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1 Introduction Definitions and Nota-
tions.

We denote by C the set of all finite complex numbers.
Let f be a meromorphic function defined on C. We
use the standard notations and definitions in the theory
of entire and meromorphic functions which are avail-
able in [5] and [17]. In the sequel we use the following
notation :

and log[o]

r=x.

Let L. = L(r) be a positive continuous function
increasing slowly i.e., L(ar) ~ L(r) as r — oo for
every positive constant a. Singh and Barker[13] de-

fined it in the following way:

Definition 1 [/3] A positive continuous function
L(r) is called a slowly changing function if for € > 0,

< < k*, for r > r(e)

1
ke
and uniformly for k > 1.

If further, L(r) is differentiable, the above condi-
tion is equivalent to

L/
lim rL(r)

=0.
r—oo  L(r)
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Somasundaram and Thamizharasi [14] intro-
duced the notions of L-order and L-order for entire
functions. The more generalized concept for L-order
and L-type for entire and meromorphic functions are
L*-order and L*-type respectively. Their definitions
are as follows:

Definition 2 [/4] The L*-order p}" and the L* -

lower order)\]Lc* of an entire function f are defined as

. log?! M (r, f)
L™ — -5 A J)
py = lim i e log[reLl(r)]

and -
)\]I?* = lim inf log™ M(r, /) M{r, f),
r—00 log [reL(T)]

When f is meromorphic, one can easily verify that

pL* = lim sup 7logT(r, /)
f r—00 10g [T@L(r)]

and
" logT
A = lim g 28T
r—00 log [reL(T)]

Definition 3 [14] The L*-type O'ch’* of an entire func-
tion f is defined as follows:

. log M
ok = lim sup B S)
r—00 [reL(r)] Py

*
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For meromorphic f,

T(r f)

af*:limsup L*,0<pJLc*<oo.
r—00 [TGL(T)] f

Let f be a non-constant meromorphic function
defined in the open complex plane C. Also let
noj,nij,..-nkj(k > 1) be non-negative integers such

k
that for each j, > n;; > 1. We call
i=0

M;[f] = A; (f)" (f(1)>”1j (f(k:))”kj

where T'(r, Aj) = S(r, f) to be a differential mono-
k
mial generated by f. The numbers M; = > n;; and
i=0

k
> (i + 1)n;; are called respectively the de-
i=0

gree and weight of M;[f] ([41,[12]). The expression
S

P[f] = > M;j[f] is called a differential polynomial
=0

T,

7=
generated by f. The numbers yp = max s, and
1<5<s J

I'p = max I'y; are called respectivefy}he degree
1<j<s

and weight of P[f]([4],[12]). Also we call the num-
bers yp = lrgig Yum; and k (the order of the highest
— SISSs

derivative of f) the lower degree and the order of P|[f]
respectively. If v, = ~p, P[f] is called a homoge-

neous differential polynomial. Throughout the paper
we consider only the non-constant differential poly-
nomials and we denote by Py[f] a differential poly-
nomial not containing f i.e., for which ng; = 0 for
j = 1,2,...s. We consider only those P[f], Py[f]
singularities of whose individual terms do not can-
cel each other. We also denote by M|f] a differen-
tial monomial generated by a transcendental mero-
morphic function f.

In the sequel the following definitions are also
well known :

Definition 4 Let ‘a’ be a complex number, finite or
infinite. The Nevanlinna deficiency and the Valiron
deficiency of ‘a’ with respect to a meromorphic func-
tion f are defined as

)

: N(r,a; f) _ . . .m(r,a; f)
6(a; f) = 1-lim sup ——+= = liminf ———=
() ke T ) o T(nf)
and

.o N(rasf) m(r,a; f
A(a; f) = 1-liminf ———* = lim sup —————=
1) = 1m0 ) e T )
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Definition 5 The quantity ©(a; f) of a meromorphic
function fis defined as follows

N(r,a; f)

O(a; f) =1—1lim sup 0 )

Definition 6 [/6] For a € C U {oo}, we denote by
n(r,a; f |= 1), the number of simple zeros of f —
ain |zl < r. N(rya; f |= 1) is defined in terms of
n(r,a; f |= 1) in the usual way. We put

N(Tv a; f ‘: 1)
T(r.f)

the deficiency of ‘a’ corresponding to the simple a-
points of f i.e., simple zeros of f — a.

d1(a; f) =1 —lim sup

r—00

Yang [15] proved that there exists at most a denu-
merable number of complex numbers a € C U {oo}

for which §1(a; f) >0and >  d1(a; f) < 4.
aeCU{oo}

Definition 7 [9] For a € C U {oo}, let ny(r,a; f)
denotes the number of zeros of f —a in |z| < r, where
a zero of multiplicity < p is counted according to its
multiplicity and a zero of multiplicity > p is counted
exactly p times; and Ny(r, a; f) is defined in terms of
ny(r, a; f) in the usual way. We define

dpla; f)=1-— listggo W.

Definition 8 /3] P[f] is said to be admissible if
(i) P[f] is homogeneous, or

(ii) P[f] is non homogeneous and m(r, f)

S(r, f).

Lakshminarasimhan [6] introduced the idea of the
functions of L-bounded index. Later Lahiri and Bhat-
tacharjee [8] worked on the entire functions of L-
bounded index and of non uniform L-bounded index.
In the paper we investigate the comparative growth of
composite entire and meromorphic functions and dif-
ferential monomials, differential polynomials gener-
ated by one of their factors using L*-order and L*-

type.
2 Lemmas.

In this section we present some lemmas which will be
needed in the sequel.
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Lemma9 [1] If f be meromorphic and g be entire
then for all sufficiently large values of r,

T (r,9)

T(r.fog) < {1+oMW} i 7r s

Lemma 10 [/1] Let f and g be any two entire func-
tions. Then for all r > 0,

T(r.fog)> ;logM{;M(Z,g) +o<1>,f}.

Lemma 11 [7] Let g be an entire function with Ay <
oo and a;(i = 1,2, 3, -+ ,n;n < o0) are en-
tire functions satisfying T (r,a;) = o{T (r,9)}. If

n
>0 (ai,g) = 1 then hm _Tlrg) 1
i=1

oo log M (r,g) T

Lemma 12 [3] Let Py[f] be admissibleIf f is
of finite order or of non zero lower order and

> O (a; f) =2 then

a#oo
Lo T )

r—00 T(ﬁ f) - FPO[f]-

Lemma 13 [3] Let f be either of finite order
or of non-zero lower order such that © (co; f) =

> 0plasf) =lord(oosf) = > 6(a;f) = 1.
a#0o a#00

Then for homogeneous Py|f],

o T Rlf)

r—00 T(T, f) - PYPO L1

Lemma 14 Let f be a meromorphic function of finite

order or of non zero lower order. If > O (a; f) =
aFoo
2, then the L*-order ( L*-lower order) of admissible

Py[f] is same as that of f. Also the L*-type of Py[f]
is I'p,y) times that of f when [ is of finite positive
L*-order.

Proof. By Lemma 12, lim log T(r, Po[/])

exists and is
rooo logT(r.f)

equal to 1.
* i log T (r, Po[f])
L _ } )
Prifl = hfi&ogp log [reL(T)]

— Jim sup logT (r, f logT(r,Pg[f])

T(M(r,g),[)-

)
r—o0 log [rel ()]’ A log T (r, f)

*

In a similar manner, AJLDS[f] = )\JI; .
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Again by Lemma 12,

. T (r, P
0'1130[ g = lim supi(r’ O[Lﬂ)
=00 [r@L(T)]pPO[f]
T (r, P T
= lim M.lim sup Lf)m
r—oo  T(r, f) r=300 [peLlr)]P1
= Trof
This proves the lemma. O

Lemma 15 Let f be a meromorphic function of finite
order or of non zero lower order such that © (oo; f) =

gép(a;f) = 1ord(oo;f) = ; 6(a; f) = 1.
Then the L*-order ( L*-lower order) of homogeneous
Py [f] and f are same. Also the L*-type of Py [f] is
VP [f] times that of f when f is of finite positive L*-
order.

We omit the proof of the lemma because it can be
carried out in the line of Lemma 14 and with the help
of Lemma 13.

Lemma 16 [10] Let f be a transcendental meromor-

phic function of finite order or of non-zero lower order
and >, 01(a; f) =4. Then

acCU{o0}
. T(r, M[f]) .
where
O(oc0; f) =1— limrsilgo ]j\f((:?ff)) :

Lemma 17 If f be a transcendental meromorphic
function of finite order or of non-zero lower order and

> 61(a; f) = 4, then L*-order ( L*-lower or-
a€CU{oo}
der) of M[f] are same as those of f. Also the L*-type

of M[f)isTpr — (Dar — yar)©(o0; f) times that of f
when f is of finite positive L*-order.

We omit the proof of the lemma because it can be
carried out in the line of Lemma 14 and with the help
of Lemma 16.

3 Theorems.

In this section we present the main results of the paper.

It is needless to mention that in the paper, the ad-
missibility and homogenity of Py[f] will be needed as
per the requirements of the theorems.
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Theorem 18 Let f be a meromorphic function and
g be an entire function of finite order or of non zero

lower order such that (i) 0 < pJLc* < o0, (i1) 05* <

0o, (1ii) 0 < af* < oo and (iv) © (00;9)
2 0pla;9) = Lord(oorg) = ;5(%9) L

a#oo

Then
(a) if L(M(r,g

)) = o{T (r,Py[g])} then

py
YPolg] 7

(r,g))} then

lim inf log T (r, /0 9)
r—00 T(T’, P() [g]) +L(M (7”, g)) B

and (b) if T (r, Py [g]) = o{L (M

i inf logT (r, f o g) s
r=oo T (r, Pylg]) + L (M (r,9)) = "7

Proof. Since T (r,g) < log™ M (r,g) in view of
Lemma 9 we obtain for all sufficiently large values of
7 that

T(r,fog)<{l+o(L)}T(M(r,9),f)
logT (r,fog) < log{l+o(1)}
+log T (M (r,9), f)

logT (r, fog) <

(b +¢) flog M (r,g) + LM (r,0))}. (1)

Using the definition of L*-type we obtain from (1) for
all sufficiently large values of r that

o(1)+

logT (r,fog) <o(l)+
<P]Lv* + 8) <0'gL* + E) {reL(r)}pg*
+ (pj%* + 5) L(M(r,g) . ()

Again from the definition of L*-type and in view of
Lemma 13 and Lemma 15 we get for a sequence of
values of r tending to infinity that

T(rRolo) = (ohj — <) {reL(T)}pILD;[H]

i.e., T (r,Pylg]) > {VPo[g}-UgL* B 6} {TeL(r)}PgL*

L*
ie., <relm) Po < G PO*[QD . 3)
{ } (’YPO (9] 'UQL o 6)

E-ISSN: 2224-2880
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Now from (2) and (3) it follows for a sequence of
values of  tending to infinity that

logT'(r, f o g)
T (r, Py [g])

< o(1)+ (PJI‘* T 5) (Ug + 6) (Yrolg)-o8” —€)

+ (o +2) LM (r,9))

logT (r, fog)
T(r,Polg]) + L(M(r,g)) ~

(5 4ot +

o(1) (rpole1-o5” =)
T Rlg) + LM (rng) |« 1+ ?%Ziff
(o +¢)
troTemn @
L(M(r,g))

If L (M (r,g)) = o{T (r,Py[g])} then from (4) we
obtain that

lim inf log T'(r, f © 9)
r—oo T' (7", PO [g]) + L (M (Ta g)) -
(o +¢) (oF +)
Vrolg)- (08 —€)

Since ¢ (> 0) is arbitrary, it follows from above that

lim inf log T'(r, /0 9)
r—oo T (7“, Po [g]) +L (M (’I“, g)) B

pf
VP[]

Thus the first part of Theorem 18 follows.
Again if T (r, Py [g]) o{L (M (r,g))} then

from (4) it follows that

L log T'(r, f o g) L

lim inf < ( + 5) .

ree T (r, Polg]) + L(M (rog) =\

As € (> 0) is arbitrary, we obtain from above that
logT X
lim inf 0gT(r,f ) < pk

reo T (r, Pylg]) + L (M (r,g) ~ "7

Thus the second part of Theorem 18 follows. O

Remark 19 With the help of Lemma 15, the conclu-
sion of Theorem 18 can also be drawn under the hy-
pothesis

0ig) = Y _0p(asg) =1

a#00
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or
00;g) = Y 5(a;9) =1
a#00
instead of ) O (a;g) = 2.

aF#00

In the line of Theorem 18 and with the help of
Lemma 17 we may state the following theorem with-
out proof :

Theorem 20 Let f be a meromorphic function and g
be a transcendental entire function of finite order or
of non zero lower order such that
(1) 0 < pJI?* < 00,
L*
g *
(iii) 0 < of" < oo and
(iv) > di(a;g) =4
ac€CU{oo}
Thus

(a) if L(M (r, g)

lim inf log 7' (r, f © 9)
r=o0 T (r, M [g]) + L (M (r, g))

(17) oy < o0,

) = o{T (r, M [g])} then

.
< i
Ty — (Tar — ym)O(0059)
and
(0) T (r, M [g]) = o{L (M (r,g))} then

. logT (r, f o g)
R M ) L (M (rg)) =7

Theorem 21 Let f be meromorphic with finite order
or non zero lower order and g be entire with

(i) 0 < pf" < o0,

Iw) pf - pg )

(
(131) ag < 00,
(iv) 0 < ok < o0 and
(v) 22 0(a; f) =
aFoo
Then
(@) if L(M (r,g)) = 0{7’0‘6 MY asr — oo
and for some positive o < pt 7 then
L* . L*
i inf log T'(r, f o g) < P %
r=oo T'(r, Bolf]) + L (M (r,9)) ~ Tpypy - 0
and
(0) if T (r, Po[f]) = o{L (M (r,g))} then
hmlnf 10gT(T7fog) g pﬁ*

r—oo T (1, Po[f]) + L (M (r, g))

E-ISSN: 2224-2880
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Proof. In view of condition (i) we obtain from (2)
for all sufficiently large values of r that

logT'(r, fog) <o(1)+
L L* L)\ °f
(pf —i—a) (ag +€) {re (’")}
+(of +e) LM @) )
Again from the definition of L*-type and in view of

Lemma 12 and Lemma 14 we get for a sequence of
values of r tending to infinity that

T Rlf) = (ki) — ) {re v@w

{Fpo[f].af* - 5} {reL(T)}p?*

i.e., T (r, Polf])
i.e. {reL(r)}p]I{ T(T’POEf]) . (6)
(Fpo[f]'afl _6)

Now from (5) and (6) it follows for a sequence of
values of r tending to infinity that

v

logT (r,fog) <o(l)+

(p,Lv* + a) (agL* + 5) (Fi;[:ffz[f }_) 6)

+ (o +2) L(M (r,9))

logT (r, f°g)
T (r, Bo[f]) + L (M (r,g))

e.

pL* +e O'L* +e
f g
(Cryis1-0f —¢

g o(1) )
~ T(r,P[f])+ L (M (r,g)) 1+ T((r Igo,[?%g

L*
(pf “)
+7

TR
L+ Trrg)

(N

If L(M(r,g)) = o{T (r,L(f))} then from (7) we
get that

lim inf log T'(r, f 0 9)
r—oo T (r, Po[f]) + L (M (r,g)) —

(o +2) (o} +¢)

FPOU‘]. (O']%* - 6)
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Since € (> 0) is arbitrary it follows from above that

* L*
0

L logT(rfog) pf o

r=oo T (r, R[f]) + L (M (r,9)) ~ Tpypp.-0f"

Thus the first part of Theorem 21 follows.
Again if T (r,L(f)) = o{L (M (r,g))} then
from (7) it follows that

o logT (r, fog) *
O B + L (M (rg)) (oF +2) -

As € (> 0) is arbitrary we obtain from above that

- log T (r, f o 9) ,
W R G Rl + LM (o)) = 7

Thus the second part of Theorem 21 follows. O
Now in the line of Theorem 21 one may state the
following two theorems without proof :

Theorem 22 Let f be a meromorphic function with
finite order or non zero lower order and g be entire
such that

< 00,

(v) © (005 f) = > op(as f

aFoo

) =1oré(oo; f) =

(a) if L(M zo{rao‘L }asr—>oo
and for some posmve a < pf then
lim inf logT' (r, f o g) pjj%* 'ij;j
S T (n Bolf)) + LM (1,9) ~ Apyy - 0F

and

(0) i T (r, Bo[f]) = o{L (M (r,g))} then

imin log T (7"7 fo g) g
1r—>oofT(T',P0[f])+L(M(T79)) =0

Theorem 23 Let f be a transcendental meromorphic
function with finite order or non zero lower order and
g be entire such that

(i) 0 < pf < oo,

< 00,

i) 0 < a]@* < oo and

E-ISSN: 2224-2880
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(v) > alaf)=4
acCU{oo}
Then
(a) if L(M —o{ro‘o‘L }asr—>oo

and for some posmve a < pk 7 then

lim inf log T'(r, f 2.9)
r—oo T (r, M[f]) + L (M (r,g))

* L*
'Of "9g

(Tar — var)©(o0; f) - ok

<
= Ty, -

and

() if T (r, M[f]) = o{ L (M

o logT (r, fog)
T G M) + LM (rg)) =

(r,g))} then

Theorem 24 Let f be an entire function of finite or-

der or of non zero lower order and g be an entire func-
. . L* * L* L*

tion with 0 < Aj <pf <00, 0 <Ay <py <0

and © (005 f) = Y 0p(a; f) = 1 ord(oo; f) =
aF#00
S>>0 (a; f) = 1. Then
a#oo
(2] L
lim sup log” T’ (r, f o g) > Py

r—$00 logT(T PO[f]) +L (%M (%’g)) B ?

Proof. In view of Lemma 10, we have for all suffi-
ciently large values of r,

T(r,fog) >

Issue 6, Volume 12, June 2013
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e., logP T (r, fog)>
)\L* — € 1 r
27 (- Jg T ° “m(E
logl?! M (4,9) + (pj%* +€> L <8M (4,g>>

v
—log |exp T
Py

e., logPl T (r,fog)>

ol (o) () 2 (1 o)+

f
(VF=) [og M (5, 9)+L (30 (5.9)) 40 (1)

L* _
exp { (32) £ (01 (5.9)) o M (5.9)

log

1.e.,

.
log?! T (r, f o g) > logi® M (179)

Jo(ewi) o

pY A
(o
Py +

Now from (9) it follows for a sequence of values of r
tending to infinity that

AT (r, fog) 2 (o —c)log { 71D}

L*
Py —¢€ 1 T
(P 7M<7,) . (10
(f’f +5> <8 49) o
In view of Lemma 15, we get for all sufficiently large
values of r that

log[

log T (r, Po[f])

i.e., logT (r, Py[f])

IN

(,OJL;;U] + 5) log {reL(T)}

(,0}]?* + 5) log {reL(T‘)}

A

e., logT (r, Po[f])

E-ISSN: 2224-2880
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< (p,’%* + e) log {%L(%)} tlogd. (1)
Hence from (10) and (11) it follows for all sufficiently
large values of r that

e., logP T (r,fog) >
L*
ps —¢
(i) (log T (7, Po[f]) — log4)
Py TE
L*
py —¢€ 1 T
L{=-m (L
+<pJI;*—|—5> <8 <4’g>>
log® T (r, f o g) >
Py e [10 T(rP[f])+L(1M(r )>]
pf* - g » 470 S 47-9
L*
— pi* c log 4
pf + ¢
. log® T (r, f 0 g) _(ri —¢
log T (r, Rolf]) + L (gM (5.9)) — \pf +e¢
pL—e
(fr) e

Tl T R LM Ge) D

Since € (> 0) is arbitrary, it follows from (12) that

log” T (r, f o g) Py
lim sup T - > —
roo log T (r, Po[f]) + L (§M (5.9)) ~ of
This proves the theorem. a

In the line of Theorem 24 the following theorem
may be proved :

Theorem 25 Let f be an entire function of finite or-

der or of non zero lower order and g be an entire func-
: : L* L* L* L*

tlonw1th0<)\f < p¥ <00, 0< Ay <py <0

and © (005 f) = Y d0p(a;f) = Lord(oo; f) =
a#oo
Z 5(a;f) = 1. Then
aFoo
lim inf log® T (r,f o g) A
o0 log T (r, o[ f]) + L (§M (5,9)) ~ o

Remark 26 By Lemma 14, the conclusion of Theo-
rem 24 and Theorem 25 can also be drawn under the

hypothesis >, © (a; f) = 2 instead of

aF£oo
SHEDIACIHES'
aFoo
ord (oo f)= > 0(a;f)=1.
a#oo
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Theorem 27 Let f be a transcendental entire func-
tion of finite order or of non zero lower order and g
be an entire function with 0 < )\]Lc* < ,0][:* < 00,

0 <A <pl <ooand Y (e f) =4
aeCU{oo}
Then
. logPl T (r, f o g) Py
lim sup T " > =
roo log T (1, Po[f]) + L (M (,9)) — rf

Theorem 28 Let f be a transcendental entire func-
tion of finite order or of non zero lower order and g
be an entire function with 0 < )\j%* < pJLc* < 00,

0 < )\5* < pé’* < ooand Y, Oi(a;f) = 4
™ a€CU{oco}

en

lim inf log? T (r, f o g) A

r—oo logT (r, M|[f]) + L (%M (i,g)) - pJLc* ’

The proof of the above two theorems can be es-
tablished in the line of Theorem 24 and Theorem 25
respectively and with the help of Lemma 17 and there-
fore is omitted.

Theorem 29 Let f be meromorphic and g be en-
tire of finite order or of non zero lower order with
pJLc* < 00,0 < )\gL* < ,05* < oo and § (005 g9) =
Y>>0 (a;g) = 1. Then

aF#oo

(a) if L (M (r,9)) = 0 {log T (r, Py [g))} then

lim su log[Q] T(r.fog) < p%*
e log T (r, Po[g) + L (M (r,g)) ~ AL’
and

(b) if T (r, Polg]) = o{L (M (r.9))} then

lim logP! T (r, f o g)
r—oolog T (r, Py [g]) + L (M (r,g))

=0.

Proof. For all sufficiently large values of r we obtain
in view of T'(r,g) < log™ M (r, g) and by Lemma 9
that

T(r,fog) <{l4+o()}T(M(r.g),f)
i.e., logT (r,fog) <log{l+o(1)}+
logT (M (r,9), f)

< o(1)+
logT' (M (r,9), f)

i.e., logT (r, fog)
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i.e., logT (r,fog) <o(l)+
(f +2) {108 M (r,g) + L (M (r,9))}

i.e., logT (r,fog) <o(l)+

(pf* —I-s) log M (r, g) {1+ m}

ice., log? T (r,fog)

< o(1)+log (p%* + s) +logld M (r, g)

L(M(r,g)) }

logd1+ 209
+Og{ +10gM(7’,g)

ie., log® T (r,fog) <o(1)

+ log (pJLc* + 5) + (pg* + 5) log {reL(T)}

L(M(r,g)) }

1 14+ ——"=2
- Og{ T log M (. g)

ice., log® T (r,fog)
< o(l)+ <p§* + 8) {logr + L(r)}

L(M
log M (r, g)

Again in view of Lemma 15 we get from the def-
inition of L*-lower order for all sufficiently large val-
ues of 7 that

i.e., logT (r, Py )\5 - 5) log {reL(r)]
ie., logT (r, Pylg]) > (AL — 5) logr + L(r)]
i.e., logr+ L(r) < log TL(Zq’ Folg) (14)
()‘g o )

Hence from (13) and (14) it follows for all sufficiently
large values of r that

log” T (r, f o g)

L*—i-E
o(1)+ <§2 _8> ~log T (r, P [g])

L(M(r,9))
log M (r,9)
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log? T (r, f o g)
“ 1ogT (r. Py [g]) + L (M (r.9))

pf +¢€

. log T' (r, Py [g])
log T (r, Po[g]) + L (M (r, g))
n L(M(r,9))
[log T'(r, Py [g9]) + L (M (r, 9))] log M (r, g)

i.e logp] T(r,fog)
"logT (r, Py[g]) + L (M (r,9)) —

Pk +e

)\5* —€

L(M(r.g))
1+ log T'(r,Polg])
1

i B e

Since L (M (r,g)) = o{logT (r, Po[g])} as 7 — o0
and ¢ (> 0) is arbitrary, we obtain from (15) that

<o(l
<of )+<)\§*_€

o(1l)+

+

5)

log T (r, f o g) Py
li <o
R log T (r, Py [g]) + L (M (r,g)) — AL
(16)

Again if logT (r,g) = o{L (M
(15) we get that

(r,g))} then from

(2
lim log“' T (r, f o g)

D AT AT R

Thus from (16) and (17
O

) the theorem is established.

Corollary 30 Let f be meromorphic and g be en-
tire of finite order or of non zero lower order with
pJLc* < oo 0 < /\é* < ,05* < oo and § (005 g9) =
> d(a;g) = 1. Then

a#oo

(a) if L(M (r,g

. logP®! T (r, f o g)
lim inf <1
00 T(T»PO [g])+L(M (T,g)) o

)) =o{logT (r, Pylg])} then

and

(0) if T (r, Po[g]) = o{L (M (r,g

lim inf log® T (r, f 0 g)
r—oo T (7“, Po [g]) +L (M (’I“, g))

)} then

=0.

We omit the proof of Corollary 30 because it can
be carried out in the line of Theorem 29.

Remark 31 The equality sign in Theorem 29 and
Corollary 30 cannot be removed as we see in the fol-
lowing example.
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Example 32 Let f = g = expz and L(r) =
% exp (%) where p is any positive real number.
Then

AL = gl =1

Zé(a;g) =1

a#oo

pf =
and § (00;9) =

Alsolet s =1, A1 = 1 and

ot — 1, fori=1
70, fori#l.
Then
Rylg) = exp 2.
Now
expr
T(T,fog) ~ 1 (T_>OO)7
(273r)>2
T(r,g) = r and M (r,g) = expr .
T
So
L(M (r,9)) = L(expr) = ~exp | —
r,g)) = XpT =5 Xp opr)
Hence
_— log T'(r, f o g)
imi
r—00 logT(r PO[ ]) + L (M (7“ g))
logll T
= lim sup g " T(r,fog)

r—oo l0gT (1, Py [g]) + L (M (1, g))
log [r—flogr—i-O( )]

1
5 exp (expr)

Remark 33  The conclusion of Theorem 29 and
Corollary 30 can also be drawn under the hypothe-

sis © (003 9) = > dplasg) =1or 3° O (ajg) =2
aFoo a#oo

instead of § (00;9) = > d(a;g) = 1.
a#oo

= lim sup
r=Jogr+ O (1) +

= 1.

In the line of Theorem 29 and with the help of
Lemma 17 we may state the following theorem with-
out proof :

Theorem 34 Let f be meromorphic and g be tran-

scendental entire of finite order or of non zer lower

order with p]Lc* < 00,0 < )\5* < pé* < oo and
> 01(a;g) = 4. Then

ac€CU{oo}
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(a) if L (M (r,g)) = o{logT (r, M [g])} then

lim su IOg[Q] T(r.fog) < p%*
on1og T (r, M [g]) + L (M (r,9)) ~ AL

and
(0) if T (r,M [g]) = 0{L (M (r,g))} then

log T (r, f o g)

T i M)+ L (M (rg))

The proof of the following corollary may also be
deduced in view of Theorem 34 :

Corollary 35 Let f be meromorphic and g be tran-
scendental entire of finite order or of non zero lower
order with p]Lc* < 00,0 < )\5* < pé* < oo and
> 01(a;g) = 4. Then
ac€CU{oo}
(a) if L(M (r,g)) = o{log T (r, M [g])} then

. logP T'(r, f 0 g)
lim inf <1
r=o00 T'(r, M [g]) + L (M (r,9)) ~

and
(0) if T (r, M [g]) = o{L (M (r, g))} then

. log? T (r, f 0 g)
lim inf =0.

r—oo T'(r, M [g]) + L (M (r, g))
Theorem 36 Let f be meromorphic with )\fc’* < 00
and g be entire with finite order or non zero finite
lower order and Y, © (a;g9) = 2. Also let there

a#oo
exists entire functions a; (i = 1,2,3,--- ,n;n < 00)

such that T (r,a;) = o{T (r,g)} and > 6 (a;,g) =
i=1

LIL(M(r,g) =o0 {ro‘eO‘L(’")} as r — oo and for
some a with 0 < a < )\5* then

logT (r,fog) _ TAf

r=oo T(r,Polg]) ~ Tpyg

otherwise

lim inf log T (r, f o 9)

T R LA (hg)

Proof. In view of the inequality 7T'(r,g) <
log™ M (r, g) and by Lemma 9 we get for a sequence
of values of r tending to infinity that

T(r,fog) <{l+o(W)}T(M(r,g9),f)
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1.e.,

logT'(r, f o g)
< log{l+o(1)} +1logT (M (r,g),f)

1.e.,

logT'(r, f o g)
< ()\JLc — 6) (log M (r,g) + L (M (r,g))) + O(1)

logT (r, f o g)
T (r, Polg])
<)\J%* - 5) (log M (r, g) + L (M (r,9))) + O(1)
T(r, Py [g])

log T’ (r, f o g)
T (r, Py lg])

(=)
(18)

Case L Let L (M (r,g)) = o {r®e®!™} asr — oo
and for some a with 0 < o < )\5*.

log M (r,g) + L (M (r,g))
T (r, Po[g])
+ O(1).

Since o < /\5*, we can choose € (> 0) in such a way
that

a<A —c. (19)

As L(M (r,g)) = 0 {r®e*:} as r — oo we get in
view of (19) that

i LM (19)

— =0.
r—00 [TGL(T)] )\gL —&

(20)

Again in view of Lemma 13 we obtain for all suffi-
ciently large values of r,

i.€.,

L* _
)\g €

ie., T (r, Py[g]) > [rew‘)} 21)

Now from (18) and (21) we obtain for a sequence of
values of r tending to infinity that

logT (r,f°g)
T (r, Py [g])
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L(M(r,g9))
[reL()] A

< ()\JLc — 5) X
L(M(r,9))
[reL(r)]Ag*_‘E

+0(1).

Now combining (20) and (22) and in view of Lemma
11 and Lemma 12, it follows that

) log M (r,g)
T (r, Py [g])

(A - +0(1)
logT'(r, fog)

“ T (r Polg))

log M (r, g)
T(r,9)

- T(rg)
T(T, F [g])

(22)

AL
r—oo T (r, Py g]) Lpylg]

(23)

Case IL If L (M (r,g)) # o {r®e®r™} asr — oo
and for some o with () <a< )\L then from (18)
we get for a sequence of values of tending to infinity
that

IN

logT (7, f o g)
T (. Folg)) L (M (1. 9))
O\ log M (r, g)
¥ -9) e RO
L 1o

T(r,Polg])

, lim inf log T (r, fog)
r—oo T'(r, Py [g]) L (M (r,9))

Thus combining Case I and Case II the theorem fol-
lows. O

9))

=0.

Remark 37 [Inview of Lemma 15 one can easily ver-
ify that the conclusion of Theorem 35 can also be de-
duced if we replace " © (a;g) = 2 by O (005 9) =

a#oo
; dp(a;g) =1ord(oo;g) = ; d(as9) = 1.

In the line of Theorem 36 the following theorem
can be proved :

Theorem 38 Let f be meromorphic with pj%* < 00
and g be entire with finite order or non zero finite

lower order and © (00;9) = Y 6p(a;g) = 1
aFoo
ord(o0;9) = Y. d(a;g) = 1. Also let there exists

a#0o

entire functions a; (i =1,2,3,--- ;n;n < 0o ) such

that T (r,a;) = o{T (r,9)} and 25 (ai,g) = 1.
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IfL(M(r,g) = o{r®e™} asr — oo and
for some a wzthO <a< )\L then

lim su log T'(r, f 0 g)
oo T (r, Po[g])

Wp?*

T VRolg)

otherwise

lim sup log T (r, f ©9) =
r—$00 T(T PD[ ])L(M(r,g))
Remark 39 [n view of Lemma 14 one can easily ver-
ify that the conclusion of Theorem 38 can also be de-

duced if we replace © (00;g) = ) p(a;g) = lor
a#00
d (0059) = ; d(a;9) =1by ; O (a;9) =2

In the line of Theorem 36 and Theorem 38 and
with the help of Lemma 17 we may state the following
two theorems without proof :

Theorem 40 Let f  be  meromorphic  with
)\in* < oo and g be transcendental entire with
finite order or non zero finite lower order and

> d1(a;9) = 4. Also let there exists entire
a€CU{oo}
functions a; (i =1,2,3,--+ ;n;n < o00) such that
n
T (r,a;) = o{T (r,9)} and 25 (ai,g) = 1.

If L(M —o{ro‘ O‘L }asr—>ooand
for some « wzthO <a< )\L then

. dogT (1, fog) mAf
lim inf

r—co T'(r, M [g]) Iy — (T — ) ©(003 9)
otherwise

o logT'(r, f o g)
lim inf =0.
r—oo T'(r, M [g]) - L (M (r,9))

Theorem 41 Let f  be  meromorphic  with

p]Lc* < oo and g be transcendental entire with
finite order or non zero finite lower order and

> 6i(a;9) 4. Also let there exist entire
a€CU{oo}
Sfunctions a; (i =1,2,3,- -

,n;n < oo) such that
T (r,a;) =o{T (r,9)} and 25(%’,9) =1

If L(M —o{ro‘ O‘L }asr%ooand
for some « wzthO <a< )\L then

lim sup logT' (r, f o g) ™y
rooo T'(r Polgl) = T — (T —yr)O(o0; 9)
otherwise
lim sup log T'(r, f 0 g) =0.
r—oo T (1, Py [g]) L (M (r, g))
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Theorem 42 Let f be a meromorphic function and
g be entire of finite order or of non zero lower or-

der such that pg* < o9, )\]Lc;g = 00 and § (005 9) =
>> 0 (a;g) = 1. Then
a#oo
logT(r, fog)
= 0.

el log T'(r, Py [g])

Proof. Let us suppose that the conclusion of the theo-
rem does not hold.Then we can find a constant 5 > 0
such that for a sequence of values of r tending to in-
finity

logT(r, fog) < BlogT(r, Pylg])- (24)

Again from the definition of pILDZ[ fl it follows that for
all sufficiently large values of r and in view of Lemma
6,

logT(r, Py g]) < (pf,;[g} + 5) log {reL(T)}

i.e., logT(r,Py[g]) <

(ng* n 5) log {reL(T)} . (25)

Thus from (24) and (25) we have for a sequence of
values of r tending to infinity that

log T(r, f 0 g) < 8 (p} +¢) log {re |
i.e.,

B (py" +¢)log {re""}
log {rel(n}

log T'(r, f o g)
log {rel(}

<

i.e., lim inf—lOg T(r,fog)

L
r—00 10g{reL(T)} =A

fog < Q.

This is a contradiction.

This proves the theorem. O
Remark 43 Theorem 42 is also valid with “limit su-
perior” instead of “limit” if )\JLc;g = 00 is replaced
by p% g = © and the other conditions remaining the
same.

Corollary 44 Under the assumptions of Theorem 42
or Remark 43,

T(r,fog)
T(r, Py [g])

lim sup
r—00

Q.
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Proof. By Theorem 42 or Remark 43 we obtain for
all sufficiently large values of  and for K > 1,

logT(r,fog) > KlogT(r,Pyl[g])
ie, T(r,fog) > {T(r,Py[g])}",

from which the corollary follows. O

Remark 45 The condition )\]I?: g = 00 is necessary in
Theorem 42 and Corollary 44 which is evident from
the following example :

Exampled46 Let f = z, g exp z and L(r)
% exp (%) where p is any positive real number.

Alsolets =1, A1 =1 and

1, fori=1
M0, fori# 1.
Then
Pylg) = expz.
Also
d(c0sg) = Y 6(asg)=1,
a#oo
pg* = 1< ooand)\JLcZg =1<oo0.
Now
T(r,fog)=T(rexpz) = —
and ,
T(r,Pylg]) =T (r,expz) = e
Therefore
. logT (r,fog) logr + O(1)
lim ——————=~ lim ————=
r—oolog T (r, Py [g]) r—oologr + O(1)
=1
and
. T(r,fog) . (%)
lim ——————=~- = lim =~
r—ooT' (1, Py [9]) r—oo (1)
= 1.

Remark 47 Considering
1 1
f=z g=expz, A=1, L(r)=—-exp| -
P r
where p is any positive real number s = 1, A} = 1
fori=1

and
it = { fori+# 1.

one may also verify that the condition pJLc; g = 00 in
Remark 43 and Corollary 44 is essential.

L,
0,
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Remark 48 The conclusion of Theorem 42, Re-
mark 43 and Corollary 44 can also be drawn un-

der the hypothesis © (c00;9) = Y. 0p(asg) =
aFoo
1 or > O(a;g) = 2 instead of 6 (o0;9) =
a#00
> d(a;9) = 1.
a#oo

In the line of Theorem 42 the following theorem
may be deduced:

Theorem 49 Let f be meromorphic and g be tran-

scendental entire of finite order or non zero lower

order such that pg* < 0o )\}[{;g = oo and
> 61(a;g9) = 4. Then

acCU{oco}

iy J08T(r fog) _
r—oclog T'(r, M [g])

Remark 50 Theorem 49 is also valid with “limit su-
perior” instead of “limit” if )\]Lc: g = OQ IS replaced
by pfc’; g = X and the other conditions remaining the
same.

Corollary 51 Under the assumptions of Theorem 49
or Remark 50,

lim sup T(r,fog) = 0.

r—o0 T'(r, M [g])

The proof is omitted because it can be carried out
in the line of Corollary 44.
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