0 1
0 1 -1 0
01 -1 -1
1 0 0 0 0
0 (_L1L-itll—zi_n2+1 )n72 0 0 1
0 (_ L1lrltl2+1 )n—3 0 - 10
O = . . .. .. ’
: L.n ) : .o
0 _L1+£:7,+1 1 00
0 1 0 0 0
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be two n X n matrices, then we have

YB,
Ly I Ly Ls Loy
0 I, C23 Com—1  Con
0 0 C33

1l 0 0 2+L,

. . Cn—1,n—1
0 0 24 L, Cnn

where

c2j = 3Ln—j12 — Ln—jy3,
ij:L1+Ln+1, j:3747"‘7n
n—2

ln,= L1+ 3L, + Z(3Lk+1 — Lg+2)

k=1

L, +2 n—(k+1)
>< - . r b
< L+ Ln+1>

and

Z . L, +2 n—(k+1)
MU\ L+ Lo Ly '

Hence, we obtain

det X det B,, det £;
n—2

=1 [L1 +3L, + Z(3Lk+1 — Lyy2)

Ly +2 (k1) _
X < ) (L1 + Lpy1)" 2

Ly + Lyt
n—

(3Lk+1 — Li42)

=1L [L1 + Ly +
k=1

L, +2 \" ¢+ )
X <_> ](L1 + Lpy1)" 2

1 + Ln+1
= (1 + Ln+1)n_1 + (_Ln - Q)n_Z

P 2+ L,

while
(n—1)(n—2)
2

det ¥ =detQy = (—1)

Thus, we have

det B, = (14 L) ' + (=L, — 2)"

n—1
1+ L,
X Z(3Lk+1 — Ly42) <_2—|—L+1
k=1 n

The proof is completed.

E-ISSN: 2224-2880
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Theorem 11. Let B,, = SCirc(Ly, Lo, ..., Ly,) be
skew circulant matrix, then B, is invertible for any
positive integer n.

Proof: Since L,,
—lLw= exp(27”)

=a"+ 3", wherea+f = 2,af =
and ) = exp(7'), hence we have

n

f@hn) = Liwkn) ™' = (o + p7)(whn) ™!
i—1

j=1
_altan) B+
1 —awky 1 — Bwky

(a+B) + (@™ + g+
T 1— (a+ B)wkn + afwn?
af(a” + B")wkn + 28wk
1 (a+ B)wkn + afwkn?
2+ Lypy1 + (24 Ly)wkn
T 1 = 2wk — kg2
(k=1,2,...n—1).

If there exists w'n(l = 1,2,...,n — 1) such that
f(w!'n) = 0, then we obtain 2+ L, 1 +(2+ Ly, )w'n =
0 for 1 — 2wln — w?n? # 0, thus, w'n = —225_’;;1 is
a real number, While

20+ 1)mi
wln = exp <( —; )m)

20 +1 20+1
n n
Hence, sin 50" — 0, so we have w!n = —1 for
0 < @t)m < 2mw. But x = —1 isn’t the root of

the equation 2 + L,,11 + (2 + L,)x = 0 for any
positive integer n. Hence, we obtain f(w"n) # 0
for any whn(k = 1,2,...,n — 1), while f(n) =

i—1 24-Lpt14+(2+Ln
Sy Lyt = B bCELOL o0 Thus, by
Lemma 3, the conclusion is obtained. O

Lemma 12. Let the matrix H =

[hw]” | be of the
form

Li+ Lpy, =7,
hij = 2+ Ly, i=j+1,
0, otherwise.

then the inverse H™! = [}/, s 2| of the matrix H is
equal to

(=Lp—2)"7 . .
hi; :{ Tt Lot 120,

" 0, i< j.
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Proof: Letr;; = S 7_2 hikhy,;. Obviously, r;; = 0

for ¢ < j. In the case ¢ = j, we obtain

1
T = hiih;i = (Ll + Ln—i—l) : m =1.
For ¢ > j + 1, we obtain
rij = Y iy = higoihi_y j + hihi
(_Ln - 2)i_j_l
=2+ Ly)- __
L, —2)i

+ (L1 + Lnt1) - (=Ln=2) =0.

(L1 + Lypyq)i—9+1

Hence, HH ! = I,,_o, where I,,_5is (n—2)x (n—2)
identity matrix. Similarly, we can verify H™'H =
I,,_5. Thus, the proof is completed. g
Theorem 13. Let B,, = SCirc(Ly, Lo, ..., Ly,) be
skew circulant matrix, then we have
-1 1 . oo /
B, = l—SClrc(yl,yz, e Un),s
n
where
-2 i—
= 1— nz: (Lnt2—i = 3Lns1-i)(=Ln — 2)"
pt (L1 + L) 7
—92 i—
y/ - _3_ nz (Ln+1—i - 3Ln—2)(_Ln - 2)Z 1
? = (L1 + L) ’
5(—L, — 2)F3
= n , k=3,4,...,n.
Ui (L1 + Lyy1)*2
Proof: Let
1 =, wiz wu Win
0 1 w93 W4 Wan
0 O 1 0 0
L=10o 0 0 1 0o |-
0 O 0 0 1
where
1! (3Ly_ 1o — Ly
wj = (8% H? i) — Ln—j+2,
n
Ly i3 —3Lp,_;
wyy = TS, =84,
n
n—2
l, = L1+ 3L, + Z(3Lk+1 — Li40)
k=1
L, +2 n—(k+1)
X -5 T )
( Ly + Ln+1>
E-ISSN: 2224-2880
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and

ZLk—H < Lnt2 ) SR .
Ly + Lyt
Then we have
3B, 210 =Dy @ H,

where Dy = diag(L1,[,) is a diagonal matrix, and
Dy @ H is the direct sum of Dy and H. If we denote
Q = Q1Q9, then we obtain

B l=QD;'eoHn HE
Slnce the last row elements of the matrix ) are
0,1, SnL” L —n— 1; n=2 .., L3 3L2 Hence, by
Lemma 12, if let B,; f_ SClrc(yl,yg, ...,Yn) then
its last row elements are given by the following equa-
tions:
R T € . 10 [ )
ln ln — (Ll + LnJrl)i
1 Ls—3Ly
Y3 =75
ln (L1 + Lyy1)
- l L3 — 3L
o In (L1 + Lnt1)
Z L5 i 3L4 z)(_Ln - 2)171
l (L1 + Lypy1)? ’
1 L3 — 3Ly
—Ys = — 77—~
ln (Ll + Ln-i—l)
1L (Bsoi —3Ly)(=Ln —2) "
In = (L1 + Lyt1)*
3 P
L1 Z (L¢—; — 3L5— Z)(—Lni— 2)¢ 17
ln i—1 Ll + Ln+1)
—4 p—
= 1 = (Ln—1-i = 3Lp—2—i)(—Ly, — 2)" !
" ! i=1 (Ll + Ln+1)i
Z n 7 3Ln 1— z)( Ln - 2)7;71
s (L1 + Lpy1)?
+ l Z Ln+l—i - 3Ln—z)(_Ln - 2)1’—17
ln X Ll + Ln—Q—l)Z
i —3Lp—1-i)(—Ly — 2)“1
P (L1 + L)
-2 -
TLZ n+l—1 — 3Ln z)( Ln - 2)Z !
1, P (L1 + Lyy1)? .
478 Issue 4, Volume 12, April 2013
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Let Hence, we obtain
D(] i j+3—i —3L; j+2— 2)(_Ln - 2)i_1 Y1 = 1- D7(1n73) - Dgan)
— (L1 4 Lny1)! ’ In
n—2 i—
i=1,2,...,n—2, _1( S (Ln+2-i = 3Lny1-i)(—Lyn — 2)"
In P (L1 + Lpy1)! 7
then we have (n—2)
Dy, +3
P _ p@ _ ks 3Ly e,
fa ko | (L B =3l (L =2
B (Ls—i = 3La—s)(=Ln —2)"" l — (L1 + Lyt1) 7
i=1 L1t L) p 1 s
- BT O A ey
+ L
1T Satl DY DY 1 5(-L,—2)
n= In by (L1 + Lpg)?’
DY 4 DY , D+ DY - DY 1 5(-L, —2)>
. 5 — = T 77 7 3
Z 3Ln i— 1)(_Ln B 2)2_1 ln ln (Ll t Ln+1)3
B (L1 + Lp41)? :
. Z Ly41—i = 3Ln_i)(~Ly — 2)"" - DY DY plr?)
Ll + LnJrl)i on ln
n—3
B (L4 ~3L3)(—Ly — 2)"3 _15(=Ln—2)
B (L1 + Lo1)" 2 bn (L1 + Lpga)"=2
+ Z n+2 i 3Ln+1 z)(_Ln - 2)2'71 and 1
= (L1 + Lota)? B, = - SCire(y1, o, - )
n—2 i—
Z (Lnyo—i — 3Lpy1- Z)(_Ln —2) 1, where
i=1 Ll + Ln+1)z )
= (Lng2—i = 3Lnj1—i)(—Ly — 2)"7!
/ — 1 _ ( + + i ,
and % ; (L1 + Lyy1)?
D(j) + D(j+1) — D(j+2) _ _3_ Z Lyi1—i —3Lp—i)(—Ly — 2)i_1
) Z Ljvsoi = 3L40-1)(~Ly — 2" (Bt Loty
B (L1 + Lns)’ ; (L — 23 _
=1 yk—(L1+L 1)]6727 k—3747...,n
Ayl ~3L L, — 2)i~! "
+ Z j+4 i j+3— )( n )
(L1 4 L)’ The proof is completed. g
+2 i—
B ]Z (Lj+5-i = 3Lj4a—i)(—Ln — 2)"" ) )
(L1 + Los1)? 4 Determinant and inverse of skew
7,:1 . . . .
 (Ls—3L)(—Ln—2)  (Ly—3Ls)(~Ly —2) left circulant matrix with the Fi-
(L1 + Los1 it L (Ly + Lps1)i 't bonacci numbers

_ _ _ 9)j+1
_ s = 3La)(=Ln —2) In this section, let A/, = SLCirc(F}, Fs, ..., F,,) be

+2 : : . .
(L1 +,L”+ 1)’ skew left circulant matrix. By using the obtained con-
_ 5(=L, —2)! A clusions in Section 2, we give a determinant explicit
(i + Ly )it formula for the matrix A],. Afterwards, we prove that

(G=1,2,...,n—4).
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A! is an invertible matrix for any positive integer 7.
The inverse of the matrix A/, is also presented.

According to Lemma 4, Lemma 5, Theorem 6,
Theorem 7 and Theorem 9, we can obtain the follow-
ing theorems.

Theorem 14. Ler A), = SLCirc(Fy, Fy, ..., F},) be
skew left circulant matrix, then we have

(n D)

det A], = (—1) [(1+Fn+1)” Ly (—F,)" 2

n—1 -1
1+ Fn
e (M)
where F), is the nth Fibonacci number.

Theorem 15. Letr A], = SLCirc(Fy, Fy, ..., F},) be
skew left circulant matrix, if n > 2, then A;1 is an
invertible matrix.

Theorem 16. Let A}, = SLCirc(F, Fy, ..., F,) (n >
2) be skew left circulant matrix, then we have

_ 1
A = f—SLCirc(xlll,xg, ceZ)

n yrn/o
n

where

n—2 _F n—(k+1)
=Fh+F,+ —F ”) :
fn 1 n ;( k) (Fl +Fn+1

_9 o
' — (Fi+ Foa)'’

" _ (_Fn)nikil
(F1+ Fn+1)"_k’

i—1
_1 nlz ) ]
+Z F1+F+1)

k=2,3,...,n—1,

5 Determinant and inverse of skew
left circulant matrix with Lucas
numbers

In this section, let B], = SLCirc(Ly, Lo, ..., Ly) be
skew left circulant matrix. By using the obtained con-
clusions in Section 3, we give a determinant explicit
formula for the matrix B},. Afterwards, we prove that
B, is an invertible matrix for any positive integer n,
and then we also find the inverse of the matrix B,.

According to Lemma 4, Lemma 5, Theorem 10,
Theorem 11 and Theorem 13, we can obtain the fol-
lowing results.
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Theorem 17. Let B], = SLCirc(Ly, Lo, . ..
skew left circulant matrix, then we have

, L) be

(n )
det B!, = (—1) : {(1+Ln+1) y(—L,—2)"?

n—1

X Y (3Lkt1 — Liyo) <—2_|_£+1> :|7
k=1 "

where L,, is the nth Lucas number.

Theorem 18. Ler B, = SLCirc(Ly, Lo, ..., Ly) be
skew left circulant matrix, then B, is invertible for any
positive integer n.

Theorem 19. Let B], = SLCirc(Ly, Lo, . ..
skew left circulant matrix, then we have

, L) be

1
5l - SLCire(y, 43 .. u}).
n

n

where
n—2
In=1L1+3Ln+ Y (3Lpp1 — Lisa)
k=1

L, +2 n—(k+1)
>< -~ . r )
( L1+ Ln+1>

— 3Lny1i)(~Ln —2)""

Lo — Y (—
"_q_ (Lnt2—i : 7
h ; (L1 + Lps1)?

5(_Ln _ 2)n—k—1
(L1 + Lp1)" k7

n -1 Ln z)( Ln - 2)i_1
=3 1= .
+Z (L1 + Lo’

"
Yp = —

6 Conclusions

Besides, some scholars have given various algorithms
for the determinants and inverses of nonsingular skew
circulant matrices [1,2]. For example, the most com-
monly implemented algorithms for computing the de-
terminant and inverse of nonsingular skew circulant
matrix A = SCirc(ay, as, ..., a, ) are given by the fol-
lowing formulas:

detA = H f(w]_%

Jj=1

and
A~ = SCirc(by, b, ..., by),

where by = L5 f(wr_%)_l(wT_%)_(s_l), s =
n, f() = 3" jaz " and w = exp(27”)
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Unfortunately, the computational complexity of these
algorithms are very amazing with the order of matrix
increasing. For a general nonsingular skew circulant
matrices, its determinants and inverses are hard deter-
mined only by its first row. The purpose of this paper
is to obtain the explicit determinants and inverses of
skew circulant matrices by some perfect properties of
Fibonacci and Lucas numbers.
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