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Abstract: Let A be a r-circulant matrix and B be a left r-circulant matrix whose first rows are (Py, Ps, ..., P,),
(Q1,Q2,...,Qn), (J1,J2,...,Jp) and (41, Jo, - - -, jn) respectively, where P, is the Pell number, @, is the Pell-
Lucas number, J,, is the Jacobsthal number and j, is the Jacobsthal-Lucas number. In this paper, by using
the inverse factorization of polynomial of degree n, the explicit determinants of A and B whose first rows are
(P, Py,...,P,)and (Q1,Q2,...,Qy) are expressed by utilizing only Pell numbers, Pell-Lucas numbers and the
parameter 7, and the explicit determinants of A and B whose first rows are (J1, Ja, . .., Jp) and (41, j2, - - ., jn) are
expressed by utilizing only Jacobsthal numbers, Jacobsthal-Lucas numbers and the parameter . The results not
only extend the original results, but also simpler in forms. Also, the singularities of those matrices are discussed.
Furthermore, four identities of those famous numbers are given.
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1 Introduction

The Pell, Pell-Lucas sequences [1] and the Jacobsthal,
Jacobsthal-Lucas sequences [2] are defined by the fol-
lowing recurrence relations, respectively:

Pnoi1=2P,+ P,_1, where Py =0,P, =1,
Qn+1 = 2Qn + Qn—1, where Qo =2,Q1 =2,
Jnt1 = Jn +2Jp—1, where Jy=0,J1 =1,
Jn+1l = Jn + 2Jn—1, where jo = 2,51 = 1.
The first few values of the sequences are given by the
following table (n > 0):

n |0 12 3 4 5 6 17
P,/0 1 2 5 12 29 70 169
Qu|2 2 6 14 34 82 198 478
Jo [0 1 1 3 5 11 21 43
jn |2 15 7 17 31 65 127

The sequences {P,}, {Qn}, {Jn} and {j,} are
given by the Binet formulae

p_ ay — B
=17 M
ar— B’
Qn = O/IL + ﬁ?a
J ay — By
=22
ag — o
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and
Jn = 043 +/837

where o1, 31 are the roots of the characteristic equa-
tion 2 — 2z — 1 = 0, and ao,f2 are the roots of the
equation 2 — z — 2 = 0.

Definition 1 ([3]). A r-circulant matrix M € M,
denoted by Circ,(ay,as,...,a,), is a matrix of the

form
ai a2 an—1 an
ra, a1 a9 Ap_1
M = ra, ai
rag i . . as
rag ras ray al

nxn

Note that the r-circulant matrix is a circulant ma-
trix [4] when r = 1, and is a upper Toeplitz matrix
when r» = 0, and is a skew-circulant matrix [5] when
r=—1.

Definition 2 ([6]). A left r-circulant matrix N € M,
denoted by LCirc, (a1, az, ..., ay), is a matrix of the
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form
a a2 as Qp
a9 as (079 rai
N = as
an Tajp ran—2
an Taq ranp—2 Tanp—-1

nxn

Lemma 3 ([6]). If M = Circ,(a1,az,...,a

n
j—1
>\k = Z ajsfc
j=1

n), then

and
det M = HA,{*HZaJsk ,
k=1 j=1

where €, (k = 1,2,...,n) are the roots of the equa-

tion

" —r=0. €))
Lemma 4 ([6]). Let M = Circ,(a,az,...,a,).
Then M is nonsingular if and only if

(f(2),9(z)) =1,
where f(x) = . a;a?~! and g(z) = a" — r for
j=1

r # 0.

The r-circulant matrix play an important role in
various applications [7, 8, 9, 10]. Boman [11] pre-
sented a simple derivation of the Moore-Penrose pseu-
doinverse of an arbitrary square k-circulant matrix.
Recently, there are many interests in properties and
generalization of some special matrices involving fa-
mous numbers. Djordjevi¢ [12] presented a system-
atic investigation of the incompletes generalized Ja-
cobsthal and Jacobsthal-Lucas numbers. Melham [1]
gave some formulae involving Fibonacci and Pell
numbers. Shen discussed the bounds of the norms
of r-circulant matrix with some famous numbers in
[3, 13]. The authors discussed some properties of
special matrices involving Fibonacci or Lucas num-
bers in [14, 15, 16] and introduced certain of gen-
eralizations in [17, 18]. Jaiswal evaluated some de-
terminants of circulant whose elements are the gen-
eralized Fibonacci numbers [19]. Lind presented the
determinants of circulant and skew-circulant involv-
ing Fibonacci numbers in [20]. Lin gave the deter-
minant of the Fibonacci-Lucas quasi-cyclic matrices
[21]. In this paper, by using the inverse factoriza-
tion of polynomial of degree n, the explicit deter-
minants of the r-circulant and left r-circulant matrix
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involving Pell numbers, Pell-Lucas numbers are ex-
pressed by utilizing only Pell numbers, Pell-Lucas
numbers and the parameter r, the explicit determi-
nants of the r-circulant and left r-circulant matrix in-
volving Jacobsthal numbers, Jacobsthal-Lucas num-
bers are expressed by utilizing only Jacobsthal num-
bers, Jacobsthal-Lucas numbers and the parameter r.
Also, the singularities of those matrices are discussed
by judging whether two given polynomials coprime.
Furthermore, four identities of those famous numbers
are given.

2 Determinants and singularities of
r-circulant and left r-circulant ma-
trix with Pell numbers

In this section, we first give a formula, and then give

the explicit determinants of Circ, (P, Py, ..., Py)

and LCirc, (P, Pa, ..., P,), and then discuss the sin-
gularities of them.

Lemma 5.

—€k2) —rz",

11

where e, (k = 1,2,...
andy, z,r € C.

,n) satisfies the equation (1)

Proof. When z = 0, the result is obvious.
When z # 0, we deduce that

O (G

k=1
Since ¢, (kK = 1,2,...
so we must have

- Ekz

,n) satisfies the equation (1),

2

.’L’—€k

it

By using the inverse factorization of polynomial (2),
we obtain

’:1:

k:l

Theorem 6. Let A = Circ,(Py, Py, ..., P,). Then

1—7rPyq)" —rntipn

(
det A = T ()2 —rQ,
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Furthermore, A is singular if and only if
1—rP,41 —rpwipPp =0

and
(1 —arpwi)(1 = Bipwy) # 0,

2k7r

n, W = COS 2k

—|—Zsm—

where p = \7“

Proof. We give the explicit determinant of the matrix
A firstly.

By Lemma 3 and ¢, (kK =
the equation (1), we can get

., n) satisfies

)\k:P1+P2€k+--'—|-Pn6n_1
_ al_ﬁ1+a%_5%€k++ /61 nl
_/81 al_ﬁl 1_61
1 1 1
- o {041 (1+a15k+ ol ey )

—Bi (L+ Brek+---+ B lep ™) |

1 1—ra® 1—rgY
= (al = -6 Bl)
ar — B 1 — aqeg 1 — Bieg

1-— ’I”Pn+1 — e’;‘kTPn
(1 - Oqu)(l - Blé‘k)

det A = ﬁ Ak
k=1

1—7rPyy1 —exrPy

- kHl (1= anep) (1 = Biex)

According to Lemma 5, we have

1—7rPy1)" —r(rPy)"
(1—=raf)(1—rpy)
(1 —7rPy )" —rtipe
1+ (=1)™r? —rQ,

detA:(

Next, we discuss the singularity of the matrix A.

If » = 0, then all the eigenvalues of the matrix A
are 1, and A is nonsingular.

If » # 0, then the roots of polynomial g(z) =

™ —rare pwi (k=1,2,...,n), where
1 2km .. 2kw
p=|r|m, wrp=cos— +isin—.
n n
So we have
flpwy) = Py + Popwi + -+ + Pa(pwy)" "
- 61 61
+ Wi + -+
—B8 " a-p
E-ISSN: 2224-2880 343
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O‘?_ {L n—1
it Ws WM
po—Y (pwr)
_ 1 o 1—ra? s 1—rp}
- B 1 — o pwy, 1 — Bipwy,

1 —rPyy1 —rpwilPy
(1 — arpwi)(1 — Brpwg)

By Lemma 4, the matrix A is nonsingular if and
only if f(pwy) # 0. That is when

(1 —a1pwg)(1 = Brpwy) # 0,
A is nonsingular if and only if
1—rPuy1 —rpwi Py #0

forany r € C.

When (1 — ajpw)(1 — Brpwr) = 0, we have
pwi = a% or pwi = 5—11

If pwp = a%, then the eigenvalue of A is

1 s\"
A a1—=p1 |:(ai> 1} Pn 750
k: pr— — ,
1—% o (B — )
foroq = 14+vV2,60 =1—+vV2,n € N, k& =

If pwi, = %, then the eigenvalue of A is

()
a1—p1 By n
Ak: = — #07
-5 7 ar — B)
fora; = 14+v2,6 =1—-+v2n € Ny, k =

1,2,....n
So A is nonsingular for (1 — ajpwi)(l —
Brpwr) = 0.

Thus, the proof is completed. O
Theorem 7. Let B = LCirc, (P, Py, ..., P,). Then
n_ PTL n—1)(n—
det B — (2 11)] = By et
+ (= ) —7Qn

Furthermore, B is singular if and only if

rp— pPpy1 —wi P =0

and
(p — arw) (p — Brwg) # 0,

2k7r 2k7r

where p = |r]n wp = cos = 4 jsin &0
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Proof. We give the explicit determinant of the matrix
B firstly.
When r # 0, the matrix B can be written as

P P ... P,
P2 e Pn T’Pl 1
B = . ] . =1"" A;.
P, rP rP,_1
where
1 0 0 0
00 ... 0 1
0o 0 1 0
0o L o 0
and
Pl Pn—l Pn
ip ... ik, P

Hence, we have
det B = det T 'det Ay,

where A7 is a %-circulant matrix and its determinant
can be gotten from Theorem 6 by replacing r with %,

n+1
(1= 1P = (1) P2

det A1 = — ,
and X
n—1)(n— 1 n—
det T = (—1)" = () .
r
So
det B =det A; det I' !
n+1
(1- %Pn+1)n - (%) P
= P 1 X
1 + r2 rQTL
r"*l(—l)%
_ r(r=Pu)" - By (o1) e
r? + (_1)n - TQn
When r = 0,
n(n—1)
det B = (—1) P}
_ r(r=Pup)" - By (L1) e

r2+ (=1)" —rQn,
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Next, we discuss the singularity of the matrix B.
If r = 0, then

n(l—n)
det B = (—1)"="P" £0

for any n € N, and B is nonsingular.
If » # 0, A; is singular if and only if

1 111
1—=Pyy1— —|-|rwip P, =0
r r'r

11 11
(1—041||nwk> (1—,31||nwk> #0
r r

by Theorem 6. That is

and

rp—pPpi1 —wpP, =0
and
(p — aawy) (p — Prwy) # 0.
Furthermore, the matrix I" is nonsingular with r # 0.
This completes the proof. O

3 Determinants and singularities of
r-circulant and left r-circulant ma-
trix with Pell-Lucas numbers

In this section, we first give the explicit
determinants  of  Circ,(Q1,Q2,...,Q,) and
LCirc,(Q1,Q2,...,Qy), and then discuss the
singularities of them.

Theorem 8. Let A = Circ,(Q1,Qo2, ..., Q). Then

(2=rQut1)" —7(rQn —2)"
1+ (_1)717.2 - TQn .
Furthermore, A is singular if and only if

2—1Qnt1+ (2—71Qp) pwr =0

det A =

and
(1 = arpwy)(1 = Brpwy) # 0,
2km

1
_ = _ 2km . 3
where p = |r|n, wy = cos = +isin =T

Proof. We give the explicit determinant of the matrix
A firstly. By Lemma 3, we obtain

Ae=Q1+ Qo+ + Quep ™!
= (1 +B1)+ (&F +B7)ex+-- +
(off +B7)ep!
= o1 (L+aigp+--+af tep™h) +
51 (1 + Biep+ -+ ﬂ?_lé‘z_l)
1—raf 1—rBt
T —aneg "= Biey
(2 - rQnJrl) + (2 - TQn)Ek
(1 — Oqu)(l — Blsk)

= «
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and

det A =

E

Il
=

k

=

Ak

Il
—

(2 — TQnJrl) + (2 - TQn)ek '

- (1= oneg)(1 = Breg)

According to Lemma 5, we have

det A =

(2 - "”Qn-ﬁ-l)n - T(TQn - 2)n
(I—raf) (1 —rp})

(2 - "”Qn-ﬁ-l)n - T(TQn - 2)n
1+ (=1)™r? —rQ, '

Next, we discuss the singularity of A.

If » = 0, then all the eigenvalues of A are 2, and

A is nonsingular.

If » # 0, then the roots of polynomial g(x) =

" —rare pwy (
1
p=lrl

Thus we have

flpwr) = Q1 + Qapwi + -+ + Qupwi)™ !

k=1,2,...,n), where
2km . 2km

, W = COS —— + 781N ——.
n n

= om (1 4+ ajpwg + -+ O/f—l (pwk)n71>

+61 (1 + Bipwi + -+ B{L*l (Pwk)n_l)

= 041
1—&1

n
1—raj

1—rpsy

)
PWE 1 — B1pwy

2— TQTH—l + (2 — TQn) PWE
(1 = aypwr) (1 = Brpwr)

By Lemma 4, the matrix A is nonsingular if and only

if f(pwy) # 0. That is when

(1 = a1pwy)(1 = Brpwy) # 0,

A is nonsingular if and only if

2 - 7"Qn-i-l + (2 - TQn) PWEk 7& 0

for any r € C.
When

(1 = a1pwy)(1 = Brpwy) = 0,

we have pwy = a% or pwi = é
If

1

pwWE = —,
aq

then the eigenvalue of the matrix A is

NS

E-ISSN: 2224-2880
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foron =14+v2,01=1—-v2,k=1,2,...,n.
If .

WE = 57,
Pk =3,

then the eigenvalue of the matrix A is
of
- )

fora;=14+v2,8=1-v2,k=1,2,...,n.
So the matrix A is nonsingular for (1 —
a1 pw)(1 — B1pwy) = 0.

Ak = 7&07

Hence, the proof is completed. O
Theorem 9. Let B = LCirc,(Q1,Q2, ..., Qn). Then
det B = T(QT - Qn+l)n - (Qn_zr)n (_1)7(7171)2(”72)

r2 4+ ()" —rQy,
Furthermore, B is singular if and only if

2rp — an+1 + (2T - Qn) wp =0

and
(p — aawg) (p — Prwk) # 0,
where p = |7‘]%, wg = cos 2T 4 jgin 28T

Proof. We give the explicit determinant of the matrix

B firstly.
When r ## 0, the matrix B can be written as
G Q2 ... @n
Qz ... @n 1
B=| =T 4.
Qn 101 rQn-1
where
1 0 0 0
o ... 0o 1
0o 0 1 0
1
0o <+ 0 0
and
1@1 see Qn—l Qn
Ay = ;Qn Ql Qrf—l

10 .. Qu @
Thus, we have

det B = det I'"'det A,,

Issue 3, Volume 12, March 2013
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where A, is a %—circulant matrix and its determinant

can be obtained from Theorem 8 by replacing r with
1

r

o i) i)

n Y

R
where
det T = FUW <1)n1.
T
So
det B = det Ay det T~ 1
(2 B lQn+1)n - ,< O — )n
= = ]
r”—l(_l)w
L= Qu)" Qo 2"
24+ (=1)" —rQ,
(-1
When r = 0,

n(n 1)

det B =(—1) Qn

_ r(2r = Qup1)" — (@ —2r)"
a r? + (_1)n - rQn
(_1) (n—1)2(n—2)

Next we discuss the singularity of 5.
If r =0, then

n(l—n) n
)™ Qn £ 0

for any n € N4, and B is nonsingular.
If r £ 0, Ag is singular if and only if

det B = (—

1 1 11
2 Lo+ (2 _ Qn> e =0
T T T

11 11
(1—a1||nwk> <1—B1||nwk> #£0
T T

by Theorem 8. That is

and

2rp — an—H + (2T - Qn) wr =0

and
(p — cqwy) (p — Prwr) # 0.

Furthermore, the matrix I" is nonsingular with » # 0.
Thus, the proof is completed. 0
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4 Determinants and singularities of
r=-circulant and left r-circulant ma-
trix with Jacobsthal numbers

In this section, we first give the explicit determinants
of Circ,(J1, J2, . .., Jpn) and LCirc,(J1, Jo, ..., Jn),
and then discuss the singularities of them.

Theorem 10. Let A = Circ,.(J1, J2, ..., Jy). Then

L= rdugn)" = 2T

det A = (
1+ (=2)"2 —rj,

Furthermore, A is singular if and only if
1—rdpy1 — 2rpwiJ, =0

and
(1 = agpwy) (1 = Bapwy) # 0,

2k7r 2k7r

where p = |r]n wp = cos = 4 jsin &0

Proof. We give the explicit determinant of the matrix
A firstly.

By Lemma 3 and ¢, (kK =
the equation (1), we can get

., n) satisfies

e = Ji 4 Jagg + o+ Jpep !

_ 042—52+a§—5§8k+__'+ anl
ay— By g — [ 042—52
1 { 1 1
= as (14+aoep + -+ +afy ey
OéQ—ﬁQ ( 2 &k )

—Bo (1 + Boek + -+ + By ep™ 1)}

1 < 1—ral 1—rpy )
= fo%) — 2
ag — B2 1 — aney, 1 — Boeg
1—rdpt1 — 2eprdy
(1 — agsk)(l — 5251.3)

det A = ﬁ Ak
k=1

1= rJper — 25
(1 — ager)(1 — Pock)’

Il
ol
e=p
I

According to Lemma 5, we have

(I =rdps1)" —r2rJ,)"
(1 —rag)(1 —rby)

(1 —rdpyr)" = 2npntign
14 (=2)"r2 —rj,

det A =

Next, we discuss the singularity of the matrix A.
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If r = 0, then all the eigenvalues of the matrix A
are 1, and A is nonsingular.

If » # 0, then the roots of polynomial g(x) =
" —rare pwi (k=1,2,...,n), where

2k

1 2km ..
p=|r|",wy = cos — +isin
n
So we have

fpwr) = Ji + Jopwy 4 - + Jn(pug)™ !

as— P ad—p3
agy — B2 g — sz
oL !
g — P
1 1—ray 1—rpy

o9 — B2
ag — B2 1 — agpwy, 1 — Bapwy
1 —rdpt1 — 2rpwiJy,

(1 — appwi)(1 — Papwy)

By Lemma 4, the matrix A is nonsingular if and
only if f(pwy) # 0. That is when

(1 — agpwi)(1 — Bapwy) # 0,
A is nonsingular if and only if
1—7rdpt1 — 2rpwiJ, # 0

for any r € C.
When

(1 — agpwi)(1 = Bapwy) = 0,

we have pwy = a% or pwy, = %
It
1
pPWE = —,

a2

then the eigenvalue of A is

1 B \" _
A — az—pf2 [(O%) 1} . JIn
k= B2 N ! 70,
1-= Ay (B2 — 042)

a2

foras =2, =—-1,ne N, k=1,2,...,n.
If

1
Wk = 5
>
then the eigenvalue of the matrix A is
1 B2 \"
1— (582
wl-@)]
)\k; = * = — 7é 07
1-3 57 (a2 — B)

forag =2,60=—-1,ne N, k=1,2,...,n.
So A is nonsingular for (1 — agpwg)(l —
Bapwy) = 0. The proof is then completed. O
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Theorem 11. Let B = LCirc,.(J1, J2, ..., Jy). Then

det B — r(r— Jpt1) —2 .Jn
r2 4+ (=2)" — 1jn

(n—1)(n—2)
2

(1)
Furthermore, B is singular if and only if
rp — pdp+1 — 2wiJp =0

and
(p — agwi) (p — Bawy) # 0,

2km

n

1 ..
n, W = COS +151n2k77r.

where p = |r

Proof. We give the explicit determinant of the matrix
B firstly.
When r # 0, the matrix B can be written as

Ji o Jy ... Iy
J2 e Jn T’J1 1
B = . ) . =1"" As.
Jn TJl ce TJn_l
where
1 0 0 0
0 ... 0 1
F = ..' ' s
0o 0 1 0
0o L o 0
and
Joo... Jpmr Jn
1
“Jn Jn—
Az=1| ", ' '
%JQ “e %JTL Jl

Hence, we have
det B = det I'"'det A3,

where Az is a %-circulant matrix and its determinant
can be gotten from Theorem 10 by replacing r with %

n+1
T O
1+ 53 — L

det A3 =

)

and

r

1) (r— 1 n—1
det T = (—1) 52 () .
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So

det B = det Az det T—1

(1= ) -2 (1)
1+ 58 - 1y,

r”—l(—1)7(" i

r(r = Jus1)" = 200

- r2 4+ (=2)" —rj, “(=1)

(n—1)(n—2)
2 .

When r = 0,

n(n 1)

det B =(-1) Jy
r(r— Jpe1)" —20J0

R e

(n—1)(n—2)
2

Next, we discuss the singularity of the matrix B.
If r = 0, then

n(l n)

det B = (—1) J)#0

for any n € N4, and B is nonsingular.
If r £ 0, As is singular if and only if

1 211
1—7Jn+1—*|*‘nwkjn:0
r rr

11 11
(1—a2||nwk> <1—52||nwk> #0
T T

by Theorem 10. That is

and

TP — pInt1 — 2wpJp =0

and
(p — aswy) (p — Pawy) # 0.

Furthermore, the matrix I" is nonsingular with r # 0.
This completes the proof. O

S Determinants and singularities of
r-circulant and left r-circulant ma-
trix with Jacobsthal-Lucas num-
bers

In this section, we first give the explicit determinants

of Circ,(ji1,72,---,4n) and LCirc, (41,72, -, Jn)
and then discuss the singularities of them.
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Theorem 12. Let A = Circ,(j1,72,---,Jn). Then

(1 —7jns1)" — 2" (rj, —2)"
14+ (=2)"r2 —rj, '

det A =

Furthermore, A is singular if and only if
1= rjns1+2(2 = 1) pwp, = 0
and

(1 — agpwy) (1 = Bapwy) # 0,

1 .
where p = |r|n, wp = COS%T7r —1—181112"37”.

Proof. We give the explicit determinant of the matrix
A firstly. By Lemma 3, we obtain

n—1

Ak = J1+ Jok + - Jr]n&k,
= (ao+B2)+ (a3 +B3)ex+ -+
(a5 + %) e

= a(l+asep+---+ah el ) +

Bo (1+ Boek + -+ By tep ™)
1—ray 1—rpy
= o
1 — ey, 1 — Bocg

(1 = 7jnt1) +2(2 = rjn)ek
(1 — ageg)(1 — Baeg)

and

detA:f[)\k
k=1

H 1 - r]n+1 + 2(2 — rjn)gk
(1 — aer)(1 — Pack)

According to Lemma 5, we have

1—7jne1)" = 2"r(rjn — 2)"
(1=rag)(1—-rpy)
(1 =7jnt1)" = 2"r(rjn — 2)"
1+ (=2)"r?2 —rj, '

detA:(

Next, we discuss the singularity of A.

If » = 0, then all the eigenvalues of A are 1, and
A is nonsingular.

If » # 0, then the roots of polynomial g(z) =
" —rare pwi (k=1,2,...,n), where

2km . 2kw
p= ]r|n Wy = €os —— +isin —.
n n
Thus we have

n—1

flpwr) = g1 + Jepwr + - + jn(pwi)
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= (1 + agpug + -+ (pwp)"

+0B2 (1 + Bopwy, + -+ By ! (Pwk)n_1>
1—rpy

1~ Bapwr,

1= 7hnt1 +2(2 = 1jpn) pwi
(1 — agpw) (1 — B2pwy)

n
1—raj

= Oé2
1 — azpwy,

By Lemma 4, the matrix A is nonsingular if and only
if f(pwi) # 0. That is when

(1 — apwi) (1 — Bapwy) # 0,
A is nonsingular if and only if
1 —7rjpt1+2 (2 - r]n) PWEk 7£ 0
for any r € C.
When (1 — agpwi)(1 — Bapwr) = 0, we have
PWE = 0%2 or pwg = /8712
If pwi, = a%, then the eigenvalue of the matrix A
n
n—1 /82 7& O’
ay” (B2 — ag)

fOI‘OéQ = 2,52 = —1,]62 1,2,...,n.
If pwi, = é, then the eigenvalue of the matrix A

18

Ak =

is "
e
n—1 : 7& 0’
5 (a2 — fB2)
fOl‘Oég = 2,52 = —1,k3: 1,2,...,n.
So the matrix A is nonsingular for (1 —
azpwy)(1 — Bapwy) = 0. Hence, the proof is com-

g =

pleted. .

Theorem 13. Let B = LCirc, (51, j2, - - - ’jn). Then
. N on(; __ n L o

det B = r(r = Jnt1)” = 2"(Jn = 27) (_1)#'

P2 (2"~ 1y
Furthermore, B is singular if and only if
TP — Pint1 +2(2r — jn)wr =0
and

(p — aswy) (p — Bawy) # 0,
2k 2k7r'

1 ..
n, W :cosT—i—zsmT

where p = |r

Proof. We give the explicit determinant of the matrix
B firstly.
When r # 0, the matrix B can be written as

JioJ2 .o Jn
Jjo . J Tj1
p=| """ —171 4,
jn rJj1 rjn—l
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where
1 0 0 0
00 ... 0 2
0o 0 1 0
1
0 <+ 0 0
and
ljl .. jn—l ]n
Ay = ;‘.Yn t71 ]n‘—l
L2 Lin  h

Thus, we have
det B = det T"'det Ay,

where A, is a %—circulant matrix and its determinant
can be obtained from Theorem 12 by replacing » with

1
n n
(1= Ljnn) " =272 (Ljn —2)

T
1+ 535 — L

det A4 =

)

where

(n-1n-2) (1\"7!
det T = (—1)" 2 2() .

,
So
det B = det I'"'det Ay
r(r = jn+1)" = 2"(jn — 21)" (—1)%
r? + (*2)71 - Tjn
When r = 0,

n(n—1)

det B=(-1)"2 j;
r(r = jng1)" = 2" (n — 2r)"
r2 4+ (=2)" — 1jn

(n—1)(n—2)
2

(=1)

Next we discuss the singularity of B.
If r =0, then
n(l-n)

det B=(-1)"2 4, #0

for any n € N, and B is nonsingular.
If » # 0, Ay is singular if and only if

1. 1. 11
L= —fnr1+2(2—~Jn ) |=]"wr =0
r T r
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and

11 11
(1 —a2||nwk> <1—ﬁg||nwk> # 0
r r
by Theorem 12. That is

TP = PJn+1 + 2 (2T _]n) wp =0

and
(p — agwy) (p — Bawy) # 0.

Furthermore, the matrix I" is nonsingular with r # 0.
Thus, the proof is completed. O

6 Conclusion

In this section, we give two identities of Pell and Pell-
Lucas numbers and two identities of Jacobsthal and
Jacobsthal-Lucas numbers.

Let ¢ = Circ(P,P,...,P,) and D =
Circ(Q1,Q2, . ..,Qy) be circulant matrices. Jiang
[22] got

) n—1 1—Pn+1 k—1
_ n— n—2
detC = (1= Py y1)" ' 4P7 ;Pk< 7 ) ,

and

det D = 2 x [(2 Q)" 4 (Qn — 2)”‘%4 :

where
n—1
OQp — 2 \—k+1
S (g2
1 ;(ka Qi+1) 5 Onnt
We have det C' = (1=Pus1) —Py in Theorem 6 and

1+(_1)n_Qn

dot D = (-0u)'~(0u=2)"

(=)0 in Theorem 8 when

r=1.

Similarly, let E = Circ(J, Ja, . .., Jy) and F =
Circ(j1, j2, - - -, jn) be circulant matrices. Gong [23]
got

det B = (1= Jop))" 1+ (2J,)" 2 Ay,
where
n—1 k—1
1- Jn-i—l
Ay = - Jn+l
k=1
and

det F = (1 — jur1)™ 1+ (2jn — 4)"2As,
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n—1 1 ] k—1

. ) — Jn+1

Az = § (Jk+2 — 5Jk+1) (2. n+4 ) .
k=1 ]n -

(1=Jns1)" —2mJn
TH(~2)"—jn

_ (=) —2"(jn=2)"
and det F' = o

We have det £ = in Theorem 10

in Theorem 12

when r = 1.
So we have the following identities of P, and @,,,
and of J,, and j,:

n—1

(1=P,)" " + P2 § P <
k=1
(1_Pn+1)n_P7?

Sis (3)

n

1_Pn+1 ot
P,

2 (2= Quit)" ™+ (Qu -2 A
(2 - Qn-i-l)n — (Qn — 2)n

= 4
(1= Jpp )" 4+ (20)" 2 Ay
B 1+ (_2)n - ]n ’
and
(1= gns1)" H 4 (25 — 4" %A
L+ (_2)n —Jn
where
n—1
Qn —2 \~k+1
A= 5 @ - 30 (22 )
;( +2 +1) 5 Oy
n—1 k—1
1- Jn+1
Ay = _—
: Z(m)( 2 ) ,
k=1
and
n—1 1 _j 1 k—1
Az =" (jrr2 = Sjkr1) <23n_4) :
k=1
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