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1 Introduction

Recently, research for oscillation of various equa-
tions including differential equations, difference
equations and dynamic equations on time scales
etc. has been a hot topic in the literature, and
much effort has been done to establish new os-
cillation criteria for these equations so far (for
example, see [1-27], and the references therein).
In these investigations, we notice that very little
attention is paid to oscillation of fractional differ-
ential equations. Recent results in this direction
only include Chen’s work [28].

In this paper, we are concerned with oscilla-
tion of solutions of the nonlinear fractional differ-
ential equation of the following form:

(a(®)[(r(®)D22(t))]7)’
—q(t)f(J; (€ =) ~"z(§)dE) = 0,

te [to, OO),

(1)

where a € Cl([to,00),Ry), 7 €
CQ([t()vOO)aR-I—)? qec C([to,OO),R_A,_), f € C<R7R)
satisfying xf(z) > 0, % > L >0 for x # 0,
~v is a quotient of two odd positive integers,
a € (0,1), D*z(t) denotes the Liouville right-
sided fractional derivative of order a of z, and

Du(t) = — ey (€~ Dz (€)de.
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A solution of Eq. (1) is said to be oscillatory
if it is neither eventually positive nor eventually
negative, otherwise it is nonoscillatory. Eq. (1) is
said to be oscillatory in case all its solutions are
oscillatory.

Motivated by the idea in [29], we will establish
some new interval oscillation criteria for Eq. (1)
by a generalized Riccati function and inequality
technique in Section 2, and present some appli-
cations for our results in Section 3. Throughout
this paper, R denotes the set of real numbers and
R4+ = (0,00). For more details about the theory
of fractional differential equations, we refer the
reader to [30-32].

2 Main Results

For the sake of convenience, in the rest of this
paper, we set

X(t) = [7(€—t) " x(§)de,

ds, 0y(t,a) = [* ulsa) g

61(t7 CL) = f; : a r(s)

1
a” (s

(1).

Lemma 1 Assume x is a solution of Eq.
Then X'(t) = —I'(1 — o) D*x(¢).
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Lemma 2 Assume x is a eventually positive so-
lution of Eq. (1), and

o =

T
a’v(s)

ds = oo, (2)

J;‘,O 'rls ds = (3)

fto 7(€) f£ ﬁ fT
Then there exists a sufficiently large T such that
(r(t)D%x(t))’ <0

n [T,00), and either D*z(t) < 0 on [T,00) or
lim X (¢) = 0.
t—r00

(s)ds]~ 3 drdé = oo, (4)

Proof. Since x is a eventually positive solution of
(1), there exists ¢; such that z(t) > 0 on [t1, 00).
So X(t) > 0 on [t1,00), and we have

@l D)) = aFXD)
> Lg(t)X7(1) > 0.

Then a(t)[(r(t)D*z(t))']” is strictly increasing on
[t1,00), and thus (r(t)D%z(t))" is eventually of
one sign. We claim (r(t)D%z(t))’ < 0 on [t2, 00),
where to > t; is sufficiently large. Otherwise,
assume there exists a sufficiently large t3 > o

such that (r(t)D“x(t))’ > 0 on [t3,00). Then for
t € [ts,00), we have

r(t)Dx(t) — r(ts) D (t3)

1
— [t aX(5)(r(s)D2x(s))’
= fl‘s a%(s) ds
1
> a7 (t3)(r(ts) Dz (t3)) [}, %1( ds

By (2), we have

lim r(¢)D%x(t) = oo,

t—o00

which implies for some sufficiently large t4 > t3,
D%x(t) > 0, t € [ts,00). By Lemma 1, we have

X(t ) X(ta) = [, '(S)ds

= — ) ftt4 D%z

= —a) fti r)D2a(s) g

< F( a)r(t4)D x t4 ft4 5y ds-

By (3), we obtain lim X (¢) = —oo, which contra-
t—00

dicts X (t) > 0 on [t1,00). So (r(t)D%x(t)) < 0
on [tg,00). Thus D*z(t) is eventually of one sign.
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Now we assume D%z(t) > 0, t € [t5, 00) for some
sufficiently t5 > t4. Then by Lemma 1, X'(t) <0
for t € [ts5,00). Since X (t) > 0, furthermore we
have tlgglo X(t) =8 >0. We claim g = 0. Oth-

erwise, assume [ > 0. Then X (¢) > § on [t5, 00),
and for ¢ € [t5,00), by (5) we have

(a(O)[(r(t)D*x(1))]7)" > Lq(t) X (1)
> L37q(t).

Substituting ¢ with s in (6), an integration for (6)
with respect to s from ¢ to oo yields

(6)

—a(t)[(r(t)D>x(t))']
> — lim a()[(r(t) DYz (t))'] + LBY [~ q(s)ds
>L6’Yj; (s)ds

which means
o , 11 [ 1
(D) < ~L3 Al / a(s)ds)r. (7)

Substituting ¢ with 7 in (7), an integration for (7)
with respect to 7 from ¢ to co yields

—r(t)D%x(t)

< — lgn r(t) D
< Lvﬁft
that is,

(1) Luaft [ty S22 als)ds] 7 dr
(ot J7 als)ds]dr,

1 0o 00 1

X'(t) < =L T(1—a) g) ol ) q(s)ds]vzlg) .
Substituting ¢ with £ in (8), an integration for (8)
with respect to £ from t5 to ¢ yields

X(0) - X(t) 1
< —LT(1=a)B [ e & oty S22 als)ds]> drde.
By (4), one can see tlim X(t) = —oo, which is a

contradiction. So the proof is complete.

Lemma 3 Assume that x is a eventually positive
solution of Eq. (1) such that

(r(t)D%x(t)) < 0, D(t) <0

on [t1,00)T,
where t1 > tg is sufficiently large. Then we have

T(1— a)di(t, t1)a™ (1)(r(t) DO (1))’
r(t) ’

X'(t) > —

and

X(1) = =T(1 — a)da(t, ty)ar (£)(r(£) D (1))’
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Proof. By Lemma 2, we have
a(t)[(r(t)D¥x(t))']” is strictly increasing on
[t1,00). So

r(t)D%a(t) < r(t)D(t) — r(t) D (t)

_ t a% (s)[r(ls)D
t a (s)
a” (1) (r(t) D2 (1))’ [} LTS
zduuu>%ux<> (1))

Using Lemma 1 we obtain that

o)) g

IN
2=

1
T(1—a)d1(t,t1)a™ (t)(r(t)DYx(t))’
X'(t) > — L0zt oDty

Then
X(t) =2 X(t) — X(t1)

t T'(1—a)di(s, tl)a%(
= Ju r(s)

> —T(1 - a)a™ (t)(r(t) D
— T(1 - a)da(t,t1)ax (t

)(r()D%a(s))’ 5
2(t))' [y, g ds
()(r() D (1))

Lemma 4 /33, Theorem 41]. Assume that A and
B are nonnegative real numbers. Then

MBM—AM < (A -1)B

for all A > 1.

Theorem 5 Assume (2)-(4) hold, and there ex-
ists two functions ¢ € C([tg,00),Ry) and ¢ €
C*([tp, >0), [0,00)) such that

Jr{Lo(s)als) — d(s)¢ (

4+ e a)51((§ D¢

)
(s)

S
1
5

DT ()OI —a)dy (5T) 1)/ () y
(y+ )T (A—a)¢(s)01 (s, T)] 77 (s)
= OO,

(9)
for all sufficiently large T'. Then every solution of
Eq. (1) is oscillatory or satisfies 1tli}m X(t)=0.

o

Proof. Assume (1) has a nonoscillatory solution
x on [tg,00). Without loss of generality, we may
assume x(t) > 0 on [t1, 00), where ¢; is sufficiently
large. By Lemma 2 we have (r(t)D%z(t)) <
0, t € [te,00), where to > t; is sufficiently large,
and either D%z (t) < 0 on [tg, 00) or tlg?o X(t) =0.

Define the generalized Riccati function:

a(t)[(r(t) Dz (t))"]”

p(t)}-
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Then for t € [ta, 00), we have

w’(t) _ —¢/(t) a(t)[(r()t()wD(f‘)x(t))']”
+op(t){ — QO ODZEONTNr 4y (1) o(8) +

—p(t){ (a(t) [(7‘ X = “x(t)17) }

+7¢(t)X (t)tl)gQL(I((t)) z(t)'] + ¢ ( )+ o(t)¢! (t)

_o®)a(t)f(X(?)) + 'y¢>(t)X’(t)a(t)[( (t)Dez(t))']”
X7 (6) X +1(t)

¢(t)¢' (1)

+E8uw(t) + o)/ (8).
(10)

By Lemma 3 and the definition of f we get that

W'(t) < —Lo(t)q(t) — yo(t)I(1 — )du(t, t2) x

a7 (O)(r()D2(t) a(®)](r(t) D22(t)) ]
( )XTHL(E)

+ Z8w(t) + ()¢ (t)
— _L¢( )q ) o)1 (3)51(t t2) %

[~ (29— o))" w(t) + (1) (1)

yo(H)T(1—a)d1 (t,t2)

20) T+ ¢>(t

= —Lo(t)q(t) — 70) .
Y EB0() + elt)e (1),

(11)
Using the following inequality (see [34, Eq. (18)]):

1 1 1 1 1. 12
5> s + Zotts - (1+=)vru,

(=) N Y v

we obtain
3 — ()"
1 1
w' T (1) + 1l e (Hw(t)
Zab%() 5P () (1+3)% o)
(12)
A combination of (11) and (12) yields:
W'(t) < —Lo)g(t) + SHw(t) + o(t)¢' (1)
_ 2¢Ol (A—a)di(tta) o
2O .
”(t) 142 1y @7 (Hw(t)
¢1+W(t) +ae () = (L4 ) S
= —Lo()a(t) + o()¢'(2)
_ $(O0(1=a)d1 (tt2)e" 7 (1)
r(t) 1
_19(OLA—a)di(tt2) w' 7 (1)
r(t) H%(t)
i /
1 00T QAN ) O W, )
(13)
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Setting
— L gx _ v (1—a)di(t, tz)w ()
A=1+ v’ A r(t) ( )
BA1 = 7y (r1)e7 (00(0r(- a>61<tt2>+ (o' (t

(D)L (1—a)$(t)51 (1,t2)] TH T 7T (1)

Using Lemma 4 in (13) we get that

W'(t) < —Lo(t)q(t) + o(t)¢'(¢)
1
_ ¢>(t>r<1fa>il(g,t2)@”v (t) (14)
1

+ [(v+ D)7 ()P (1—a)ds (t,t2)+r(H)d ()]
(y+ D) T (A=) (t)01 (t,t2)]7r(t) ’

Substituting ¢ with s in (14), an integration for
(14) with respect to s from t9 to t yields

JiAL(s)a(s) = 6(s) (s)

n ¢<s>r<1—a>i1(<ss),t2>w%(s>

e T U—a (st () 6 g
(A D)THIC(1—a)é(s)d1 (s,t2)]77(s)

< w(ty) — w(t) < w(tz) < oo,

which contradicts (9). So the proof is complete.

Theorem 6 Assume (2)-(4) hold, and for all
sufficiently large T,

J7ALo(s)q(s) — o(s)¢' (s)+
w(s)[F(l—a)ml((s,)Tw;‘l(s,T)so?
{279(5)¢(s)[C(A—a)] 781 (5,1)83 ~ ' (s, 1) +r(s)¢' (s

Ay[D(1—0)]761 (5,783~ (s,T)r(s)(s)
= 007

()

}ds

(15)
where ¢, ¢ are defined as in Theorem 5. Then
every solution of Eq. (1) is oscillatory or satisfies

lim X(¢) = 0.

t—o00

Proof. Assume (1) has a nonoscillatory solution
x on [tg,00). Without loss of generality, we may
assume x(t) > 0 on [ta, 00), where 2 is sufficiently
large. By Lemma 2 we have (r(t)D%z(t)) <
0, t € [te,00), where to > tg is sufficiently large,
and either D%z (t) < 0 on [tg, 00) or tlglgo X(t)=0.

Let w(t) be defined as in Theorem 5. Proceeding
as in Theorem 5, we obtain (10). By Lemma 3,
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we have the following observation:

Ja (£)(r(t) D (t))’
FOX(0)
T'(1-0)81 (t,t2)a (£)(r(1)D
ORSIO
1—a)d1(t,t2)a™ (t)(r !
S _T-a) f&xs)é() 2(0)
{-T(1 — a)da(t, t2)a™ (t)(r(t) D>
[A=)]781 (t,t2)63 " (t,t2)
r(t)

X'(t)
X(t)

I(1—a)d1 (Lt

2_

2x() =14 ()

x(t ))’}”‘1(}5)
OGO
(16)

Using (16) in (10) we get that
T o 76 6’7 1
N (f) <t)D{:¢(Ef))]7( )_ ¢>(t;[ - )]T(i)(t 22 u t2)
{HOL QO 2 4 S0 () + 6(1)¢ (1)
= ngzS( ( ) ()[F(l a)]“*&l(t t2)00 L, t2)

) r(t)
(28 — o(0)]? + EBuw(t) + B(0)0 (1)
7 Loty - Koo Yo (L12) (2}
_ ACA=a)]761(t,t2)05

CACE AU W2(1) + (1) (1)
4 2190t a)]ﬁalg;tég(s” N(tt2)+r(t)e “)w(t)
< —Lo(t)q(t) + o(t)¢' (1)
V(£ [ (1—a)] 781 (£,t2)53 " (tt2) > (t)
r(t)
{270(1)p(1)[L(1—a)]7 81 (t,t2)85 ' (L) +r(H)¢ ()}
Ay [D(1—a)] 761 (t,22)67 L (t,t2)r(t)(t) ’

+

(17)
Substituting ¢ with s in (17), an integration for
(17) with respect to s from ¢y to t yields

JeALé(s)a(s) —

w(s)[r(l—a)ml(5,32)63*

_ {209(8)e(s) M 1=a)] 161 (5,12)0] " (512)+7(5)¢) ()}
4y [P (1=a)]761(s,£2)53  (s,t2)r(s)(s)

< w(t2) —w(t) < w(t2) < oo,

¢(s)¢'(s)+
H(st2)0%(s)

}ds

5). So the proof is complete.

Based on Theorems 5 and 6, next we present
two Philos-type oscillatory criteria for Eq. (1) in
the following two theorems.

which contradicts (1

Theorem 7 Define D = {(t,s)[t > s > to}.
Assume (2)-(4) hold, and there exists a function
H € CY(D,R) such that

H(t,t) =0, fort>ty, H(t,s) >0, fort>s>t,

and H has a nonpositive continuous partial
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deriwative H.(t,s), and

lim sup gz {fyy H (6 ){Lo(s)a(s) — 6(s)¢/(s)
TONERLIT T )
_ (4107 ()9(s) (1=0)6 (5,7 +r(s)8 () 7+ }ds}
(A TIT=a)é()o1 (5D 7(5)
= OO,
(18)

for all sufficiently large T, where ¢, @ are defined
as in Theorem 5. Then every solution of Eq. (1)
is oscillatory or satisfies tlim X(t)=0.

—00

Proof. Assume (1) has a nonoscillatory solution
x on [tg,00). Without loss of generality, we may
assume x(t) > 0 on [t1, 00), where ¢; is sufficiently
large. By Lemma 2 we have D%z(t) < 0 on [ta, 00)
for some sufficiently large t2 > t;. Let w(t) be
defined as in Theorem 5. By (14) we have

Lo{t)a(t) - o(t)¢/(¢) + “OLU=prde ilC
_ (D)@Y (ST (1—a)dy (,ta)+r ()¢ (£)] 7!
(H)YH (A -a)(t)d1 (¢,t2)] (D)
< —W'(t).
(19)

Substituting ¢ with s in (19), multiplying both
sides by H (t,s) and then integrating with respect
to s from to to t yields

Sy H(t.$){Lo(s)a(s 5) = 0(s)¢/(s)

4 eerd- )81 (s.ta)e’ "7 (5)

r(s)

L4107 (oIl (st2) ()6 @Dy g
(A D1 —a)0(s)01 (s £2) 7 r(3)

< - ft H(t,s)w'(s)ds
= H(t, t2)w (t2)+ft'; H(t, s)w(s)As
< (t tg) (tg) < H(t, to)w(tg).
Then
f,!; H{t, s){st(s)q(f) — ¢(8)¢'(5)+
¢<s>r(1—a>61( <s),t2>so1+? (s)
(1) (8)S(s)T(1-)b1 (3,t2)+7(5) ()P“}ds
(7+1)7+1[F(1 a)p(s)d1(s,t2)]7r(s)
H(t,s){Lo(s gq(s) B(s)¢' (s+)
(s )r(l a)&((s),tz)sol*ﬂs)_
(1) (5)S()T (161 (s,t2)+7(5) ()PH}ds
(7+1)7“[F(1 @) ()81 (5,t2)]77(s)
+ft2 ){L¢( ) (5) — o(s)¢'(s)+
S(s)I(1— ) (stz) T(s)
[(+1)07 (3)6 <> (1=a)é1 (s,t2)+7(s)¢' ()] 7+ Vs
()T (L—)b(5)01 (5,02)] 7 (5)
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< H(t,to)w(ta) + H(t to) [,? [Lo(s)q(s) — ¢(s)¢'(s)
1
$(5)T(1—a)d1 (s,t2)e" " 7 (s)
+ ()

_ [Dp7 (oI (—adiy (s )4 ()6 (G|
G —a)8()o1 (5 2)17r() '

So

H(t,s){Lo(s)q(s) —
i)

¢(s)¢'(s)

. 1 t
}g}}o SUP Tt £0) {fto

+¢(S)F(1—a)i1(i§7t2)<ﬂl

(G167 (0T 1=0)d (s2) (=)0 1 4y
(e el )

< w(ty) + [ |Lo( ) ( ) — B(s)¥'(s)
+¢( $)L(1—a)d1 (s,t2) ”(S)

)

_ L4107 (IOT(-0)6) (o) ()6 (]
LT ()81 (5, 2)7r (5)

< 00,

which contradicts (18). So the proof is complete.

Theorem 8 Let H, ¢, ¢ be defined as in Theo-
rem 7. If (2)-(4) hold, and

tlggo sup m J;f) H(t, s){Lo(s)q(s)

+w(s)[r(l—a)ml(5,)T>6”*1<s,T><p2(s)

_ {299(s) () [T (1—a)]761(5,T)53 " (s, T)+r(s¢(s
4[D(1—a)]81(s,1)85 " (,T)r(s)e(s)

— o(s)¢'(5)

- }ds}
= OO’

(20)
for all sufficiently large T'. Then every solution of
Eq. (1) is oscillatory or satisfies tlim X(t)=0.

—00

Proof. Assume (1) has a nonoscillatory solution
x on [ty,00). Without loss of generality, we may
assume x(t) > 0 on [ta, 00), where 2 is sufficiently
large. By Lemma 2 we have D%z (t) < 0 on [t2, 00)
for some sufficiently large to > t5. Let w(t) be
defined as in Theorem 5. By (17) we have

Lo(t)q(t) — o(t)¢' (1)
L/ 0] N EE:)) R (2,1;2)6;*
r(t
_ {2v9(0)p(t)[L(1—0)] 78y (t,t2)63 ~* (t,t2)+r(t)
A[D(1—a)]761 (t,82)69 ~ (t,t2)r(£)(t)
< —W'(t).

H(tt2)e? ()

¢ (1)}

(21)
Substituting ¢ with s in (21), multiplying both
sides by H (t,s) and then integrating with respect
to s from to to t yields

JLH(t, ){Lo(s)q(s) — (s)¢'(s)

+v¢<s)[F(l—a)m(f,ﬁz)ég‘%s,m)gﬁ(s)

 {290(8)0(s)[L(1—a)] 81 (5,t2) 85 (s,t2)+7 ()¢ (
. 4y[D(1—a)]781(5,t2)83 ' (s5,t2)r(s)b(s)

< — [, H(t, s)w'(s)ds

t)}? }dS
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= H(t, t2)w(te) + ftg H.(t, s)w(s)As
S H(t, tg)w(tg) S H(t, to)w(tg).

Then similar to the process of Theorem 7, we get
that
i sup gk {1 H(t, 5){Lo(s)a(s) — () (s)

+w(s)[r(l—a)m<f,§z>6”‘1(s,tzw(s)
_ {290(8)(8)[D(1—a)] 71 (s,42)83 ~* (s,t2)+7( s)¢> ()}
4y[T(1—a)] 781 (8,t2)8] " (s,t2)7(s)(s)

- }ds)

< oo,
which contradicts (20). So the proof is complete.

Remark 9 In Theorems 7 and 8, if we take
H(t,s) for some special functions such as (t—s)™
or lné, then we can obtain some corollaries,
which are omitted here.

Remark 10 The established oscillation criteria
for Eq. (1) above are new results so far in the
literature to our best knowledge.

3 Applications

In this section, we will present some applications
for the established results above.

Example 11 Consider equation

(t3[(De ())]5) 5%[M+eft (6=t)-
(7€ =tz (§)d8)s =0, t € [2,00),

where M > 0 is a constant.

We have in (1) v = %, a(t) = t%, q(t) =

w\m

, flx )—x%[e’”—i-M] r(t) =1, top = 2. Then
(x) > M = L. Then we have
ft ; ds = foo Llds =
a’¥(s)
and o 1
ft() @ds = Q.
Furthermore,
fto r(€) f§ a(T f‘roo g(s)ch]Vdef
_f2 f£ Tg [ s 5ds]sdrde
) I darlae
fzoo 1d§ o0

On the other hand, for a sufficiently large T, we
have

ds—ft Lis — .

ou(t,T) = [;

’Y

E-ISSN: 2224-2880 135

Qinghua Feng, Fanwei Meng

So we can take T* > T such that 01(t,T) > 1 for

[T*7 ) Taklng (b( ) - tg ( ) 01 (9)7
we get that
r(s)¢’ (s) !
JrALd(s)a(s) — (7+1)7+1[£(1 a)d)(L)(h(sT (e 145
— [\ — (B 8 1g
fT*{ (8)38[ ra- a)él(sT]g}
= M — (3 31 1
e e T
4 Of M 5 g% Lis
fTT*{ (85) -1 (s D)3 }81
> M —(2)3
- f { (58>8 [r(11 @)d1 (s, T)]é}
—f-fT*{M - (3)® T }5ds — oo,
provided that M > (g )%é5 So (2)-(4) and
C(1-a)]3

(9) all hold, and by Theorem 5 we deduce that

every solution of Eq. (22) is oscillatory or sat-

isfies lim X (¢t) = 0 under the condition M >
o t—o00

5\ 1

(5 [C(1—a)]3

Example 12 Consider equation

(EP[(D2(t) ) = MtA[7(6 — )@ (§)de]* =
t €[2,00),
(23)
where a € (0,1), and M > 0 is a constant.

We have in (1) v = 3, a(t) = t3, q(t) =
t=4, f(x) = Ma?, r(t) = 1, to = 2. Then
fx(f) > M = L. Then we have

ds = ds
S fz 26

= f2 i =
and
fto Tls)ds = 0.

Furthermore,

fto r(€) fE a(r fTOO ( )ds]%de5
= L 74d3]3d7d§

T

%\/g QOo[fgoo 712 dr)d§
3%@ )2 %dé =

On the other hand, for a sufficiently large T, we
have

ds—ft Lis — .

ou(t,T) = [;

’Y
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So we can take T > T such that §;(¢,7) > 1
for t € [T*,00). Taking ¢(t) = t3, p(t) =
0, H(t,s) =t— s in (18), we get that

Jimsup L ) (0= $){Lo(s)a(s)

r(8)' (&)
~ G [r<1—a>¢<s>61<s,T>1w<s> yds}

— lim < 1 t
hm 1 sup s{[5(t—s)
{M

( ) m} ds}
= lim sup ﬁ{f2
{M
+ [t
> lim sup ﬁ{fQ
{M ( ) = a)p} ds

+fT* —s){M — ( ) (- a]s} ds} = oo,

provided that M > (%)4m So (2)—(4)
and (18) all hold, and by Theorem 7 we deduce
that every solution of Eq. (23) is oscillatory

or satisfies lim X (¢#) = 0 under the condition
—00

M > (D) rap-

t—s)x

() - a)51(5 T)]3} ds

—s){M — ( ) m} ds}

t—s)x

4 Conclusion

We have established some new interval oscillation
criteria for a class of nonlinear fractional differ-
ential equations by a generalized Riccati function
and inequality technique. The presented exam-
ples show that our results are effective in the os-
cillation analysis of some special fractional differ-
ential equations. The present method can be ap-
plied to obtain oscillation criteria for other frac-
tional differential equations such as the nonlin-
ear fractional differential equations with damping
term, which are supposed to further research.
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