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Abstract: In this paper, we discuss some new Gronwall-Bellman type delay integral inequalities in two independent
variables on time scales, which contain arbitrary nonlinear items on unknown functions outside the integrals as
well as inside the integrals. The inequalities established have different forms compared with the existing Gronwall-
Bellman type inequalities so far in the literature. As applications, we research the upper bounds of one certain delay
dynamic equation on time scales. New explicit bounds for the solutions are derived with the results established.
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1 Introduction

As is known, various inequalities play important roles
in the research of qualitative and quantitative prop-
erties such as boundedness, uniqueness, and contin-
uous dependence on initial data of solutions of cer-
tain differential equations, integral equations as well
as difference equations. Among the inequalities, the
Gronwall-Bellman inequality [1,2] and its various
generalizations are of particular importance as these
inequalities provide explicit bounds for the unknown
functions concerned. During the past decades, much
effort has been done for developing such inequalities
(for example, see [3-22] and the references therein).
But we notice in the analysis of solutions of some
certain delay dynamic equations on time scales, the
bounds provided by the earlier inequalities are inad-
equate and it is necessary to generalize the existing
inequalities to arbitrary time scales so as to obtain the
desired results.

The aim of this paper is to establish some new
Gronwall-Bellman type delay integral inequalities in
two independent variables on time scales, which pro-
vide new bounds for the unknown functions con-
cerned. Some of our results unify existing continuous
and discrete analysis in the literature. For illustrating
the validity of the established results, we will present
some applications for them.

Throughout this paper, R denotes the set of real
numbers and Ry = [0, 00), while Z denotes the set
of integers. For (z1,y1), (72,%2) € R2,if 21 < 29
and y; < yo, then we mean (71,%1) < (72,%2).

For a function f with two independent variables, if
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(w1,y1) < (22,y2) implies f(x1,y1) < f(22,52), we
mean f is nondecreasing. For the details about time
scales, we refer the reader to [23,24].

In the rest of this paper, T denotes an arbi-
trary time scale, and To = [zg,00) (T, Ty =
[yo, 00) N'T, where xg, yo € T*. Furthermore, as-
sume Ty C T7, ’i‘o C T*.

2 Main Results

Theorem 1 Suppose u, a, b, f € Crq(Ty X
To,R.), and a(x,y), b(x,y) are nondecreasing with
a(0,0) > 0. ¢, n € C(R+,Ry), and ¢ is nonde-
creasing with o(r) > 0 for r > 0, while n is strictly
increasing. 71 € (T, T), 1i(x) <z, —o0 < o =
inf{ﬁ(x),x S To} < xg. 79 € (TO,T), Tg(y) <
y, —oo < p = inf{m(y),y € To} < yo. ¢ €
Crd(([gvx(]] X [5»?/0])0T27R+)- Iffor (ﬁ,y) €

Ty x To, u(zx,y) satisfies the following inequality

n(u(z,y)) < alz,y)

+b(z, y) / / :f(s,t>so<u<n<s>,72<t>>>AsAt,
(D

with the initial condition:

u(z,y) = ¢(x,y),
ifxe[aaxo}nTOTye[5790}01‘, _

o(m1(x), 2(y)) < n~a(z,y)), ¥(z,y) € To x Ty,
if m(z) < xo or 72(y) < yo, o
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then
u(z,y) <n G G(a(z,y))
+b(x,y) /y gcf(s,t)AsAt]}, (z,y) € Ty x ’i‘o,
Yo Yo
3)

where G is an mcreasmg bijective function, and

Gv) = [/ (_())dr v > 0 with G(c0) =

Proof: Fix X € Ty, Y € Ty, and let z € [0, X]
NT, y € [yo, Y]NT. Denote v(z,y) = a(X,Y) +
WX, Y) [l [o (s, t)o(u(Ti(s), T2(t))) AsAt. Then

u(z,y) <n " (v(z,y)),

mTa Yy e y07 nT (4)

If 7i(x) > xp and 72(y) > wyo, then 71(x) €
[:L'(),X]HT, Tg(y) S [yo,Y]ﬂT, and

() <0 H(o(r(x),72(y)) <n~

Q.

x € :L‘(),

Yo(z,y)).
5
If 71 (x) < xg or 72(y) < yo, then from (2) we have

u(71(r), 2(y)) = ¢(11(2), T2(y))

U(Tl(x),’rz

<0 Halz,y)) <0 (v(2,y)). (6)
From (5) and (6) we always have
u(r(2), 72(y)) < 0~ (v(,y)),
z € [z, X](\T, y € [0, YI[\T. (D
Moreover

xT

0 (o,) =Y [ flsp)ptuln(e), () As

o

<BY) [ s @),
that is,

T

f(s,y)As,

vy (2, y)
o(n " (v(z,y)))

On the other hand, from the definition of G, if o(y) >
vy, then

< b(X,Y) /

Zo

(®)

(G (o(a, )y =

o(y) —y
1 owoly) ]
T ew T
< vz, 0(y) —v(z,y) 1
- o(y) —y o (v(z,y)))
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o vup(zy)
- 1

pn”
If o(y) = vy, then

€))

= lim
t—y

(G (o(z.y))]y

_ v (x,y)
p(n~ (v(z,y)))’
(10)
where ¢ lies between v(x,t) and v(z,y). So from (9)
and (10) we always have

A
G , A < vy (.’IJ y) ) 11
el = oy Y
Combining (8) and (11) we obtain
Gy <HXY) [ floyas 2

Setting y = ¢ in (12), an integration for (12) with re-
spect to t from yg to y yields

’ f(s,t)AsAt.

Yo Yo

Since v(z,yp) = a(X,Y), and G is increasing, then

G(o(z,y))=G(v(x,90)) < b(X,Y)

v(z,y) < G G(a(X,Y))
Yy rx
HH(X,Y) / Fls,)AsAL.  (13)
Combining (4) and (13) we deduce
u(z,y) <n HG~

/yy :f(s,t)AsAt]},

HG(a(X,Y)) +b(X,Y)

ﬂT7y€ y07 mT

Setting z = X,y = Y in (14), since X, Y are se-
lected from Ty, Ty arbitrarily, then after replacing
X, Y by x, y we get the desired result.

z € [x9, X (14)

Theorem 2 Suppose g € Cpq(To x To,Ry), and
u, a, b, f, n, o, 11, T, a, B, ¢ are defined as in
Theorem 1. Furthermore, define H (r ) @, r >
0, and assume H is increasing with H (00

: )= oo If
for (z,y) € Ty x Ty, u(z,y) satisfies the following
inequality

n(u(z,y)) < a(z,y) + b(z,y)
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[ [ ittt (0
(s, (71 (5), 720 (), (1)) S5,
(15)

with the initial condition (2), then for (z,y) € Ty X
Ty we have

a(x,y)
n~a(z,y))

//fstAsAt—i—bxy// (s, t)AsAt}}.
Yo Zo Yo Zo

(16)
where G is an mcreasmg bijective functzon and
G) = [ —= dr, v > 0 with G(c0) =

e(H™!(r))
Proof: Fix X € Ty, Y € To, and let 2 €

[0, X]N'T, vy € [yo,Y]NT. Denote v(z,y) =
a(X,Y) + b(X V) fo Joo [f (s:)u(Ti(s), 72(t)) +

u(z,y) < HHG G +b(z,y)

Q.

g(s, thu(ri(s), Tz(t))sﬁ( (r1(s), 72(t)))] AsAL. Then
u(z,y) <n '(v(z,y)),
w € [0, X]()T, y € [0, Y](T, (A7)
and similar to (5)-(7) we obtain
U(Tl(l‘),’fz(y)) < U_I(U(x,y))a
x € [20, X]()T, y € [0, Y](T.  (18)
Furthermore,

T

vyA(a:,y) =b(X, Y)/ [f(s,y)u(ti(s), 72(y))

zo

+9(s, y)u(ri(s), 2(y))p(u(T1(s), 72(y)))] As

<o (el X Y) [ [Fs

+9(s,y)e(n " (v(s, )] As},

that is,
v (,y)
nHu(z,y) ~

b(X, V) / " (s,y) + g, ) (v(s, )] As,

i (19)
Define J(v) = [/ _11 - dr, v > 0. Then similar to
the process of (9)-( l 1) we have

vy (x,y)
vlxr A yi
oE < St e
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A combination of (19) and (20) yields

[J(v(2,9))]y < b(X,Y)

| s+ gt (s p))as. @D

Setting y = ¢ in (21), an integration with respect to ¢
from yg to y yields

J(v(z,y)) -

"1, + (s, Dot (s,
[

Zo

J(’U($, yO)) < b(X7 Y)
H)]AsAL

that is,

= ’
($yo)77 1(/‘)

Yy rx

[ [ 1rs0+g0s,000 (s )AsAt 22
Yo Jxo

On the other hand, according to the Mean-Value The-

orem for integrals, there exists £ such that v(x, yp) <
{ <v(z,y), and

o(zy)
/ ——dr =
v(zyo) 1 ()

n (&)
v(z,y)  o(x, )
ntu(x,y) N (u(@, )

So we deduce that
Hp (vo(z, ) <
/y / jms,t) + g5, p(n~ (u(s, )] AsAL
a(X,Y) yorX
< ey AN [ [ e
L(wu(s,t)))AsAt].

S [ ols. )00
(23)

Now a suitable application of Theorem 1 to (23) yields

—1 e —1 (X Y)
7 ol ) < BGOSR
b(X,Y) / / (s,t)AsAt]
y/ (s,t)AsAt}},
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which implies

~ a1 a(X,
u(z,y) < HYG 1{G[W

HH(X,Y) /y Y / X Fls,1)AsAt]

wx,y) [ g nasAny.  24)

Yo Yo
Setting z = X,y = Y in (24), since X, Y are se-
lected from Ty, Ty arbitrarily, then after replacing
X, Y by z, y we get the desired result.

Theorem 3 Under the conditions of Theorem 2, we
have another estimate for u(x,y) as follows:

u(z,y) < n I HG G (a(z,y)) + bz, y)
/ f(s,t)AsAt] + bz, y / / s, t)AsAt}}},

(25)
where G is an increasing bijective function, and
G(2) = [f —— 1 dr, z > 0 with G(c0) =

Lot (ITH()

Q.

Proof: By the process of (17)-(22) we have

v(x,y) < Jfl{‘](v(xay())) + b(X7 Y)

) x
/yo /zo [£(s,) + g(s,t)p(n~ (v,

= J YJ(a(X

t)))]AsAt},
Y))+b(X,Y)

[ [[1566.0 + o0t

o

t)))|AsAt},
< JHJ(a(X,Y))+ b(X,Y)
/Y /X Fls,0)AsAt + b(X,Y)

[ ot 0et7 s

where J, v(z,y), X, Y are defined as in Theorem 2.
Let

t)))AsAtl}, (26)

Y X
z(z,y) = J(a(X,Y)) + b(X,Y)/ / f(s,t)AsAt

b X[ [ g(s el s,

Yo Y xo

£)))AsAt].

Then
v(z,y) < J Hz(z,y)},

INT, y €y, YT,

S x(),
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and

@) =0 XY g et v 0)Ad
<bxy) [ :g<s,y>As1so<n1<J1<z<x,y>>>>,

that is,

xT

Ay
O gy S M) [ senas
27)

On the other hand, similar to the process of (9)-(11)
we have

- 2y (2,9)
zZ\(x A Y .
= R ey

A combination of (27) and (28) yields

T

Glelealy <bXY) [ glsp)as. @9

o

Setting y = ¢ in (29), an integration with respect to ¢
from yg to y yields

x

Clo(2,9))—Cl=(z, 10)) < b(X,Y) / ’ / o(s, ) AsAL.

Yo Y xo
Since G is increasing, and z(z,yo) = J(a(X,Y)) +
b(X,Y) f;; fjg f(s,t)AsAt, then furthermore we
have

2(z,9) <G G (a(X,Y)) +b(X,Y)

//fstAsAt+bXY// (s,t)AsAt},

(30)
which confirms the desired result since X, Y are se-
lected from T, Ty arbitrarily.

Theorem 4 Suppose g;, i = 1,2, ...,1 € Cq(Tox

TO,R+), where | is a positive integer. u, a, b, f, n,

p, T, T, «, B, ¢ are defined as in Theorem 1.

¥ € C(R4,Ry), and ¥ is strictly increasing. Fur-
-1

thermore, define H(r) = w, r > 0, and

assume H is increasing with H (0) = oo. If for

(z,y) € To x To, u(z,y) satisfies the following in-
equality

n(u(z,y)) < a(z,y) + b(z,y)

[ [ s itutn o) no)asad+ )
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e(u(m1(s), 72(t)))AsAt, 3D

with the initial condition (2), then for (z,y) € Tq X
Ty we have

u(z,y) < ﬁ‘l{@’l{@[%

:Ey// (s,t)AsAt]
Yo

b(x,y / Zg,-(s,t)AsAt}}. (32)
Yo JTo ;—q1

where G is an increasing bijective function, and
G) = [ —= 1 dr, v > 0 with G(c0) = oo.

p(H™(r))

Proof: Denote v(x,y) = ¢ (u(z,
be rewritten as

(W (v(z,y))) < alz,y)+
b(z, y) / / jf(s,wv(n(s),rg(t)msm+b(x,y>

y)). Then (31) can

y px 1
/ / 3 15,01, o)l (5), 7o (1)) At

(33)
Then a suitable application of Theorem 2 to (33)
yields the desired result.

Now we study the delay integral inequality on
time scales with the following form:

(xy)<axy+// (s, t)ul(11(s), 2(t))
2(8))) + (s, t)p(uls,

with the initial condition
u(z,y) = ¢(z,y)
/fo S [Oé,xo]ﬂTOTy € [ﬁvy[)] mTv

o(r1(x), 72(y)) < av (z,y), Y(z,y) € To x T
if mi(x) < xoor m2(y) < yo,

1)) AsAt,
(34)

+9(s, )p(u(ni(s), 7

(35)
where u, a, f, ¢, T, T, «, B, ¢ are defined the
same as in Theorem 1, and furthermore, ¢ is submul-
tiplicative, that is, p(af) < p(a)p(B) for Vo, 8 €
Ry. g, h € Cry(Ty x TO,R+). p, q are constants
withp > ¢ > 0.

Lemma 5 Suppose u, q € Cpq(T*xT* R), p(x,y)
€ Rt with respect to y, and u(x,vy) is partial delta
differential at y € T*, then for y € T*,

ud(z.y) < ple.y)ulz.y) +qlr.y)
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implies
Y

u(wy) < ulwgo)en(m0)+ | ale ey (y o0) A,
Yo

Lemma 5 is a direct 2D extension of [25, Theorem
5.4].

Lemma 6 [26] Assume that a > 0,p > q > 0, and
p # 0, then for any K > 0

a» < gK%oﬂ—pi_ Tk,
p p

Theorem 7 If for (z,y) € To x To, u(x,y) satisfies
the inequality (34) with the initial condition (35), then

u(e,y) < (G {Cla(zy)

+/ / (s,t)2 KPAsAt)—F/yOy[/x:(g(Sat)

+h(s, 1) Asle((er, (£, 50)) 7)) At}er, (3, 30) } 7,
(36)

where G is an increasing bijective function, and

é’(v) =/ %dr, v > 0 with G(00) =
p(r7)

0o, while

Fy(e,y) = / flan) iK' as @D

Proof: Let X € Ty, Y € T be two fixed numbers,
and z € (20, X]NT, Y € [yo, Y] T. Denote

xT

o(w,y) = a(X,Y) + / j[f(&t)uq(ﬁ(S),m(t))

zo

2(1))) + h(s, )p(u(s, )| AsAt.

+9(s, t)e(u(ti(s), 7
Then .
u(z,y) <vr(z,y),

INT, Y €y Y]()T. @38
Similar to the process of (5)-(7), we obtain
u(ri(z),72(y)) < v

INT, Y €y, YT (39
Furthermore, by (38), (39) and Lemma 6, we have

T € .CE‘(),

S0

(z,9),

S 1‘0,

(@, y) < a(X, Y)+/yy /x[f(s,t)v%(s,t)

0 Y Zo

g5, 8)p(v7 (5,8)) + (s, ) (v7 (5,1))] AsAt
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Y z a—p — q
<a(X,Y)+/ / [f(s,t)(%KTv(s,t)—i—]%KE)

(g(5,) + h(s, 1)) p(v (s, 1)) AsAt

y
Fy(x, t)v(z, t)At.
Yo

< F(XY)+ (40)

where

Filay) =awy) + [ [ 170tk

Yo o

(g(s, 1) + (s, ) (v (s, )] AsAL,

F5 is defined in (37), and K > 0 is an arbitrary con-
stant.
Denote the right side of (40) by ¢(x, y). Then

v(z,y) < c(z,y),

z € [xo, X](\T, Y € [y, Y][|T. 4D
Furthermore,
i (2,y) = Fa(z,y)v(z,y) < Fa(z,y)c(z,y). (42)

As one can see, Fy(z,y) € R4 with respect to y.
Then a suitable application of Lemma 5 to (42) yields

C(.%', y) < C(.f, y0)€F2 (y7 Z/O) = Fl (X7 Y>6F2 (y7 ?JO);

INT, Y €y, Y]T. 3

Taking z = X, y = Y in (43), since X € Ty, ¥V €
T, are selectedNarbitrarily, then in fact (43) holds for
Vo € Tg, y € Ty, that is

S .1‘0,

C(J,‘,y) S Fl(%y)ng(?/>3/0)> ($7y) S TU X TO'
(44)
On the other hand, if we let

X pP—q,.1
2(x,y) = a(X,Y) + / fla )P LK At
Yo

+ x/y(g(sat) + h(svt))Sﬁ(U%(S,t))AsAu

o Y Yo
then
Fi(z,y) < z(z,y),

INT, Y €y YT

Furthermore, we have

(45)

S 330,

) = [ 90.9) + s, 9)e(wF (1) As

0

<[ (9s,9) + s, ) AsJp(0? 2,1)

0
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< ([ (gls,) + s, ) Aslile (2. 1)

0

< [/yy(g(&y)Jrh(&y))AS]SO((Fl(x,y)er(fr,xo));)

0

<1/ (os9) + (s )]

0

P((F(x,9) 7)o ((er (v, 90))7)

<(f :<g<s,y> + h(s,))As]

o((2(2, 1) 7)o ((er (4, 90))7),

x € [x0, X ﬂT Y € [y, Y ﬂT,
that is,
25 (@, y)
p(zr (,9))
[ (9(s.) + hls,u) Ask((er, (v.0)7),
x € [zo, X](\T, Y € [yo,Y][\T. (46)
Similar to the process of (9)-(11) we have
~ A
Cleta ) < —2 20
e(z7 (z,y))

So

Gletarp))l3 <
([ (ots9) + hls, 1) Asle(er v 0)) ),

0
INT, Y €y YT

Setting y = t in (47), an integration for (47) with re-
spect to t from yg to y yields

x € [xg, X (47)

Gla( ) — Gal. o) <
L (0t + his, ) Asl((er o) P,
x € [xo, X](\T, Y € [yo.Y][|T. (48)

Considering G is increasing, and z(x, y0) = a(X,Y)
+ XL F(s, )P 9K T AsAL, we have

2(z,y) <

G {Gla(x,Y) + / " / ' f(s,t)l%K%AsAt)
xo Yo

Yy

+ 1 tos.0) 4 s, D) A5 (en, (,90)P)A1)
49)
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Combining (38), (41), (44), (45) and (49) we obtain
forz € [xg, X]NT, Y € [y, Y]NT

u(z,y) <

~—1 ~

(G {Ga(X,Y)+ / : / ' f(s,t)I%K%AsAt)—i—

0

/yy[/:(g(s,t;Jr h(s,t))As]

0 0

o((em (£, 10))P) Atyer, (v, y0) } o

Setting * = X, y = Y in the inequality above,
since X € Ty, YV € TO are selected arbitrarily, then
after substituting X, Y with =, y we get the desired
inequality (36).

Finally we study the delay integral inequality on
time scales with the following form:

y
c(x, t)uP (z,t)At
Yo

uP(z,y) < a(z,y) +

+ /y y / F(s,)ul(my (), ma(£)) AsAt+

Yy T
[ [ ot ptutns). maen)hs otus, pplasat

Yo Y To (50)
with the initial condition (35), where u, a, b, f, ¢,
71, To are defined the same as in Theorem 1, and fur-
thermore, ¢ is submultiplicative, that is, p(af) <
e(a)p(p) for Yo, B € Ry. g, h, ¢ € Crqg(To X
To, R, ). p, q are constants with p > ¢ > 0.

Lemma 8 Suppose u, q € C.y(T" x T" R,),
p(z,y) € RT with respect to y, q(x,y) is nondecreas-
ing in y, and u(x,y) is partial delta differential at
y € T%, then for y € T,

Y

u(z,y) < q(x,y)+/ p(z, t)u(x, t)At

Yo
implies
u(z,y) < q(z,y)ep(y, yo)-

Proof: Treat = as a constant, and According to [25,
Theorem 5.6] we can deduce

u(e,y) < qla.y)+ [ ala.Dple. ey (y, o(t)At.

Yo
(5D
Since q(x,y) is nondecreasing in y, then

u(z,y) < g(e )1+ [ ple Deyly, o(t)At]

Yo
(52)

E-ISSN: 2224-2880 763

Qinghua Feng, Bosheng Fu

On the other hand, according to [24, Theorem 2.39
and 2.36 (i)] we have

Y
1 + p(-ﬁ, t)ep(y7 J(t))At = ep(y7 yO)' (53)

Yo

Then combining (52) and (53) we get the desired re-
sult.

Theorem 9 If for (z,y) € Ty x To, u(x,y) satisfies
the inequality (50) with the initial condition (35), then

u(z,y) <
~—1 =~ T Yy - p—q .4
(G {Cla(z,y) + / 0 /y FenPAa asn)

+ y[/:(g(s,t) +T(s,1))As]

Yo 0

=

o((eg, (1.10) ) Aty e (y. wo)ec(y. wo) ), (54)

where G is defined as in Theorem 7, and

= f(x,9)(ec(y,90)) 7,

1

= gz, y)pl(ec(y,y0))7],

)

) ) (55)
) = h(z,y)pl(ec(y,v0))7],

y

Proof: Let the right side of (50) be vP(x,y). Then
u(z,y) < v(z,y), (z,y) € Tox Ty, (56)
and similar to (5)-(7) we have
u(ri(z), 72(y)) < v(@,y), (x,y) € To x To.

So we deduce

v(ey) aley)+ [

Yo

c(x, t)vP (z, t) At

+b(z,y) /yy /:f(s,t)vq(s,t)AsAt

+ /yy /x[g(s,t)go(v(s,t))+h(s,t)<p(v(s,t))]AsAt,

’ (57)
Denote

Pay) = o) +0(ey) [ [ Sl (s. 08800
y . Yo Yo

+ [ [ las 00(0(s. )+ his, Op(o(s, ) AsAL
Yo J o

Then v?(z,y) < 2P(z,y)+ [, c(x,t)vP (2, t) At. Ob-
viously z(z,y) is nondecreasing in y, and c¢(x,y) €
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‘R with respect to y. By an application of Lemma 8
we obtain

Up(x7y) < Zp(l‘,y)ec(y, yO) (58)

Furthermore,

2P(z,y) < alz,y)

+/ / F(s,8)29(s, 1) (ec(t, yo)) » AsAt

[ oo

Fh(s, t)plz(s, t)(ec(t, yo)) 7]} AsAt

alw,y) + / y / © F(s,8)27(s,8) eclt, o)) * AsAt

(5,8)(ec(t, 30))7]

+ [ tots Dpteto D)pl(ectt )7
+h(s, 8)p(2(s,t))pl(ec(t, o)) 7]} AsAt
< a(z,y) +/yj/$:j~’(s,t)

+ / / :@(s,t)so(z(s,t))+E<s,t>¢<z<s,

where f, g, I are defined in (55). Then applying The-
orem 7 we obtain

29(s,t)AsAt

1)) AsAt,

2a.y) < {G {Clalz.y)

+/ / s, t KPAsAt)Jr/y:[/xj@(sat)

1) Aslp((eg, (t,90)) A w0)}7.

5 (59)
where Fy(x,y) is defined in (55).

Combining (56), (58) and (59) we get the desired
result.

3=

+h(s )At}es

Remark 10 Our theorems generalize some known re-
sults including both continuous and discrete inequal-
ities in the literature. For example, If we take T =
R, 2o = yo = 0, n(u) = u, then Theorem I reduces
to [11, Theorem 2.4]. If we take T = Z, xo = yog =
0, Tl(x) = T, TQ(y) =Y a(xuy> = C, b(m,y) =
1, n(u) = uP, then Theorem 1 reduces to [12, The-
orem 2.1]. If we take T = Z, 11(z) = z, 72(y) =
y, a(x,y) = C, b(x,y) =1, then Theorem I reduces
to [16, Theorem 2.1]. If we take T = Z, a(z,y) =
k, b(x,y) = 1,11(x) =z, (y) =y, xo =yo =0,
then Theorem 2 and Theorem 4 reduce to [16, The-
orems 2.2, 2.3]. If we take T = R, 9 = yo =
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0, f(x,y) = 0, then Theorem 7 reduces to [13, The-
orem 2.4] with slight difference. If we take T =
R, f(z,y) =0, p(u) = u, a(z,y) =k, b(z,y) =
1, n(u) = u, then Theorem 7 reduces to [14, Theorem
3(cl)] with slight difference.

Remark 11 Theorem 3 is the extension on time scales
of [17, Theorem 1] to 2D case.

Remark 12 Compared with the main results in [27-
29], one can see the inequalities established in Theo-
rems 1-4, 7 and 9 provide new Gronwall-Bellman type
inequalities on time scales so far in the literature.

3 Applications

In this section, we will present one application for the
established results above, and new bounds are derived
for the solutions of one given delay dynamic equation
on time scales.

Example: Consider the following delay dynamic
integral equation on time scales

U2$ = ! ’ S U\T S
(,9) C+/yo/xOM[,t, (11(s), (1)) | AsAL,
(.Z',y) € Ty x 'i‘o7 (60)

with the initial condition

u(z,y) = é(z,y),
fo € [Oé,.’I,‘()]ﬂr];OT'y € [/BayO]mTa
p(r1(z), 72(y)) < |ClP, V(x,y) € (To, To),
if T1(z) < 2o 0or T2(y) < o,

B (61)
where u € C.4(To x To,R), ¢, o, B, 71, T2 are
the same as in Theorem 1, C' is a nonzero constant,
M e Crd(TO x Ty x R, R)

Theorem 13 Assume |M(s,t,u)] < f(s,t)|u] +

g(s,t) 3, where f, g € Crg(To x To,Ry), then
we have the following estimate

(@, y) <{\/\ﬁ+

1 [y [z .
+§/ / g(s,t)AsAt}?, (z,y) € ToxTy. (62)
yo Jzo

f (s,t)AsAt

Yo Y To

Proof: From (60) we have

o) <101+ ’ / C M st u(m (s), ()| AsAt
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[ 16 0un (), )

Zo

Yy
SICH/
Yo

(s, 1) |u(r1(s), 72 (1)) 2] AsAL.
Then a suitable application of Theorem 2 yields

(63)

e
u(z,y) < H_l{G_l{G[77_|1(|‘C|)
/ / F(s, ) AsAL] + / /: (5, ) AsAL}).
" o4
where n(r) =% H(r) =7, o(r) = r, Glv) =

I dr = 2,/v — 2, v > 0. Then from (64) and the

expresswns of H , O, G we can deduce the desired
result.

Remark 14 Under the conditions of Theorem 13, if
we apply Theorem 3 instead of Theorem 2 to (63), then
we can obtain another estimate for u(x,y) as follows:

\/\ﬁ+ /fstAsAt

2 [y [z -
+{ [ [ ats.0nsnt2, (@y) € To x To.
Yo Y xo

Theorem 15 Assume |M(s,t,u)| < f(s,t)\/|u] +

g(s,t) 3, where f, g € Crg(To x To,Ry), then
we have the following estimate

u(z,y) < i/\/ﬁvL /y:/ﬂng(s,t)AsAt
i”/exp{/yy /; Zg(s,t)AsAt}, (z,y) € Ty x To.

(65)

Proof: From (60) we have

lu(z, y)|> < |C| +/ / |M(s,t, u(T1(s), T2(t))|AsAt

<icl+ [ [ 1 ny/lum(s), i)
+gls, Olu(ri (), () F1AsAL (66

Then a suitable application of Theorem 4 yields

5 €]

1 A-1fA
< HAHGHCL =y

_1_/: /z: f(s, t)AsAt] + /yj /x:g(s,t)AsAt}}.
(67)

u(z,y)
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~

where n(r) = 72, H(r) o(r) = 13, G(v)
I %dr = Inv, v > 0. Then from (67) and the ex-
pressions of H , Py G we can deduce the desired re-
sult.

Remark 16 In Theorem 15, if we assume | M (s,t,u)|

< f(s,t)\/|u| + g(s,t) 3, then from Theorem 7 we
can obtain another estimate for u(x,y) as follows:

u(x,y) <{\/|C|+/ / f(s 7K AsAt
Zo Y Yo
1

3 L1 (oo ) ehts ) Aslo((en, (30 )0t

XA/ EFR, (yvy())v

where Fy(z,y) = Zl[K_% Jo f(5,9)As, and K > 0
is an arbitrary constant.

4 Conclusion

Some new generalized Gronwall-Bellman type delay
integral inequalities in two independent variables on
time scales have been presented. We also present one
example as applications, in which new explicit bounds
for the solutions of certain delay dynamic equations
on time scales are derived using the results estab-
lished. The results established in this paper are gen-
eralization of some existing Gronwall-Bellman type
continuous and discrete inequalities in the literature.
Finally, we note the established results can be ex-
tended to n dimensional cases, which is supposed to
further research.

Acknowledgements: The authors would thank the
reviewers very much for their valuable suggestions on
this paper.
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