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Abstract: Let A be a r-circulant matrix and B be a left r-circulant matrix whose first rows are (P1, P2, . . . , Pn),
(Q1, Q2, . . . , Qn), (J1, J2, . . . , Jn) and (j1, j2, . . . , jn) respectively, where Pn is the Pell number, Qn is the Pell-
Lucas number, Jn is the Jacobsthal number and jn is the Jacobsthal-Lucas number. In this paper, by using
the inverse factorization of polynomial of degree n, the explicit determinants of A and B whose first rows are
(P1, P2, . . . , Pn) and (Q1, Q2, . . . , Qn) are expressed by utilizing only Pell numbers, Pell-Lucas numbers and the
parameter r, and the explicit determinants of A and B whose first rows are (J1, J2, . . . , Jn) and (j1, j2, . . . , jn) are
expressed by utilizing only Jacobsthal numbers, Jacobsthal-Lucas numbers and the parameter r. The results not
only extend the original results, but also simpler in forms. Also, the singularities of those matrices are discussed.
Furthermore, four identities of those famous numbers are given.

Key–Words: r-circulant matrix, Left r-circulant matrix, Determinant, Singularity, Pell numbers, Pell-Lucas num-
bers, Jacobsthal numbers, Jacobsthal-Lucas numbers

1 Introduction
The Pell, Pell-Lucas sequences [1] and the Jacobsthal,
Jacobsthal-Lucas sequences [2] are defined by the fol-
lowing recurrence relations, respectively:

Pn+1 = 2Pn + Pn−1, where P0 = 0, P1 = 1,
Qn+1 = 2Qn +Qn−1, where Q0 = 2, Q1 = 2,
Jn+1 = Jn + 2Jn−1, where J0 = 0, J1 = 1,
jn+1 = jn + 2jn−1, where j0 = 2, j1 = 1.

The first few values of the sequences are given by the
following table (n ≥ 0):

n 0 1 2 3 4 5 6 7
Pn 0 1 2 5 12 29 70 169
Qn 2 2 6 14 34 82 198 478
Jn 0 1 1 3 5 11 21 43
jn 2 1 5 7 17 31 65 127

The sequences {Pn}, {Qn}, {Jn} and {jn} are
given by the Binet formulae

Pn =
αn
1 − βn

1

α1 − β1
,

Qn = αn
1 + βn

1 ,

Jn =
αn
2 − βn

2

α2 − β2

and

jn = αn
2 + βn

2 ,

where α1, β1 are the roots of the characteristic equa-
tion x2 − 2x − 1 = 0, and α2,β2 are the roots of the
equation x2 − x− 2 = 0.

Definition 1 ([3]). A r-circulant matrix M ∈ Mn,
denoted by Circr(a1, a2, . . . , an), is a matrix of the
form

M :=


a1 a2 . . . an−1 an
ran a1 a2 . . . an−1

... ran a1
. . .

...

ra3
...

. . . . . . a2
ra2 ra3 . . . ran a1


n×n

.

Note that the r-circulant matrix is a circulant ma-
trix [4] when r = 1, and is a upper Toeplitz matrix
when r = 0, and is a skew-circulant matrix [5] when
r = −1.

Definition 2 ([6]). A left r-circulant matrix N ∈ Mn,
denoted by LCircr(a1, a2, . . . , an), is a matrix of the
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form

N :=


a1 a2 a3 . . . an
a2 a3 . . . an ra1

a3 . . . . . . . . .
...

... an ra1 . . . ran−2

an ra1 . . . ran−2 ran−1


n×n

.

Lemma 3 ([6]). If M = Circr(a1, a2, . . . , an), then

λk =
n∑

j=1

ajε
j−1
k

and

det M =

n∏
k=1

λk =

n∏
k=1

n∑
j=1

ajε
j−1
k ,

where εk (k = 1, 2, . . . , n) are the roots of the equa-
tion

xn − r = 0. (1)

Lemma 4 ([6]). Let M = Circr(a1, a2, . . . , an).
Then M is nonsingular if and only if

(f(x), g(x)) = 1,

where f(x) =
n∑

j=1
ajx

j−1 and g(x) = xn − r for

r ̸= 0.

The r-circulant matrix play an important role in
various applications [7, 8, 9, 10]. Boman [11] pre-
sented a simple derivation of the Moore-Penrose pseu-
doinverse of an arbitrary square k-circulant matrix.
Recently, there are many interests in properties and
generalization of some special matrices involving fa-
mous numbers. Djordjević [12] presented a system-
atic investigation of the incompletes generalized Ja-
cobsthal and Jacobsthal-Lucas numbers. Melham [1]
gave some formulae involving Fibonacci and Pell
numbers. Shen discussed the bounds of the norms
of r-circulant matrix with some famous numbers in
[3, 13]. The authors discussed some properties of
special matrices involving Fibonacci or Lucas num-
bers in [14, 15, 16] and introduced certain of gen-
eralizations in [17, 18]. Jaiswal evaluated some de-
terminants of circulant whose elements are the gen-
eralized Fibonacci numbers [19]. Lind presented the
determinants of circulant and skew-circulant involv-
ing Fibonacci numbers in [20]. Lin gave the deter-
minant of the Fibonacci-Lucas quasi-cyclic matrices
[21]. In this paper, by using the inverse factoriza-
tion of polynomial of degree n, the explicit deter-
minants of the r-circulant and left r-circulant matrix

involving Pell numbers, Pell-Lucas numbers are ex-
pressed by utilizing only Pell numbers, Pell-Lucas
numbers and the parameter r, the explicit determi-
nants of the r-circulant and left r-circulant matrix in-
volving Jacobsthal numbers, Jacobsthal-Lucas num-
bers are expressed by utilizing only Jacobsthal num-
bers, Jacobsthal-Lucas numbers and the parameter r.
Also, the singularities of those matrices are discussed
by judging whether two given polynomials coprime.
Furthermore, four identities of those famous numbers
are given.

2 Determinants and singularities of
r-circulant and left r-circulant ma-
trix with Pell numbers

In this section, we first give a formula, and then give
the explicit determinants of Circr(P1, P2, . . . , Pn)
and LCircr(P1, P2, . . . , Pn), and then discuss the sin-
gularities of them.

Lemma 5.
n∏

k=1

(y − εkz) = yn − rzn,

where εk (k = 1, 2, . . . , n) satisfies the equation (1)
and y, z, r ∈ C.

Proof. When z = 0, the result is obvious.
When z ̸= 0, we deduce that

n∏
k=1

(y − εkz) = zn
n∏

k=1

(y
z
− εk

)
.

Since εk (k = 1, 2, . . . , n) satisfies the equation (1),
so we must have

xn − r =

n∏
k=1

(x− εk) . (2)

By using the inverse factorization of polynomial (2),
we obtain

n∏
k=1

(y − εkz) = zn
[(y

z

)n
− r
]
= yn − rzn.

Theorem 6. Let A = Circr(P1, P2, . . . , Pn). Then

det A =
(1− rPn+1)

n − rn+1Pn
n

1 + (−1)nr2 − rQn
.
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Furthermore, A is singular if and only if

1− rPn+1 − rρωkPn = 0

and
(1− α1ρωk)(1− β1ρωk) ̸= 0,

where ρ = |r|
1
n , ωk = cos 2kπ

n + i sin 2kπ
n .

Proof. We give the explicit determinant of the matrix
A firstly.

By Lemma 3 and εk (k = 1, 2, . . . , n) satisfies
the equation (1), we can get

λk = P1 + P2εk + · · ·+ Pnε
n−1
k

=
α1 − β1
α1 − β1

+
α2
1 − β2

1

α1 − β1
εk + · · ·+ αn

1 − βn
1

α1 − β1
εn−1
k

=
1

α1 − β1

[
α1

(
1 + α1εk + · · ·+ αn−1

1 εn−1
k

)
−β1

(
1 + β1εk + · · ·+ βn−1

1 εn−1
k

) ]
=

1

α1 − β1

(
α1

1− rαn
1

1− α1εk
− β1

1− rβn
1

1− β1εk

)
=

1− rPn+1 − εkrPn

(1− α1εk)(1− β1εk)

and

det A =

n∏
k=1

λk

=
n∏

k=1

1− rPn+1 − εkrPn

(1− α1εk)(1− β1εk)
.

According to Lemma 5, we have

det A =
(1− rPn+1)

n − r (rPn)
n

(1− rαn
1 )(1− rβn

1 )

=
(1− rPn+1)

n − rn+1Pn
n

1 + (−1)nr2 − rQn
.

Next, we discuss the singularity of the matrix A.
If r = 0, then all the eigenvalues of the matrix A

are 1, and A is nonsingular.
If r ̸= 0, then the roots of polynomial g(x) =

xn − r are ρωk (k = 1, 2, . . . , n), where

ρ = |r|
1
n , ωk = cos

2kπ

n
+ i sin

2kπ

n
.

So we have

f(ρωk) = P1 + P2ρωk + · · ·+ Pn(ρωk)
n−1

=
α1 − β1
α1 − β1

+
α2
1 − β2

1

α1 − β1
ρωk + · · ·+

αn
1 − βn

1

α1 − β1
(ρωk)

n−1

=
1

α1 − β1

[
α1

1− rαn
1

1− α1ρωk
− β1

1− rβn
1

1− β1ρωk

]
=

1− rPn+1 − rρωkPn

(1− α1ρωk)(1− β1ρωk)
.

By Lemma 4, the matrix A is nonsingular if and
only if f(ρωk) ̸= 0. That is when

(1− α1ρωk)(1− β1ρωk) ̸= 0,

A is nonsingular if and only if

1− rPn+1 − rρωkPn ̸= 0

for any r ∈ C.
When (1 − α1ρωk)(1 − β1ρωk) = 0, we have

ρωk = 1
α1

or ρωk = 1
β1
.

If ρωk = 1
α1
, then the eigenvalue of A is

λk =

1
α1−β1

[(
β1

α1

)n
− 1
]

1− β1

α1

=
Pn

αn−1
1 (β1 − α1)

̸= 0,

for α1 = 1 +
√
2, β1 = 1 −

√
2, n ∈ N+, k =

1, 2, . . . , n.
If ρωk = 1

β1
, then the eigenvalue of A is

λk =

1
α1−β1

(
1− αn

1
βn
1

)
1− α1

β1

=
Pn

βn−1
1 (α1 − β1)

̸= 0,

for α1 = 1 +
√
2, β1 = 1 −

√
2, n ∈ N+, k =

1, 2, . . . , n.
So A is nonsingular for (1 − α1ρωk)(1 −

β1ρωk) = 0.
Thus, the proof is completed.

Theorem 7. Let B = LCircr(P1, P2, . . . , Pn). Then

det B =
r(r − Pn+1)

n − Pn
n

r2 + (−1)n − rQn
(−1)

(n−1)(n−2)
2 .

Furthermore, B is singular if and only if

rρ− ρPn+1 − ωkPn = 0

and
(ρ− α1ωk) (ρ− β1ωk) ̸= 0,

where ρ = |r|
1
n , ωk = cos 2kπ

n + i sin 2kπ
n .
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Proof. We give the explicit determinant of the matrix
B firstly.

When r ̸= 0, the matrix B can be written as

B =


P1 P2 . . . Pn

P2 . . . Pn rP1
... . . . . . .

...
Pn rP1 . . . rPn−1

 = Γ−1 A1.

where

Γ =


1 0 0 . . . 0
0 0 . . . 0 1

r
... . . . . . . . . .

...
0 0 1

r . . . 0
0 1

r 0 . . . 0

 ,

and

A1 =


P1 . . . Pn−1 Pn
1
rPn P1 . . . Pn−1

...
. . . . . .

...
1
rP2 . . . 1

rPn P1

 .

Hence, we have

det B = det Γ−1det A1,

where A1 is a 1
r -circulant matrix and its determinant

can be gotten from Theorem 6 by replacing r with 1
r ,

det A1 =
(1− 1

rPn+1)
n −

(
1
r

)n+1
Pn
n

1 + (−1)n

r2
− 1

rQn

,

and

det Γ = (−1)
(n−1)(n−2)

2

(
1

r

)n−1

.

So

det B = det A1 det Γ
−1

=
(1− 1

rPn+1)
n −

(
1
r

)n+1
Pn
n

1 + (−1)n

r2
− 1

rQn

×

rn−1(−1)
(n−1)(n−2)

2

=
r(r − Pn+1)

n − Pn
n

r2 + (−1)n − rQn
(−1)

(n−1)(n−2)
2 .

When r = 0,

det B = (−1)
n(n−1)

2 Pn
n

=
r(r − Pn+1)

n − Pn
n

r2 + (−1)n − rQn
(−1)

(n−1)(n−2)
2 .

Next, we discuss the singularity of the matrix B.
If r = 0, then

det B = (−1)
n(1−n)

2 Pn
n ̸= 0

for any n ∈ N+, and B is nonsingular.
If r ̸= 0, A1 is singular if and only if

1− 1

r
Pn+1 −

1

r
|1
r
|
1
nωkPn = 0

and (
1− α1|

1

r
|
1
nωk

)(
1− β1|

1

r
|
1
nωk

)
̸= 0

by Theorem 6. That is

rρ− ρPn+1 − ωkPn = 0

and
(ρ− α1ωk) (ρ− β1ωk) ̸= 0.

Furthermore, the matrix Γ is nonsingular with r ̸= 0.
This completes the proof.

3 Determinants and singularities of
r-circulant and left r-circulant ma-
trix with Pell-Lucas numbers

In this section, we first give the explicit
determinants of Circr(Q1, Q2, . . . , Qn) and
LCircr(Q1, Q2, . . . , Qn), and then discuss the
singularities of them.

Theorem 8. Let A = Circr(Q1, Q2, . . . , Qn). Then

det A =
(2− rQn+1)

n − r(rQn − 2)n

1 + (−1)nr2 − rQn
.

Furthermore, A is singular if and only if

2− rQn+1 + (2− rQn) ρωk = 0

and
(1− α1ρωk)(1− β1ρωk) ̸= 0,

where ρ = |r|
1
n , ωk = cos 2kπ

n + i sin 2kπ
n .

Proof. We give the explicit determinant of the matrix
A firstly. By Lemma 3, we obtain

λk = Q1 +Q2εk + · · ·+Qnε
n−1
k

= (α1 + β1) +
(
α2
1 + β2

1

)
εk + · · ·+

(αn
1 + βn

1 ) ε
n−1
k

= α1

(
1 + α1εk + · · ·+ αn−1

1 εn−1
k

)
+

β1
(
1 + β1εk + · · ·+ βn−1

1 εn−1
k

)
= α1

1− rαn
1

1− α1εk
+ β1

1− rβn
1

1− β1εk

=
(2− rQn+1) + (2− rQn)εk

(1− α1εk)(1− β1εk)
,
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and

det A =
n∏

k=1

λk

=
n∏

k=1

(2− rQn+1) + (2− rQn)εk
(1− α1εk)(1− β1εk)

.

According to Lemma 5, we have

det A =
(2− rQn+1)

n − r(rQn − 2)n

(1− rαn
1 ) (1− rβn

1 )

=
(2− rQn+1)

n − r(rQn − 2)n

1 + (−1)nr2 − rQn
.

Next, we discuss the singularity of A.
If r = 0, then all the eigenvalues of A are 2, and

A is nonsingular.
If r ̸= 0, then the roots of polynomial g(x) =

xn − r are ρωk (k = 1, 2, . . . , n), where

ρ = |r|
1
n , ωk = cos

2kπ

n
+ i sin

2kπ

n
.

Thus we have

f(ρωk) = Q1 +Q2ρωk + · · ·+Qn(ρωk)
n−1

= α1

(
1 + α1ρωk + · · ·+ αn−1

1 (ρωk)
n−1
)

+β1

(
1 + β1ρωk + · · ·+ βn−1

1 (ρωk)
n−1
)

= α1
1− rαn

1

1− α1ρωk
+ β1

1− rβn
1

1− β1ρωk

=
2− rQn+1 + (2− rQn) ρωk

(1− α1ρωk)(1− β1ρωk)
.

By Lemma 4, the matrix A is nonsingular if and only
if f(ρωk) ̸= 0. That is when

(1− α1ρωk)(1− β1ρωk) ̸= 0,

A is nonsingular if and only if

2− rQn+1 + (2− rQn) ρωk ̸= 0

for any r ∈ C.
When

(1− α1ρωk)(1− β1ρωk) = 0,

we have ρωk = 1
α1

or ρωk = 1
β1

.
If

ρωk =
1

α1
,

then the eigenvalue of the matrix A is

λk =
βn
1

αn−1
1 (β1 − α1)

̸= 0,

for α1 = 1 +
√
2, β1 = 1−

√
2, k = 1, 2, . . . , n.

If
ρωk =

1

β1
,

then the eigenvalue of the matrix A is

λk =
αn
1

βn−1
1 (α1 − β1)

̸= 0,

for α1 = 1 +
√
2, β1 = 1−

√
2, k = 1, 2, . . . , n.

So the matrix A is nonsingular for (1 −
α1ρωk)(1− β1ρωk) = 0.

Hence, the proof is completed.

Theorem 9. Let B = LCircr(Q1, Q2, . . . , Qn). Then

detB =
r(2r −Qn+1)

n − (Qn−2r)n

r2 + (−1)n − rQn
(−1)

(n−1)(n−2)
2 .

Furthermore, B is singular if and only if

2rρ− ρQn+1 + (2r −Qn)ωk = 0

and
(ρ− α1ωk) (ρ− β1ωk) ̸= 0,

where ρ = |r|
1
n , ωk = cos 2kπ

n + i sin 2kπ
n .

Proof. We give the explicit determinant of the matrix
B firstly.

When r ̸= 0, the matrix B can be written as

B =


Q1 Q2 . . . Qn

Q2 . . . Qn rQ1
... . . . . . .

...
Qn rQ1 . . . rQn−1

 = Γ−1 A2.

where

Γ =


1 0 0 . . . 0
0 0 . . . 0 1

r
... . . . . . . . . .

...
0 0 1

r . . . 0
0 1

r 0 . . . 0

 ,

and

A2 =


Q1 . . . Qn−1 Qn
1
rQn Q1 . . . Qn−1

...
. . . . . .

...
1
rQ2 . . . 1

rQn Q1

 .

Thus, we have

det B = det Γ−1det A2,
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where A2 is a 1
r -circulant matrix and its determinant

can be obtained from Theorem 8 by replacing r with
1
r ,

det A2 =

(
2− 1

rQn+1

)n
− 1

r

(
1
rQn − 2

)n
1 + (−1)n

r2
− 1

rQn

,

where

det Γ = (−1)
(n−1)(n−2)

2

(
1

r

)n−1

.

So

det B = det A2 det Γ
−1

=

(
2− 1

rQn+1

)n
− 1

r

(
1
rQn − 2

)n
1 + (−1)n

r2
− 1

rQn

×

rn−1(−1)
(n−1)(n−2)

2

=
r(2r −Qn+1)

n − (Qn − 2r)n

r2 + (−1)n − rQn
×

(−1)
(n−1)(n−2)

2 .

When r = 0,

det B = (−1)
n(n−1)

2 Qn
n

=
r(2r −Qn+1)

n − (Qn − 2r)n

r2 + (−1)n − rQn
×

(−1)
(n−1)(n−2)

2 .

Next we discuss the singularity of B.
If r = 0, then

det B = (−1)
n(1−n)

2 Qn
n ̸= 0

for any n ∈ N+, and B is nonsingular.
If r ̸= 0, A2 is singular if and only if

2− 1

r
Qn+1 +

(
2− 1

r
Qn

)
|1
r
|
1
nωk = 0

and (
1− α1|

1

r
|
1
nωk

)(
1− β1|

1

r
|
1
nωk

)
̸= 0

by Theorem 8. That is

2rρ− ρQn+1 + (2r −Qn)ωk = 0

and
(ρ− α1ωk) (ρ− β1ωk) ̸= 0.

Furthermore, the matrix Γ is nonsingular with r ̸= 0.
Thus, the proof is completed.

4 Determinants and singularities of
r-circulant and left r-circulant ma-
trix with Jacobsthal numbers

In this section, we first give the explicit determinants
of Circr(J1, J2, . . . , Jn) and LCircr(J1, J2, . . . , Jn),
and then discuss the singularities of them.

Theorem 10. Let A = Circr(J1, J2, . . . , Jn). Then

det A =
(1− rJn+1)

n − 2nrn+1Jn
n

1 + (−2)nr2 − rjn
.

Furthermore, A is singular if and only if

1− rJn+1 − 2rρωkJn = 0

and
(1− α2ρωk)(1− β2ρωk) ̸= 0,

where ρ = |r|
1
n , ωk = cos 2kπ

n + i sin 2kπ
n .

Proof. We give the explicit determinant of the matrix
A firstly.

By Lemma 3 and εk (k = 1, 2, . . . , n) satisfies
the equation (1), we can get

λk = J1 + J2εk + · · ·+ Jnε
n−1
k

=
α2 − β2
α2 − β2

+
α2
2 − β2

2

α2 − β2
εk + · · ·+ αn

2 − βn
2

α2 − β2
εn−1
k

=
1

α2 − β2

[
α2

(
1 + α2εk + · · ·+ αn−1

2 εn−1
k

)
−β2

(
1 + β2εk + · · ·+ βn−1

2 εn−1
k

) ]
=

1

α2 − β2

(
α2

1− rαn
2

1− α2εk
− β2

1− rβn
2

1− β2εk

)
=

1− rJn+1 − 2εkrJn
(1− α2εk)(1− β2εk)

and

det A =

n∏
k=1

λk

=

n∏
k=1

1− rJn+1 − 2εkrJn
(1− α2εk)(1− β2εk)

.

According to Lemma 5, we have

det A =
(1− rJn+1)

n − r (2rJn)
n

(1− rαn
2 )(1− rβn

2 )

=
(1− rJn+1)

n − 2nrn+1Jn
n

1 + (−2)nr2 − rjn
.

Next, we discuss the singularity of the matrix A.
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If r = 0, then all the eigenvalues of the matrix A
are 1, and A is nonsingular.

If r ̸= 0, then the roots of polynomial g(x) =
xn − r are ρωk (k = 1, 2, . . . , n), where

ρ = |r|
1
n , ωk = cos

2kπ

n
+ i sin

2kπ

n
.

So we have

f(ρωk) = J1 + J2ρωk + · · ·+ Jn(ρωk)
n−1

=
α2 − β2
α2 − β2

+
α2
2 − β2

2

α2 − β2
ρωk + · · ·+

αn
2 − βn

2

α2 − β2
(ρωk)

n−1

=
1

α2 − β2

[
α2

1− rαn
2

1− α2ρωk
− β2

1− rβn
2

1− β2ρωk

]
=

1− rJn+1 − 2rρωkJn
(1− α2ρωk)(1− β2ρωk)

.

By Lemma 4, the matrix A is nonsingular if and
only if f(ρωk) ̸= 0. That is when

(1− α2ρωk)(1− β2ρωk) ̸= 0,

A is nonsingular if and only if

1− rJn+1 − 2rρωkJn ̸= 0

for any r ∈ C.
When

(1− α2ρωk)(1− β2ρωk) = 0,

we have ρωk = 1
α2

or ρωk = 1
β2

.
If

ρωk =
1

α2
,

then the eigenvalue of A is

λk =

1
α2−β2

[(
β2

α2

)n
− 1
]

1− β2

α2

=
Jn

αn−1
2 (β2 − α2)

̸= 0,

for α2 = 2, β2 = −1, n ∈ N+, k = 1, 2, . . . , n.
If

ρωk =
1

β2
,

then the eigenvalue of the matrix A is

λk =

1
α2−β2

[
1−

(
β2

α2

)n]
1− α2

β2

=
Jn

βn−1
2 (α2 − β2)

̸= 0,

for α2 = 2, β2 = −1, n ∈ N+, k = 1, 2, . . . , n.
So A is nonsingular for (1 − α2ρωk)(1 −

β2ρωk) = 0. The proof is then completed.

Theorem 11. Let B = LCircr(J1, J2, . . . , Jn). Then

det B =
r(r − Jn+1)

n − 2nJn
n

r2 + (−2)n − rjn
(−1)

(n−1)(n−2)
2 .

Furthermore, B is singular if and only if

rρ− ρJn+1 − 2ωkJn = 0

and
(ρ− α2ωk) (ρ− β2ωk) ̸= 0,

where ρ = |r|
1
n , ωk = cos 2kπ

n + i sin 2kπ
n .

Proof. We give the explicit determinant of the matrix
B firstly.

When r ̸= 0, the matrix B can be written as

B =


J1 J2 . . . Jn
J2 . . . Jn rJ1
... . . . . . .

...
Jn rJ1 . . . rJn−1

 = Γ−1 A3.

where

Γ =


1 0 0 . . . 0
0 0 . . . 0 1

r
... . . . . . . . . .

...
0 0 1

r . . . 0
0 1

r 0 . . . 0

 ,

and

A3 =


J1 . . . Jn−1 Jn
1
rJn J1 . . . Jn−1

...
. . . . . .

...
1
rJ2 . . . 1

rJn J1

 .

Hence, we have

det B = det Γ−1det A3,

where A3 is a 1
r -circulant matrix and its determinant

can be gotten from Theorem 10 by replacing r with 1
r ,

det A3 =
(1− 1

rJn+1)
n − 2n

(
1
r

)n+1
Jn
n

1 + (−2)n

r2
− 1

r jn
,

and

det Γ = (−1)
(n−1)(n−2)

2

(
1

r

)n−1

.
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So

det B = det A3 det Γ
−1

=
(1− 1

rJn+1)
n − 2n

(
1
r

)n+1
Jn
n

1 + (−2)n

r2
− 1

r jn
×

rn−1(−1)
(n−1)(n−2)

2

=
r(r − Jn+1)

n − 2nJn
n

r2 + (−2)n − rjn
(−1)

(n−1)(n−2)
2 .

When r = 0,

det B = (−1)
n(n−1)

2 Jn
n

=
r(r − Jn+1)

n − 2nJn
n

r2 + (−2)n − rjn
(−1)

(n−1)(n−2)
2 .

Next, we discuss the singularity of the matrix B.
If r = 0, then

det B = (−1)
n(1−n)

2 Jn
n ̸= 0

for any n ∈ N+, and B is nonsingular.
If r ̸= 0, A3 is singular if and only if

1− 1

r
Jn+1 −

2

r
|1
r
|
1
nωkJn = 0

and (
1− α2|

1

r
|
1
nωk

)(
1− β2|

1

r
|
1
nωk

)
̸= 0

by Theorem 10. That is

rρ− ρJn+1 − 2ωkJn = 0

and
(ρ− α2ωk) (ρ− β2ωk) ̸= 0.

Furthermore, the matrix Γ is nonsingular with r ̸= 0.
This completes the proof.

5 Determinants and singularities of
r-circulant and left r-circulant ma-
trix with Jacobsthal-Lucas num-
bers

In this section, we first give the explicit determinants
of Circr(j1, j2, . . . , jn) and LCircr(j1, j2, . . . , jn),
and then discuss the singularities of them.

Theorem 12. Let A = Circr(j1, j2, . . . , jn). Then

det A =
(1− rjn+1)

n − 2nr(rjn − 2)n

1 + (−2)nr2 − rjn
.

Furthermore, A is singular if and only if

1− rjn+1 + 2 (2− rjn) ρωk = 0

and
(1− α2ρωk)(1− β2ρωk) ̸= 0,

where ρ = |r|
1
n , ωk = cos 2kπ

n + i sin 2kπ
n .

Proof. We give the explicit determinant of the matrix
A firstly. By Lemma 3, we obtain

λk = j1 + j2εk + · · ·+ jnε
n−1
k

= (α2 + β2) +
(
α2
2 + β2

2

)
εk + · · ·+

(αn
2 + βn

2 ) ε
n−1
k

= α2

(
1 + α2εk + · · ·+ αn−1

2 εn−1
k

)
+

β2
(
1 + β2εk + · · ·+ βn−1

2 εn−1
k

)
= α2

1− rαn
2

1− α2εk
+ β2

1− rβn
2

1− β2εk

=
(1− rjn+1) + 2(2− rjn)εk

(1− α2εk)(1− β2εk)
,

and

det A =
n∏

k=1

λk

=

n∏
k=1

(1− rjn+1) + 2(2− rjn)εk
(1− α2εk)(1− β2εk)

.

According to Lemma 5, we have

det A =
(1− rjn+1)

n − 2nr(rjn − 2)n

(1− rαn
2 ) (1− rβn

2 )

=
(1− rjn+1)

n − 2nr(rjn − 2)n

1 + (−2)nr2 − rjn
.

Next, we discuss the singularity of A.
If r = 0, then all the eigenvalues of A are 1, and

A is nonsingular.
If r ̸= 0, then the roots of polynomial g(x) =

xn − r are ρωk (k = 1, 2, . . . , n), where

ρ = |r|
1
n , ωk = cos

2kπ

n
+ i sin

2kπ

n
.

Thus we have

f(ρωk) = j1 + j2ρωk + · · ·+ jn(ρωk)
n−1
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= α2

(
1 + α2ρωk + · · ·+ αn−1

2 (ρωk)
n−1
)

+β2

(
1 + β2ρωk + · · ·+ βn−1

2 (ρωk)
n−1
)

= α2
1− rαn

2

1− α2ρωk
+ β2

1− rβn
2

1− β2ρωk

=
1− rjn+1 + 2 (2− rjn) ρωk

(1− α2ρωk)(1− β2ρωk)
.

By Lemma 4, the matrix A is nonsingular if and only
if f(ρωk) ̸= 0. That is when

(1− α2ρωk)(1− β2ρωk) ̸= 0,

A is nonsingular if and only if

1− rjn+1 + 2 (2− rjn) ρωk ̸= 0

for any r ∈ C.
When (1 − α2ρωk)(1 − β2ρωk) = 0, we have

ρωk = 1
α2

or ρωk = 1
β2

.
If ρωk = 1

α2
, then the eigenvalue of the matrix A

is
λk =

βn
2

αn−1
2 (β2 − α2)

̸= 0,

for α2 = 2, β2 = −1, k = 1, 2, . . . , n.
If ρωk = 1

β2
, then the eigenvalue of the matrix A

is
λk =

αn
2

βn−1
2 (α2 − β2)

̸= 0,

for α2 = 2, β2 = −1, k = 1, 2, . . . , n.
So the matrix A is nonsingular for (1 −

α2ρωk)(1 − β2ρωk) = 0. Hence, the proof is com-
pleted.

Theorem 13. Let B = LCircr(j1, j2, . . . , jn). Then

detB =
r(r − jn+1)

n − 2n(jn − 2r)n

r2 + (−2)n − rjn
(−1)

(n−1)(n−2)
2 .

Furthermore, B is singular if and only if

rρ− ρjn+1 + 2 (2r − jn)ωk = 0

and
(ρ− α2ωk) (ρ− β2ωk) ̸= 0,

where ρ = |r|
1
n , ωk = cos 2kπ

n + i sin 2kπ
n .

Proof. We give the explicit determinant of the matrix
B firstly.

When r ̸= 0, the matrix B can be written as

B =


j1 j2 . . . jn
j2 . . . jn rj1
... . . . . . .

...
jn rj1 . . . rjn−1

 = Γ−1 A4.

where

Γ =


1 0 0 . . . 0
0 0 . . . 0 1

r
... . . . . . . . . .

...
0 0 1

r . . . 0
0 1

r 0 . . . 0

 ,

and

A4 =


j1 . . . jn−1 jn
1
r jn j1 . . . jn−1

...
. . . . . .

...
1
r j2 . . . 1

r jn j1

 .

Thus, we have

det B = det Γ−1det A4,

where A4 is a 1
r -circulant matrix and its determinant

can be obtained from Theorem 12 by replacing r with
1
r ,

det A4 =

(
1− 1

r jn+1

)n
− 2n 1

r

(
1
r jn − 2

)n
1 + (−2)n

r2
− 1

r jn
,

where

det Γ = (−1)
(n−1)(n−2)

2

(
1

r

)n−1

.

So

det B = det Γ−1det A4

=
r(r − jn+1)

n − 2n(jn − 2r)n

r2 + (−2)n − rjn
(−1)

(n−1)(n−2)
2 .

When r = 0,

det B = (−1)
n(n−1)

2 jnn

=
r(r − jn+1)

n − 2n(jn − 2r)n

r2 + (−2)n − rjn
(−1)

(n−1)(n−2)
2 .

Next we discuss the singularity of B.
If r = 0, then

det B = (−1)
n(1−n)

2 jnn ̸= 0

for any n ∈ N+, and B is nonsingular.
If r ̸= 0, A4 is singular if and only if

1− 1

r
jn+1 + 2

(
2− 1

r
jn

)
|1
r
|
1
nωk = 0
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and (
1− α2|

1

r
|
1
nωk

)(
1− β2|

1

r
|
1
nωk

)
̸= 0

by Theorem 12. That is

rρ− ρjn+1 + 2 (2r − jn)ωk = 0

and
(ρ− α2ωk) (ρ− β2ωk) ̸= 0.

Furthermore, the matrix Γ is nonsingular with r ̸= 0.
Thus, the proof is completed.

6 Conclusion

In this section, we give two identities of Pell and Pell-
Lucas numbers and two identities of Jacobsthal and
Jacobsthal-Lucas numbers.

Let C = Circ(P1, P2, . . . , Pn) and D =
Circ(Q1, Q2, . . . , Qn) be circulant matrices. Jiang
[22] got

detC = (1−Pn+1)
n−1+Pn−2

n

n−1∑
k=1

Pk

(
1−Pn+1

Pn

)k−1
,

and

det D = 2×
[
(2−Qn+1)

n−1 + (Qn − 2)n−2∆1

]
,

where

∆1 =
n−1∑
k=1

(Qk+2 − 3Qk+1)
( Qn − 2

2−Qn+1

)−k+1
.

We have det C =
(1−Pn+1)

n
−Pn

n

1+(−1)n−Qn
in Theorem 6 and

det D =
(2−Qn+1)

n
−(Qn−2)

n

1+(−1)n−Qn
in Theorem 8 when

r = 1.
Similarly, let E = Circ(J1, J2, . . . , Jn) and F =

Circ(j1, j2, . . . , jn) be circulant matrices. Gong [23]
got

det E = (1− Jn+1)
n−1 + (2Jn)

n−2∆2,

where

∆2 =

n−1∑
k=1

(2Jk)

(
1− Jn+1

2Jn

)k−1

,

and

det F = (1− jn+1)
n−1 + (2jn − 4)n−2∆3,

where

∆3 =

n−1∑
k=1

(jk+2 − 5jk+1)

(
1− jn+1

2jn − 4

)k−1

.

We have det E =
(1−Jn+1)

n
−2nJn

n

1+(−2)n−jn
in Theorem 10

and det F =
(1−jn+1)

n
−2n(jn−2)

n

1+(−2)n−jn
in Theorem 12

when r = 1.
So we have the following identities of Pn and Qn,

and of Jn and jn:

(1−Pn+1)
n−1 + Pn−2

n

n−1∑
k=1

Pk

(
1−Pn+1

Pn

)k−1

=
(1− Pn+1)

n − Pn
n

1 + (−1)n −Qn
, (3)

2×
[
(2−Qn+1)

n−1 + (Qn − 2)n−2∆1

]
=

(2−Qn+1)
n − (Qn − 2)n

1 + (−1)n −Qn
, (4)

(1− Jn+1)
n−1 + (2Jn)

n−2∆2

=
(1− Jn+1)

n − 2nJn
n

1 + (−2)n − jn
, (5)

and

(1− jn+1)
n−1 + (2jn − 4)n−2∆3

=
(1− jn+1)

n − 2n(jn − 2)n

1 + (−2)n − jn
(6)

where

∆1 =
n−1∑
k=1

(Qk+2 − 3Qk+1)
( Qn − 2

2−Qn+1

)−k+1
,

∆2 =
n−1∑
k=1

(2Jk)

(
1− Jn+1

2Jn

)k−1

,

and

∆3 =
n−1∑
k=1

(jk+2 − 5jk+1)

(
1− jn+1

2jn − 4

)k−1

.
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