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Abstract: Let G be a graph with n nodes and e edges, where the nodes are perfectly reliable and the edges fail
independently with equal probability p. A failure state exists if the surviving edges induce a graph having all
components of order less than a preassigned threshold value k. The unreliability of G,Uy (G} p), is the probability
of a failure state and a graph G is k-uniformly most reliable (k-UMR) over a class of graphs if and only if Uy, (G} p) <
Ui(H;p) forall 0 < p < 1 and all H in the same class as G. If Up(G; p) > Up(H; p) forall 0 < p < 1 and all H in
the same class as G then G is k- uniformly least reliable (k- ULR). In this paper we show that K1 ,,_1 is the unique
tree that is k-UMR over all trees with 2 < k < n. We also show that the unicycle U}, i.e. K1 ,—1 with an added
edge, is uniquely 3-UMR over all graphs having n > 5 nodes and e = n edges. We extend this study for 4 < k < 5
and prove that U} is the unique k-UMR unicycle. In the last two sections we give the necessary conditions for a

graph to be k-UMR and show that there exists a range of values of k for which a k-UMR unicycle does not exist.
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1 Introduction

In [1] we introduced the component order edge re-
liability model. We repeat some of the elementary
notions pertinent to this model for the sake of com-
pleteness as well as discuss other fundamentals. Un-
less otherwise noted, we follow the notation of [2].
Consider a scenario of a network which is modeled
by an undirected graph G having n nodes and e edges
in which nodes are perfectly reliable but edges fail in-
dependently of one another, all with the same prob-
ability p € (0,1) . A threshold value 2 < k < n is
given and the surviving subgraph remaining after the
failure of edges is said to be an operating state pro-
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vided it contains at least one component of order k
or more. It is a failure state provided each compo-
nent has order at most k£ — 1 and the subset of failing
edges that produce the failure state is referred to as
a failure set. The probability that, at a snapshot of
time, the network is in an operating state is referred
to as the k-component order edge reliability and is
denoted by Ry (G} p) while Ux(G; p) = 1- Ri(G; p),
the k-component order edge unreliability, is just the
probability that the network is in a failure state.

As a consequence of the underlying assumption
of independent failure of edges, all with the same
probability p € (0,1), the probability of a failure set
for which a specific set of i edges fail is just p(1 —

Issue 9, Volume 12, September 2013



WSEAS TRANSACTIONS on MATHEMATICS

p)¢~" . Thus if f;(G) denotes the number of failure
sets of size 4, then Uy (G; p) = ¥ fi(G)p (1 - p)¢~.

Now the smallest number of edges required to fail
in order to produce a failure state is referred to as the
k-component order edge connectivity of G and is
denoted by \¥)(G) (see [31,[41,[51,[6] for studies of
AP (GY). Thus f;(G) = 0 forall i < A\¥(G) . Fur-
thermore, assuming e > k — 2, a set of edges of size
i > e— (k-2), leaves a surviving subgraph having
at most k£ — 2 edges upon failure, and hence a failure
state, so

fi(G) = (?)fori >e—(k-2).
i
Thus, )\((;k)(G) <e—(k-2) and we may write

U(Gip) = > fi(G)p'(1-p),
=2 ()

where f;(G) = (§) forall e- (k-2) < i < e. Of course,

if AE(G), then Uy (G5 p) = £, 19y ()0’ (1-p)° "
Thus any such graph will have the minimum value
of the k-component order edge reliability among all
graphs on n nodes and e edges for all p € (0, 1).

Now it is clear that if p is held fixed then, as
the collection of all graphs on n nodes and e edges
is finite, there is a graph on n nodes and e edges
having minimum k-component order edge reliability
among all those in the collection. However, as has
been shown for & = n, there may be no one graph
in a collection that minimizes the unreliability for all
p € (0,1)[7]. If a graph exists in a specified collec-
tion of graphs, that minimizes Uy(G; p) for all G in
the collection and all p € (0,1), it is referred to as
a k-uniformly most reliable graph (k-UMR) in the
collection. It has been shown that if e > (}) - | 2],
then K, minus a matching is n— UM R over the class
of all graphs having n nodes and e edges [8, 9]. If
e = n — 1, then all trees have the same n-component
order edge unreliability, i.e., 1 — (1 — p)"~1. On the
other hand it was shown that if e = n, then C,, is the
unique unicycle which is n — U M R over all unicycles
onn [10].

In this work we shall show that K4 ,_q is the
unique tree that is £ — UM R over all trees and all
2 < k < n. We shall also show that there exists a range
of values of k for which a £ — UM R unicycle exists
and a range for which no £ — U M R unicycle exists.

2 Graphs with \} =e - (k- 2)

As was noted above, any graph G in the collection
of all graphs having n nodes and e edges, where
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n >k >2ande > k- 2; having AP = e—(k-2)
has k-component order edge unreliability equal to
Ui(G;p) = Zf:e_(k_g) (?)Pl(l -p)

Now any graph on n nodes and e edges with
AR <o (k — 1) has strictly larger unreliability than
G so we have the following theorem:

Theorem 1 Ifn>k>2, ¢ > k:—Zand)\gk) <e—(k-
1), then G is k-UMR over all graphs having n nodes
and e edges.

In the remainder of this section we determine
those cases for which A\¥) = e — (k —2). First note
that if e = k -2, then \¥ = 0 = e - (k - 2) and
Ur(G;p) = 1, so all such G on n nodes and e edges,
where n > k > 2, have the same k-component order re-
liability. Another trivial situation occurs when k = 2.
In this case A\ = ¢ = e - (k-2) and Ug(G; p) = p°
for all G on n nodes and e edges where n > k = 2.

Next suppose e = k — 1 > 2. Note that if

G=Tyu(n-k)K;
where T}, is a tree on k nodes, then
AF) 1= (k-1)-(k-2)=e- (k-2).
Otherwise, \{") =0 = ¢ - (k —1). Hence, every
G=T,u(n-k)K;
where T}, is a tree on k nodes has A{™) = e — (k-2)
and no other graphonn > k>3 nodesand e = k-1

edges does. Note that when n = k this subsumes the
fact that trees on n nodes have

ATy =1=¢e-(k-2).

The next logical case is e = k > 3. Suppose G
has n nodes and e edges where n > k = e > 3 and as-
sume )\gk) =e—(k-2). Then Je-(k-1) = 0 and every
subset of k£ — 1 edges must induce a tree on k nodes.
Choose one, say T}, and let the remaining edge be de-
noted by x. Now at least one endpoint of x must lie
in T}, or else the removal of an edge in 7}, and the ad-
dition of x yields a disconnected subgraph with k& — 1
edges. Suppose the addition of x to T}, yields another
tree. If that tree has a path with three edges, the re-
moval of an internal edge of that path yields a discon-
nected subgraph having k£ —1 edges. Hence, if T}, with
x added is a tree, then it must be K . Otherwise,
consider the possibility that the addition of x to T},
yields a unicycle. If that unicycle contains a pendant
edge its removal yields a subgraph of order k£ — 1 con-
taining k — 1 edges, which contradicts fe_(3-1) = 0.
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Thus, in this case, T} with x added is just C. In sum-
mary, if \*) = e~ (k-2) = k- (k-2) = 2, then
G =K pu(n-k)K;orG=Cjru(n-1)K;. Observe
that, if n = k + 1, then in the first case G = Ky -1,
while in the second case G = C,.

Finally, suppose e > kK + 1 > 4 and assume
AR Z e (k—2). As in the previous case, we choose
T}, atree on k nodes, from the set of e edges. Suppose
T}, has two independent edges so that the addition of
an edge to T} cannot produce K7 ;.Thus each of the
remaining edges when added to must produce Cj,. As
there are at least two additional edges, this is impossi-
ble. Thus, T}, = K1 j, and each of the additional edges,
when added to Tj,,must yield K ;. Hence G = K .
follows. Observe that in this case if n = e + 1, then
G = K1 -1. We summarize those findings in our next
theorem.

Theorem 2

Consider n > k > 2, and let G be a graph on n
nodes and e edges.

1. If e < k-2, then )\gk)(G) = 0, and equals e —
(k—2) when e = k- 2. Also, Ux(G;p) =1 for
all pe (0,1).

2.0k =2 then \P(G) = ¢ = e - (k- 2), and
Ur(G; p) = p° forall p € (0,1).

3 Ife>k-1>2 then \P(G)=1=e-(k-2)
if and only if G = Ty U (n — k)K1, where T,
is a tree on k nodes. In the event that n = k,
then every tree on n nodes has \*(T) = 1 and

Un(Tip)=1-(1-p)" .

4. Ife =k > 3then \(G) =2 = k- (k-2)
if and only if G = K1, u (n—(k+1))K; or
G =Cru(n-k)K;. Also, U,(G;p) =1-(1-
) = k(p)(1 = p)*. In the event that n = k,G =
C,, is the unique graph on n nodes with e = n
edges having \! = 2 and therefore, the unique
such graph which is n-UMR. If n = k + 1 (i.e.
k=n-1), then Ky ,_1 is the unique graph on
n nodes with e = n — 1 edges having )\((;n) =2

and therefore, the unique such graph which is n-
UMR.

5.Ife > k+1 > 4then \N¥(G) = e-(k-2) if
and only if n > e+ 1 and G = K;. U [(n -
(e + 1))K1]. Also as was observed previously,
Ur(Gsp) = Zﬁ:e,(k,g) (?)Pz(l - p)". In the
event that e = n—1 > k+ 1 > 4, the unique
graph having )\ék)(G) =e—-(k-2)=n-k+1
is Ky pn-1. It is, therefore, the unique k-UMR
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graph having n nodes anld e =n — 1 edges, and
U(Gip) = Zispr ("7)0' (1= p) 7

We conclude this section with three corollaries of the
last theorem.

Corollary 3

1. Ife=n-1,n2>kandk >2, then, K1 ,_1 is k-
UMR over all graphs with n nodes and e =n — 1
edges.

2. Ife=n—-1=k, then K1 41 is the unique k-UMR
tree on n nodes.

3 Ife=n-1>k+12>4, then K1,-1is k-UMR
over all graphs with n nodes and e = n—1 edges.

Corollary 4 Ife =n—1>k+1> 4, then \(G) <
e-(k-1).

Proof: By Theorem 2(5), )\ﬁk)(G) =e-(k-2)
forcese<n-1.m

Corollary 5 Ife =n =k, then C,, is the unique graph
in the class of all graphs having n nodes and e = n
edges with )\ﬁk)(G) =2=e— (k—-2) and is therefore
also the unique n-UMR graph in this class.

3 Kk-UMR Unicycles exist for 3 < k£ <

2

We begin with preliminary observations. First observe
that by Corollary 4, A((:k)(U) <e—(k-1)=n-(k-1)
for each unicycle U on n nodes. With n = ng + k,
we obtain )\((;k)(U ) < ng + 1. Next, it is easy to see
that /\((;k)(U;”) =ng + 1 for k > 3, where U, denotes
the star K4 ,,_1 with edge x added between two leaf
nodes. Since f;(U) = (7) for each i > n — (k- 2), for
each U it follows that we can prove U to be k-UMR
by establishing the inequality f,,,+1(UZ) < fng+1(U)
for all unicycles U # UZ. Furthermore, if either
AR @) < AXP(U) and frg i1 (UF) < fagir (U) or
AR @) < AP (UF) and frgi1 (UF) < fagur (U) for
each unicycle U # UY, then U is seen to be uniquely
k-UMR over the class of unicycles on n nodes. The
final result of a preliminary nature is given in our first
proposition.

Proposition 6 [f U # U? is a unicycle on n nodes,
then U consists of two node disjoint trees T and T
each having at least two nodes, joined by two edges x
and y (see Figure 3.1).
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Proof: Let U be a unicycle different from U? having
unique cycle vy, vo, ..., vg, v; so that U consists of the
cycle together with ¢ node disjoint trees 11,75, ..., Ty
rooted at vy, va, ..., Uy, respectively (see Figure 3.2). If
£ > 4, then setting © = vivo and y = v3vy establishes
the claim. If / = 3, then, as U # U ,at least two of the
trees, say 71 and 75, have two or more nodes each.
Then setting x = vive and y = vyvs establishes the
claim.

We proceed now to the case k£ = 3 and n > 7. In this
case ng + 1 = n — 2 and we shall prove that U is
uniquely 3-UMR not only over all the unicycles but
also over all graphs having n nodes and e = n edges
provided n > 7.

Theorem 7 The unicycle U? is uniquely 3-UMR over
all graphs having n > 7 nodes and e = n edges.

Proof: Consider a graph GG on n > 5 nodes with e = n
edges and maximum degree A(G). If G # U7 then
A(G) < n-2. Suppose A(G) < 2; then, since the sum
of the degrees of the nodes in G is 2n, either G = C,
or (G is a disjoint union of cycles. Note that, in each
case, forn > 7,

n(n-3) S

fn—Q(G) = 9

n-3= fn—Q(U;:)'
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Thus for each n > 7, U(UZ; p) < U(G; p) for all
p € (0,1). Next suppose that A(G) > 3 and let node
u have degree equal to A(G). Now each edge not
incident at u forms pair of independent edges with
at least A(G) — 2 of the edges incident at u. Hence
fn—2(G) > (n - A(G))(A(G) - 2). The parabola
y = (n - A)(A - 2) opens downward with axis of
symmetry A = 5 + 1. Also, the y values at A = 4
and A = n — 2 are equal to 2n — 8. Thus, if A > 4
then f,_2(G) > 2n -8 > n -3, for n > 6. Now
/\ﬁk)(G) <n-2= )\gk)(Uf) since the removal of
n—2 edges from G leaving an independent pair yields
a failure state. Thus when A > 4 it follows that
U(UZ;p) < U(G;p) for all p € (0,1). Finally, we
consider the case A(G) = 3. Let node u have degree
equal to A(G) = 3 and N(u) = vy, vz, v3. As there
are at least seven edges in G, at least one of the n - 3
edges not incident at u is incident at most one node in
N (). Each of the remaining n - 4 edges not incident
at u forms a pair of independent edges with at least
one edge incident at u. Thus

fa-2(G@)2n-2>n-3= B (U?).

Since fn-2(G) > n - 2 it follows that U(UZY;p) <
U(G;p) for all p € (0,1) and the proof is complete.
u

To complete the case £ = 3 we examine the sit-
uations e = n = 5and e = n = 6 in turn. First, if
n=>5and A(G) =4 then G = U7, and if A(G) = 2,
then G = Cs. Now A (C5) = 3 but f5(Cs) = 4 >
2 = f3(U%). If A(G) = 3, let deg(u) = 3. If
one of the two edges not incident at u is incident at
only one node in N(u) then f3(G) > 3. Otherwise
G = (K4 — ) u K and has )\gg)(G) =3, f3(G) = 2.
Thus U? and (K4 — ) U K are the 3-UMR graphs
on n = 5 nodes. Next suppose n = 6. We know if
A(G) > 4and G # UZ, then U(UZ;p) < U(G;p)
for all p € (0,1). If A(G) = 2 then G = Ci or
G = 2K5. If G = Cg, then \F) (C) = 3 but £4(C) =
9> 3= fu(U%). If G = 2K3, then AP (2K3) = 4
but f4(2K3) =9 > 3 = f4(U7) If A(G) = 3 then
let deg(u) = 3 and observe that if one of three edges
not incident at u is incident with at most one node in
N (u) then such an edge forms at least two pairs of
independent edges with edges incident at u. The other
two form at least one pair with an edge incident at u so
f4(G) >4 >3 = f4(U?). Otherwise, G = K4 U 2K,
which has \¥(G) = 4,= AP (U*) £(G) = 2
Thus U and K, u 2K, are the 3-UMR graphs with
e=n=06.

The preceding analysis leads to the following
corollary.
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Corollary 8 The graph U7 is the unique 3-UMR uni-
cycle forn > 5.

Next we proceed to the general case:
4<k<ng;ng >2.

We begin by proving an important vulnerability result
in the context of unicycles. We shall show that in all
instances, save one, U{ is the unique unicycle with

)\((;k) = ng + 1. All others have )\gk) = ng or less,
thereby indicating that U is the unique most invul-
nerable unicycle subject to system failure. Initially,
we deal with the case where the cycle of the unicycle
U # U has length ¢ > 4 and in preparation for that
result we require the next lemma.

Lemma 9 Ifng>2and k > 4, then \¥(C,,) < no.

Proof: We know that A% (C,,) = [25]=72%]+1
[5]. But [221]+1 < ng if and only if
is the case when £ > 4.m

k .
s S No, which

Theorem 10 Ifk > 4,ng > 2 and U is a unicycle with
cycle length € > 4, then )\gk)(U) < ny.

Proof: We shall employ induction on ny beginning
with base case ng = 2. First, if £ = n, so that U = C,,
the result follows by Lemma 9. If 4 < ¢ < n — 1, then
referring to Proposition 6 there is a 7;, say, 77, with
order at least two. Removal of the edges viv, and
v9v3 leaves two components, one consisting of 77 and
T» together with edge v1vo and the other consisting
of T3, ..., Ty together with the path vs, vy, ...,vp. The
first component contains at least two edges, so if the
second does as well, each will contain at most k — 2
edges, as the number of remaining edges is k. Hence
in this event )\ﬁk)(U ) = 2 = ng. Suppose the second
component consists of one edge vsvy, i.e. £ = 4, (see
Figure 3.3). Since n = k+ng > 6, |V (T1)|+|V (1) >
4. In the event that |V (71)| > 3 but |V (12)| = 1,
removal of v1v2 and vy vy yields a failure state while if
|V (T1)|, |V (T2)| > 2, removal of vjve and v3vy yields
a failure state. Hence if ng = 2 and k > 4, )\ﬁk)(U ) =
2 = ng. Our induction hypothesis is that if ng = m -1,
where m > 3, and U has cycle length [ where 4 <
¢ < n, then /\((;k)(U) <ng=m-1, for k >4. Now
consider a unicycle with ng = m and cycle length 1
where 4 < ¢ < n and suppose U = C),; then AR (U) <
no by Lemma 9. If U # (), then U has a pendant
node and edge. Remove the pendant node and edge
obtaining a unicycle U withn —1 = m -1+ k nodes
and cycle length /. The induction hypothesis forces
)\,gk)([j) <m-1so )\ék)(U) <m =ng fork > 4.
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Our next theorem deals with the case [ = 3 and in-
cludes the one exceptional case previously mentioned.

Theorem 11 Consider the class of all unicycles on
n =ng+k nodes whenng >2andl =3,k >4. IfUg is
the unicycle where |V (T1)| = |V (T2)| = |[V(T3)] = 2
(see Figure 3.3), then /\,(34)(U6) =3 =ng + 1. Other-
wise, i.e., if U # U, Ug then )\gk)(U) < no.

Proof: First observe that if U has six nodes but is
not equal to UY or U, then, without loss of general-
ity, [V(T1)| = 3,|V(T2)| = 2,|V(T3)| = 1(see Figure
3.4).

Figure 3 4

The set {vivy,viv3} is a failure set so >\£4)(U) =
2 = ng. We complete the proof by induction on ng
starting with the base case ng = 2. Since we have
already considered ng = 2,k = 4, it remains to as-
sume n > 7 so that by the Pigeonhole Principle, some
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,say |[V(T1)| > 3. But U # U¥ implies, with-
out loss of generality, that [V (7%)| > 2 and it follows
that {v1v9, v1v3} is a failure set since each of the two
components it leaves upon removal has at most k£ — 2
edges. Our induction hypothesis simply states that if
U is a unicycle on n nodes, different from U7 with cy-
clelength = 3 and ny = m-1 > 2, then )\gk)(U) <ng
where k£ > 4. Now consider a unicycle U on n nodes
with cycle length [ = 3 and ng = m > 3. The Pigeon-
hole Principle forces one |V (T;)| , say [V(T1)| > 3
and, since U # U7, another, say |V (T2)| > 2. Again,
asn > 7, either

1. |[V(T1)| 2 3,|V(T2)| 22, and |V (T3)| > 20r

Daniel Gross, Lakshmi Iswara, L. William Kazmierczak,
Kristi Luttrell, John T. Saccoman, Charles Suffel

N A
Kjﬁ

2. [V(T1)| 23, [V(Ts)| > 3, and [V (T3)| = Lor Hcﬂé
L ] L,

3. [V(Th)| 24,V (T»)] > 2, and [V (T3)| =

In the first case remove a pendant node and its edge
from T3, in the second case from 75 and in Ehe third
case from 71, thereby arriving at a unicycle U on n —
1 =m~-1+k nodes with cycle length [ = 3 and different
from U7, Us. Hence )\gk)(U) < /\2’“)(0) +1<m-1+
1 =m = ng and the proof is complete. m

In the remainder of this section we prove that
U¢ is the unique k-UMR unicycle for 4 < & < 3.

Since )\gk)(U ) < )\ﬁk)(Uf) for all unicycles with
only one exception, i.e. n = 6,n9 = 2, k = 4, and
e — (k-2) = ng + 2, it is only necessary to prove
that f3(Us) > f3(UZ) in the exceptional case and that
Fro+1(Us) 2 fng+1(UZ) for the other cases. Let’s
consider n = 6,n9 = 2 and k = 4 to begin with.
The unicycles in this case are shown in Figure 3.3.
It is easy to see that Uy, Uz, Us, Uy and Us all have
AW 22 = ngand f3 > 4 while f3(U%) = 4. On the
other hand, f3(Us) >4 = f3(U?).
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Figure 3.5

Now, for the remaining cases, we begin with the
observation that if U # U7 then by Proposition 6 we
can represent U by two trees 17 and 75 of orders ny >
2 and no > 2, respectively, joined by two edges = and
y (See Figure 2.1). We begin the analysis of this case
under the assumption that n; > k£ and ng > k and
establish a lower bound on the failure sets of size ng +
1 which include = and y. Of course, the removal of
ng + 1 edges leaves a total of £ — 1 edges so that if
z and y are removed and ng — 1 additional edges are
removed so that at least one edge from 77 and one
edge from 75 remain then a failure state is obtained.
Thus, the number of failure sets of size ng + 1 which
include z and y, denoted by f°% , satisfies

0+1°

k=2

-1\( na—-1

e 2 ()6 )

f“O“‘E( i J\k-1-i
(n1+n2—2) (nl—l) (ng—l)
k-1 k-1 k-1)

But n1, ns > k implies that (’21__11)+(’22__11) is max-

imized when nq = k and ny = ng or vice versa. Thus

n—2 no — 1
S (U) 2 (k—l)_(lc—l)_l‘
Next we prove that there exist (Z:‘ll) additional fail-
ure sets that include at most one of the edges x and
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y. There are two scenarios to consider dependent on
deg(uz), where x = ujus. Assume without loss of
generality that y = uv where w € V(T1),v € V(12)
but v # us. Now if deg(ug) > 3 let w be the edge
incident on ug that lies on the unique path of 75 from
ug to v and let z be any other edge incident on w3 in
T5. Now if x and w are removed together with ng — 1
additional edges not including y and z a failure state
results, since y and z lie in separate components (see
Figure 3.6(a)). As there are (;(;41) of these sets the
claim is established in this case. The other scenario
involves the case where deg(us) = 2. Let w be the
edge of 75 with endpoint u2 and consider removing
ng — 1 edges including y and w but not x or z where
z is an arbitrary but fixed edge of 75 different from
w. Realize edge z exists since ny > k > 4 (see Fig-
ure 3.6(b)). A failure state results since x and z lie in
separate components. Here too there are ( 41) such
sets. Thus

@2 (7)) ()

Consider

D = fpy1(U) =

e B S R G R R R
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(n-2)! (n—-4)! (n-3)!
(k—Dl(no - D! (k=3)1(no - 1) (k—2)!(ng—1)!
(n-3)! ng—1 ~ (n-4)!
(k—4)!(ng + 1)!_[( k-1 )”] T (k-Dl(ng+ 1)
[(n=2)(n=3)(no+1)(no)+(k-1)(k-2)(no+1)(no)-

(n=3)(k=1)(no+1)(no)—(n-3)(k-1)(k-2)(k-3)]-

[(720:11) +1]. Now,
(no—l): (no—l)! _
k-1 (no —k)!(k-1)!
(n—-4)! (no+ 1)!(ng)---(no -k +1)!
(no+DI(k-1)!  (n-4)(n->5)-(ng)
(n—4)!

(ng+1)!(k-1)! (no+1)(no)(no—1)(ng—-2)

and it follows that

S (n-4)!

~ (no+ DIk -1)!
(k=1)(k=2)(no+1)(no)-(k-1)(n=3)(no+1)(no)-
(n=3)(k-1)(k-2)(k=3)~(no+1)(no)(no-1)(n0-2)]-

) (n0 fq;?k)'— [(n=3)(k-1)((rno+1)(no)-

[(no+1)(n0)(no-2)(no-3)+

1!

n-3 n-3
-2)-l-1= (") (1) -1
(k=2)(k=3)] 1= ("7 )=

(n—2)_(n—3)_1>0
k-2 k-4
because the binomial coefficients strictly increase as
the subset size increases toward the midpoint of the

set size.
Next we consider the case where 3 < nq < k-1,

ny > nj. As in the previous case, fn0+1(U) >
("ggﬁf) - (T}f_ll) But here, n <n-3so % (U) >
(”2;512) - ("°k+_k1 4). Also, as the argument used in the

previous case applies whether y is incident at either
U1 Or ug, we can show that there exists (”0k+_k1_4) addi-

tional failure sets so that f, % | (U) > (”fl:]ff) Thus,

k-2 k-3
0+1(U) 0+1(Us) = ("2}1 )_ (HSLZJ )_
(”%gflg) = (Z_:f) (Z_i’) >0 for basically the same
reason as in the previous case.
Finally, suppose that n; = 2. In this case, ng =

n-2so fot (U) 2 ("°+k 3). Here we claim that
n0+k 4

there are at least 2( o ) additional failure sets for
all possible scenarios but one (see Figure 3.7). Indeed,
if this is the case then

n0+1(U) 0+1(US) 2
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(n0+k—3)+2(n0+k—4)_(no+k—3)_
no—l no—l no—l

(n0+k—3)_2(n0+k‘—4)_(n0+k—3)_
7’L0+1 - 7’L(]—1 n0+1 -

(k(il%;!fn; i)i)! [2n0” = (k= 5)no = (k= 3)*] >
0ifng > k.

To prove the claim we consider all possible sce-
narios as shown below in Figure 3.7 and show that for
(a) through (d) the claim holds. We verify f,% (U) -
F¥ 1 (U3) > 0 directly for the scenario shown in (e).

In (a) 75 must contain a path from wug to some
node uy of length at least two, since U # U;. Then
by choosing failure sets, including x and z but not y
and w and failure sets including y and z but not z and

w we obtain 2(”2;’_“14) additional failure sets. In (b)
realize that either T3 or T3 contains an edge, say 7.
Then failure sets containing = and z but not y and w
together with failure sets containing w and z but not x
and y yield an additional failure sets.

In (c) we may consider failure sets including x
and w but not y and z and failure sets including y
and z but not x and w to obtain the claim. As re-
gards (d), failure sets (i) including = and z but not
y and w and (ii) including ¥y and z but not z and w
establish the claim. As for (e) observe that if either
x and y are included but z isn’t or if z and z are
included but y isn’t, then the number of failure sets

is at least 2("0”“14). Thus f% (U) - f,(U3) =

no— +1
(:0_312 - (&131)0 = (723) - (7=%) > 0 and the proof is
complete.

W

=)
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(d)

G

Figure 3.7
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4 Necessary conditions for uniform
optimality

Throughout this section the overriding assumption is
that 4 < K+ 1 < n < e so that by Corollary 4,

)\(k)(G) <e—-(k-1) and we may write U(G; p) =

6 ;ch)l(g) fz(G)p (1 )e ‘ + Zz e—(k- 2)( ) (1 -

)e ¢ . Observe that e — fo_j_
trees of G with &k nodes.

The theorem of this section describes condi-
tions on the coefficients in the unreliability expres-
sion given above for determining when Uy (G1;p) <
U (Ga; p) for all sufficiently small p and also when
the inequality holds for all sufficiently large p.

1 is the number of sub-

Theorem 12 Suppose G1 and G2 have n nodes and
e edges where A<k +1<n<e. Then

1. if)\gk)(Gl) > A(E’“)(GQ), then there exists pgy €
(0,1) such that Ui(G1;p) < Ur(Ga;p) for all
pe (O)p())"

2. if)\((;k) (Gy) = AR (G2), and i is the smallest in-
dex such that f;,(G1) # fi,(G2), then f;,(G1) <
fio (G2) implies there exists po € (0,1) such that
Ur(G1;p) < Ur(Ga; p) for all p € (0, po);

3. if i1 is the largest index, necessarily at most
e — (k—1), such that f;,(G1) # fi,(G2), then
fii(G1) < fi,(G2) implies there exists p; €
(0,1) such that Ux(G1;p) < Up(Ga;p) for all
pe(p1,1).

Proof:

1. Observe that
Ur(G2;p) = Ur(G1;p) =

)(GQ)(l p)” AP (@)

f)\(k)(G )p

e

Y

=2 (G)+1

(fi(G2) = £:(G1))p' (1 = p)".

Setp = p so that p? (1 - p)¢™ = (1 - p)¢p’ for
all 5. Thus
U(Ga; p) = Up(Gisp) =
(1= )P O f 0y g, (G)+
prp A (G) 12

e

2

=A%) (Go)+1

(fi(Ga) - F(Gr))p ™ (@),
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Hence there exists a py such that if p € (0,pp)
then the quantity in the brackets is positive. But
p =7 fpo is an increasing function of p so there
exists po such that p € (0, pp) implies p € (0,po)
and the result follows.

2. In this case Ux(G2;p) — Up(G1;p) (1 -
PP fig(G2) = fin(G1) + Tisipun (fi(G2) -
fi(G1))p'*], and the result follows as in the
previous argument.

3. Observe that Ug(Go;p) - Ur(Gi;p) =
S, (fi(G2) - KGO - )t = (1 -
P) " EiLol(fi(G2)= fi(G1))p' ™ (1-p)" '] =
P (1=p) 1 T [(fi(Go)=Fi(G1)) (F2) ],

Set p = % so that Uy (Ga;p) — Uk(G1;p) =
P = p) L L(fi(Ge) — i Gh))p
Now if 4; = 0 then fo(G2) = 1 and
fo(G1) = 0 and Ux(Go;p) - Ur(Gi;p)
P = T ((fa(Ga) — fa(Gr) +
Tito [(fi(G2) = fi(G))p) (1 = p)]).

Thus there exists p; < 1 such that if p € (0,p1)
then the quantity in the brackets is positive. As
p= ﬁ is decreasing on (0, p;] there exists p;
such that p € (p;, 1) implies p € (0,p;) and the
result follows. m

The following corollary yields necessary conditions
for a graph to be UMR over all graphs in a given col-
lection (necessarily having the same numbers of nodes
and edges).

Corollary 13 [If C is a collection of graphs, all with
the same number of nodes n and the same number of
edges e, where 4 < k+1 <n <e, and G is k-UMR
over C then

1. AW (G) is maximum over C;
2. ngk)(G) is minimum over all H € C having
MY (H) = X (G);

3. G has the minimum value of f._(_1y over C (or
equivalently, has the maximum number of sub-
trees of order k).

Proof:

1. )\ﬁk)(H) > )\gk)(G) where H € C, then, by The-
orem 12(1), there exists py € (0,1] such that
Ui(H;p) < Uk(G;p) for all p € (0, py), which
contradicts GG being k-UMR over C.

2.1 AP ) = AP(@) = A but fiL(H) <
f2(G) then, by Theorem 12(2), there exists pg €
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(0, 1] such that p € (0, pg) implies Ux(H;p) <
Uk (G} p), which contradicts G being k-UMR
over C.

3. 0f feg-1)(H) < fe(r-1)(G), then as i1 = e -
(k- 1), we obtain a contradiction to G being k-
UMR by Theorem 12(3). m

We apply this Corollary in our next section in
showing that there exists a range of values of k for
which no k-UMR graph on n nodes with e = n exists.

S On the Existence of k-UMR Unicy-
cles for Large Values of £ Relative
ton

As we have shown in Sections 2 and 3, k-UMR unicy-
cles exist whenever 3 < k < 7. In this section we note
that the cycle C), is n-UMR and prove that (n - 1)-
UMR unicycles exist. The somewhat surprising result

that if
2n0+5+/8n3 +1 "
<

2

then k-UMR unicycles do not exist is also established
here.
To begin, the fact that C), is the unique n-UMR

unicycle was established in [10] as A§"> = )\, the line-
connectivity. The case & = n — 1 is a bit more compli-
cated and is the subject of our next theorem.

<n-2,

Theorem 14 [fe=n=k+ 1> 5, then

1. when k is even, the unicycle U}, consisting of g
pendant edges all attached to a single node of the
cycle Cy ., is the unique (n - 1)-UMR unicycle on

2

n nodes (see Figure 5.1(a));

2. when k is odd, the unicycle U, consisting of %
pendant edges all incident on a single node of
the cycle Cr+1 and the unicycle U} consisting of

2

% pendant edges all attached to a single node
of the cycle Cris are the only two (n - 1)-UMR

unicycles onn Zodes (see Figure 5.1(b)).

Proof: Suppose that U is a unicycle on n nodes with
cycle length ¢ and let /5 be the number of nodes
on the cycle of degree equal to two. We claim that

A(D (U) < 2. Indeed, if ¢ = 3 then there exists a
node on the cycle C5 of degree at least three, so re-
moval of the two edges of ('3 adjacent to such a node
yields a failure state. If £ > 4, then removal of two in-
dependent edges of CY yields a failure state. Next re-

alize that fo(U) > (g) —lo+ (]“;_Z) since every pair of
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edges of C'y except for those adjacent to a node on the
cycle of degree two and every pair of edges not on the
cycle are failure sets. Consider the parabolic function

f(x)= (;)_($_1)+(k+é—z) _ 2:v2—(2k:+42)a:+k2+k;+2 _

22— (k-2)x+ ]“2*'2& (where the binomial coefficients
have the obvious interpretation when x not an integer)
which has a unique minimum at x = g + 1. Since Uy
is the only unicycle with fo(U) = f (% + 1) when k
is even, the result in (1) follows immediately. In the
event that k£ is odd consider the problem of minimiz-
ing f(x) when z is constrained to be an integer. Then

the minimum value of f(z) occurs only when x = %

orz = B2 As (UF) = F(5) = F(52) = (U)),
(2) follows and the proof is complete. m

()

Figure 5.1

The final result of this section establishes the non-
existence of k-UMR unicycles for a range of large val-
ues of k.
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Theorem 15 Ife=n=ng+k,ng>2and k > 4, then
a k-UMR unicycle does not exist when

2n0 +5+/8ng +1
> )

2

Proof: First recall from Theorem 10 and Theorem 11
that A (U) < ng for U # UF with the sole excep-
tion of n = 6,k = 4 and ngy = 2, where )\gk)(UG) =3=
no+1. As A" (U?) = ng+1, it follows that A\ (U) <
/\((;k)(U;”) whenever n > 4,k > 4andng > 2. Hence if
a k-UMR unicycle exists it must be U7, by Corollary
13(1), and in this case, fn,+1(U) > fny+1(UT) for all
unicycles U on n nodes, by Corollary 13(3). But we
shall see that if k satisfies the condition of the theo-
rem the unicycle U*, having n — 4 pendant edges all
incident on a single node of (4 (see Figure 5.2) has a
smaller value of f, .1 than U7, thereby proving that
a k-UMR unicycle doesn’t exist. Indeed

Fros1(UY) = (”0 k- 4) . 3(no T+ k- 4)

n0+1 no—l
7”L0+]€—4
+2( TLo—Q )
so that
fn0+1(st) - fn0+1(U4) =
L [(no+k=4)(ng + k= 5)-(k~ 1)]
no-:
[(k—2)(k—3)+n0(n0—2k+3)—2n0(n0+1)]
—4)!
%(H—(2n0+5)k+6+5n0—n02).

Now the expression in the second set of brackets is
positive if

2no +5+/8nd + 1
> }

2

Of course if ng > 2 then the condition requires that

k> %ﬁ > 7 which is consistent with the proviso
that n > 7. This concludes the proof. m

g k-
—_—

Figure 3.2
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Corollary 16 follows immediately from Theorem 15
after direct substitution of numerical values.

Corollary 16 If ng = 2, then when k > 8, no k-UMR
unicycle exists.
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