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Abstract: In communication networks, greater degrees of stability or less vulnerability is required. The vulnera-
bility of communication network measures the resistance of the network to the disruption of operation after the
failure of certain stations or communication links. If the network begins losing communication links or processors,
then there is a loss in its effectiveness. Thus, communication networks must be so designed that they do not easily
get disrupted under external attack and, moreover, these are easily reconstructible if they do get disrupted. These
desirable properties of networks can be measured by various graph parameters like toughness, integrity, scattering
number, tenacity and rupture degree. Power graphs and total graphs constitute a large class of graphs and which are
widely used in systems ranging from large supercomputers to small embedded systems-on-a-chip. In this paper,
we firstly give the exact values for the integrity and toughness of powers of paths. After that, the vulnerability
parameters such as integrity, toughness, rupture degree of total graphs of some special graphs are calculated. Fi-
nally, the relationships between some vulnerability parameters, namely the integrity, toughness, scattering number,
tenacity and rupture degree are established.

Key—Words: Vulnerability, Integrity, Toughness, Scattering number, Tenacity, Rupture degree, Total graph, Power
graph.

1 Introduction the vulnerability of a network, they want to design net-
work with less vulnerability or more reliability. Thus,
Throughout this paper, a graph G = (V, E) always communication networks must be constructed to be as
means a simple connected graph with vertex set V' stable as possible, not only with respect to the initial
and edge set E. For S C V(G), let w(G — S) and disruption, but also with respect to the possible recon-
m(G — S), respectively, denote the number of com- struction of the network.
ponents and the order of a largest component in G—S. The communication network often has as con-
A set S C V(G) is a cut set of G, if either G — S is siderable an impact on a network’s performance as
disconnected or G — S has only one vertex. We shall the processors themselves. Performance measures for
use [x| for the smallest integer not smaller than x, communication networks are essential to guide the de-
and | x| for the largest integer not larger than x. The signers in choosing an appropriate topology.
distance dg(u,v) in a simple undirected graph G be- In order to measure the performance, we are in-
tween vertices u, v € V(G) is the length of a shortest terested in the following performance metrics (there
path between v and v in G. We use Bondy and Murty may be others):
[9] for terminology and notations not defined here. (1) the number of elements that are not function-
A communication network is composed of pro- ing,
cessors and communication links. Links cuts, node in- (2) the number of remaining connected sub-
terruptions, software errors or hardware failures, and networks,
transmission failures at various points can interrupt (3) the size of a largest remaining group within
service for long periods of time, then there is a loss which mutual communication can still occur.
in its effectiveness. This event is called as the vulner- Since the communication network can be repre-
ability of communication networks. In other words, sented as an undirected and unweighted graph, where
the vulnerability of communication network measures a processor (station) is represented as a node and a
the resistance of the network to the disruption of oper- communication link between processors (stations) as
ation after the failure of certain processors or commu- an edge between corresponding nodes, there are many
nication links. Network designers attach importance graph theoretical parameters can be used to describe
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the vulnerability of communication networks.

Most notably, the vertex-connectivity and edge-
connectivity have been frequently used. The diffi-
culty with these parameters is that they do not take
into account what remains after the graph is discon-
nected. Consequently, a number of other parameters
have been introduced that attempt to cope with this
difficulty, including toughness and edge-toughness
in [6,7,12,19,28], integrity and edge-integrity in
[2,3,4,5,13,18,21], tenacity and edge-tenacity in
[1,10,11,14,15,22,24, 26, 29], scattering number in
[30, 31], and rupture degree in [20, 22, 23, 25]. Unlike
the connectivity measures, each of these parameters
shows not only the difficulty to break down the net-
work but also the damage that has been caused.

For comparing, the following graph parameters
are listed.

The connectivity is a parameter defined based on
Quantity (1). The connectivity of an incomplete graph
G is defined by

k(G) =min{|S|: S C V(G),w(G — S) > 1},

and that of the complete graph K, is defined as n — 1.

Both toughness and scattering number take into
account Quantities (1) and (2). The toughness and
scattering number of an incomplete connected graph
G are defined by

5]

7(GQ) = min{m

and
s(G@) = max{w(G — S) — |S|: S C V(G),

w(G—195)>1},
respectively. For the complete graph K,,, we have
T(Kp) = oo.
The integrity is defined based on Quantities (1)
and (3). The integrity of a graph G is defined by

I(G) = min{|S| + m(G — §) : S € V(G)}.

Both the tenacity and rupture degree take into ac-
count all the three quantities. The fenacity and rup-
ture degree of an incomplete connected graph G are
defined by

m(G —8)
w(@G@-98)

S CV(G),w(G - 8)

T(G) = min{ 5]

> 1},

and

r(G) = max{w(G — S) — |S| —m(G - S) :
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S CcV(G),w(G—S)>1},

respectively. And the tenacity and rupture degree of
the complete graph K, is defined as n and n — 1, re-
spectively.

The corresponding edge analogues of these con-
cepts are defined similarly, see [5,19,28,29,32].

From the above definitions, we can see that the
connectivity of a graph reflects the difficulty in break-
ing down a network into several pieces. This invariant
is often too weak, since it does not take into account
what remains after the corresponding graph is discon-
nected. Unlike the connectivity, each of the other vul-
nerability measures, i.e., toughness, scattering num-
ber, integrity, tenacity and rupture degree, reflects not
only the difficulty in breaking down the network but
also the damage that has been caused.

In [27], Moazzami et al. compared the integrity,
connectivity, binding number, toughness, and tenac-
ity for several classes of graphs. In [11], Choudum
et al. studied the tenacity of complete graph prod-
ucts and grids. In [22], Li et al. discussed the
tenacity and rupture degree for permutation graphs of
complete bipartite graphs. Cheng er al. [10] deter-
mined the maximum tenacity of trees and unicyclic
graphs with given order and show the corresponding
extremal graphs. These results are helpful in con-
structing stable networks with lower costs. Li [24]
gave some results on the tenacity of gear graphs, pow-
ers of paths and the lexicographic product of some
special graphs. Cozzens et al.[15] studied the tenacity
of harary Graphs. In [23], Li et al. discussed the rup-
ture degree of powers graphs of cycles. In [32], Zhang
et al. studied some edge vulnerability parameters of
split graphs. In [7, 13, 20, 26, 30], the authors proved
that computing the vulnerability parameters such as
integrity, scattering number, toughness, tenacity and
rupture degree of a graph is NP-hard in general. So,
it is an interesting problem to determine vulnerability
parameters for some special graphs.

In this paper, we consider the problem of mea-
suring the vulnerability of power and total graphs. In
Section 2, we give some results on the vulnerability
of power graphs. After that, we study the vulnerabil-
ity of total graphs in sections 3. Finally, the relation-
ships between some vulnerability parameters such as
integrity, toughness, scattering number, tenacity and
rupture degree are established in sections 4.

2 Vulnerability of Powers of Graphs

In this section, we consider the problem of computing
the toughness and integrity of powers of paths. At
first we give the concept of the power graph (or k-th
power) G* of a graph G.
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Definition 1 For an integer k > 1, the power graph
G* (the k-th power of a graph G) is defined as fol-
lows: V(G) = V(G¥). Two distinct vertices u and
v are adjacent in G* if and only if the distance be-
tween the vertices v and v in G is at most k, i.e.,
da(u,v) < k.

The second power of a graph is also called its
square.

Remark 2 We notice that G' is just G itself. So, we
let k > 2 in the following.

As a useful network, power of cycles and paths
have arouse interests for many network designers.
Barefoot et al. gave the exact values of integrity of
powers of cycles in [2], and determined the connec-
tivity, binding number and toughness of powers of cy-
cles [3]. Vertex-neighbor-integrity of powers of cy-
cles were studied in [16] by Cozzens and Wu. In [27]
Moazzami gave the exact values for the tenacity of
powers of cycles. Zhang and Yang [33] study the bind-
ing number of the Powers of Paths and cycles. In [24]
Li gave the exact values for the tenacity of powers of
paths.

It is easy to see that Pff = K, ifn <k+1. So, in
the following lemmas, we suppose that 2 < k < n—2.

A vertex cut set .S of a graph G is called a 7-set

of G if it satisfies that 7(G) = w(C‘;S_‘S).

Lemma 3 If S is a minimal T-set for the graph PF,
2 < k < n—2, then S consists of the union of sets of k
consecutive vertices such that there exists at least one
vertex not in S between any two sets of consecutive
vertices in S.

Proof. We assume that the vertices of P are la-
belled by vi,ve, - ,v,. Let S be a minimal 7-set
of P* and j be the smallest integer such that T' =
{vj,vj+1,- -+ ,vj44—1} is a maximum set of consec-
utive vertices such that 7' C S. We distinguish two
cases:

Case 1. If T = S, then S contains just ¢ con-
secutive  vertices v, Vj41, -, Vjtt—1- Since
T = S # V(PF), and by the structure of P¥, S
must leave exact two components of P¥ — S, we
have j > 1, j+t—1<n,vj1 ¢S5, vy €5,
and vj1¢ # vj_1. Therefore, {vj¢,vj_1} NS = 0.
By the structure of P* we know that if .S leave exact
two components of P¥ — S, S must contain at least
k consecutive vertices. Thus we have ¢ > k. Now
suppose t > k. Delete vj4;—1 from the set S yielding
anewset S; =5 — {vj+t_1}. Since t > k, the edge
Vj4¢—1V;—1 18 not in Pfj — S1. Consider a vertex v,
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adjacent to vj ;1 in P,’f — S1. Then, p > j + t and
p < j+t+k—2, and so v, is also adjacent to v,
in P¥ — 5. Therefore, deleting v; ;1 from S yields
w(PF — 81) = w(Pk —8). So,

S| s|-1
wby =98 w(Fy =S5
I pk
< o(PF = 5) =T1(P)).

which is contrary to our choice of S. Thus, ¢t = k.

Case 2. If T C S. Since S # V(PF), T # V(PF),
and S must leave at least two components of P¥ — S,
wehave j > 1, j+t—1 <n,vj_1 ¢ S,vj14 ¢ S,and
vyt # vj_1. Therefore, {vj 14, v;-1} NS = 0. Now
suppose ¢t < k. Choose v;; such that 1 <14 < ¢, and
delete v;; from S yielding a new set S =5- {vjyi}
with |S'| = |S| — 1. By the definition of P¥ (2 < k <
n — 2) we know that the edges v;;v;_1 and v;1;vj4¢
are in P¥ — S’. Consider a vertex v adjacent to vj
inPF— S Ifp>t+j+1,thenp <t+j+ k. So,
vy, 1s also adjacent to v; 4 in P,’f -5 Ifp<j—1,
then p > j — k and v, is also adjacent to v;_1 in
P,’f — S, Since t < k, then v;_1 and v, are adjacent
inPF - S ". Therefore, we can conclude that deleting
the vertex v;; from S does not change the number of
components, and so w(P¥ — S") = w(P¥ — S). Thus,
we have

S Isl-1
W(PF—S) " w(PF-9)
<M£@$:ﬂﬁy

This is contrary to our choice of S. Thus we must
have t > k. Now suppose ¢ > k. Delete vj1;_1
from the set S yielding a new set S1 = S — {vj 441}
Since t > k, the edge vj4;—1v;—1 is not in Pff — 5.
Consider a vertex v, adjacent to v;4¢_1 in Pff - 5.
Then,p > j+tandp < j+1t+ k — 2, and so vy, is
also adjacent to v; 4 in PF — 8. Therefore, deleting
vj44—1 from S yields w(PF — S1) = w(PF — ). So,

Sl 1sl-1

w(Pk-51) w(Pk-29)
5] K
S

which is again contrary to our choice of S. Thus, ¢t =
k, and so .S consists of the union of sets of exactly k
consecutive vertices. O
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Lemma 4 There is a T-set S for the graph P¥, such
that all components of P¥ — S have order m(PF — 9)
orm(PF —8) - 1.

Proof. Among all 7-sets of minimum order, con-
sider those sets with maximum number of minimum
order components, and we let s denote the order of
a minimum component. Among these sets, let S
be one with the fewest components of order s in
PF. Suppose s < m(P¥ — S) — 2. Note that
all of the components must be sets of consecutive

vertices. Assume that C), is a smallest component.
Then |V (C,)| = s, and without loss of generality, let
Cp = {v1,v2, - ,vs}. Suppose C, is a largest com-

ponent, and so |V (C.)| = m(P¥ — S) = m and let
Ce = {vj,vj41, " ,Vjrm-1}. Let C1,Ca,---,Cy
be the components with vertices between v, of C} and
vj of Ce, such that |C;| = p; for 1 < i < a, and let

Ci = {viy, Vig, -+~ ’Uipi}' Now we construct the ver-
tex set S as
S =8 —{vs11, 01,115 V2, 000 Vag i}
U{U11>U227 to avapvj}'
Therefore, )
15[ =15],
m(Py — ') < m(Py - 5)
and )
w(P¥ -8y =w(PF-29)
So we have
Ed 5|
(Py—8") ~ w(Pf - 95)
Therefore,
S|
oo p— :
) = L)
But, P — S " has one less components of order s than

P¥ S, acontradiction. Thus, all components of P* —

S have order m(P* — S) or m(P* — S) — 1. So,
k(w—1)
m(Py — ) = Til
This completes the proof. O

By the above two lemmas we give the exact val-
ues of toughness of the powers of paths.

Theorem 5 Let P* be a powers of a path P, and n =
r(k+1)+sfor0<s<k+1. Then

m(Pr) = {io’

29

ifn <k-+1
ifn >k+1.
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Proof. If n < k + 1, then P¥ = K, so, 7(P¥) = <.
If n > k + 1, let S be a minimum 7-set of P¥. By
Lemmas 3 and 4 we know that

|S| =k(w—1)

and )
m(p ) = "My

Thus, by the definition of toughness we have

(Ph) blo=1)y

= min{

Now we consider the function

_ k(w—1)
flw) = T,
It is easy to see that
/ k

and so f(w) is an increasing function and the min-
imum value occurs at the lower boundary. And we
know that 2 < w < r + 1, so, we have w = 2. Then,

k
(P, r]f ) = 9
The proof is now completed. a
In the following section, we determine the in-
tegrity of powers of paths.
A vertex cut set S of a graph G is called an [-set
of G if it satisfies that I(G) = |S| + m(G — S).

Lemma 6 If S is a minimal I-set for the graph Pf;”,
2 < k < n—2, then S consists of the union of sets of k
consecutive vertices such that there exists at least one
vertex not in S between any two sets of consecutive
vertices in S.

Proof. We assume that the vertices of P” are la-
belled by vi,ve, - ,v,. Let S be a minimal /-set
of P and j be the smallest integer such that T =
{vj,vj41, -+ ,vj44—1} is a maximum set of consec-
utive vertices such that 7' C S. We distinguish two
cases:

Case 1. If T = S, then S contains just ¢ consec-
utive vertices v;, Vi1, -+ ,Vjpi—1. Since T' = S #
V(PF¥), and by the structure of P, S must leave exact
two components of P,’f —S,wehavej > 1,j+t—1<
n, vj—1 §é S, Ui+t ¢ S, and Ui+t 75 Vj—1- There-
fore, {v;¢,v;—1} NS = 0. By the structure of P¥ we
know that if S leave exact two components of P¥ — S,
S must contain at least k consecutive vertices. Thus
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we have t > k. Now suppose ¢t > k. Delete vj;41
from the set S yielding a new set S1 = .S — {v;44—1}.
Since t > k, the edge vj4;—1v;_1 is not in Pff — 5.
Consider a vertex v, adjacent to v;1¢1 in Pk 5.
Then,p > j+tandp < j+t+ k — 2, and so vy, is
also adjacent to vj ¢ in P,’f — 57. Therefore, deleting
;-1 from S yields w(PF — S1) = w(P¥ — ) and
m(PF — 81) <m(PF —S)+ 1. So,

|S1| + m(BY — 51)
<|S|—14+m(PF-9)+1
=S|+ m(Py - S5)

= I(PF),

which is contrary to our choice of S. Thus, ¢t = k.

Case 2. If T C S. Since S # V(PF), T # V(PF),
and S must leave at least two components of P¥ — S,
wehave j > 1, j+t—1 <n,v;_1 ¢ S,vj14 ¢ S, and
vj4t 7 vj—1. Therefore, {vj4s,v,-1} NS = 0. Now
suppose ¢t < k. Choose v;4; such that 1 <1 < ¢, and
delete v;; from S yielding a new set S =5- {vjyi}
with | S| = |S| — 1. By the definition of P¥ (2 < k <
n — 2) we know that the edges v;;v;_1 and v;1;vj4¢
are in P,’f — S, Consider a vertex v adjacent to vj
inPff—Sl.pr2t+j+1,thenp<t+j+k. So,
vy, is also adjacent to v; ¢ in Pk — S Ifp<j—1,
then p > j — k and v, is also adjacent to v;_1 in
P,’f — S, Since t < k, then v;_1 and v, are adjacent
in PF - S ". Therefore, we can conclude that deleting
the vertex v;; from S does not change the number of
components, and so w(P¥ — §") = w(P* — S) and
m(PF — 8"y < m(P¥ — S) + 1. Thus, we have

|S'| +m(P} )

< IS~ 1+m(PE— ) +1
— S|+ m(P - S)
— I(PY).

This is contrary to our choice of S. Thus we must
have ¢ > k. Now suppose ¢ > k. Delete vj;4 1
from the set S yielding a new set S1 = .S — {v;44—1}.
Since t > k, the edge vj4;_1vj_1 is not in Pff - 5.
Consider a vertex v, adjacent to v;1¢ 1 in Pk 5.
Then,p > j+tandp < j+t+ k — 2, and so vy, is
also adjacent to v; 4 in P,’f — 57. Therefore, deleting
;-1 from S yields w(PF — S1) = w(P¥ — ) and
m(PF — S1)=m(PF — S) + 1. So,

|S1] +m(Py — S1)
<|S|—1+m(PF—-8)+1
= |S| +m(P} - S5)

= I(P}),
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which is again contrary to our choice of S. Thus, ¢t =
k, and so S consists of the union of sets of exactly k
consecutive vertices. O

Lemma 7 There is an I-set S for the graph PF, such
that all components of P¥ — S have order m(P¥ — 9)
orm(PF - 8) — 1.

Proof. Among all /-sets of minimum order, con-
sider those sets with maximum number of minimum
order components, and we let s denote the order of
a minimum component. Among these sets, let .S
be one with the fewest components of order s in
PY. Suppose s < m(PF — S) — 2. Note that all
of the components must be sets of consecutive ver-
tices. Assume that C), is a smallest component. Then
|V (Cp)| = s, and without loss of generality, let C}, =
{v1,v2,- -+ ,vs}. Suppose C is a largest component,
and so |[V(C.)| = m(P¥ — S) = m and let C, =
{’Uj, Vj41," " ,Uj+m_1}. Let C1,Cs,--- ,C, be the
components with vertices between v, of Cy, and v; of
C., such that |C;| = p; for 1 < i < a, and let C; =
{viys viy, -+ s i, }. Now we construct the vertex set

S as S =8 — {ve1, 01

p1+1’U2p2+1’ T ’vapaJrl} U

{vi,,v2,, - ,va,,v;}. Therefore,
1S = ‘5’7
m(PF — S8y <m(PF - 9)
and

So we have
15"+ m(PF —8) < |S|+m(PF—9).

Therefore, I(PF) = |S'| +m(P¥—S"). But, PF— S
has one less components of order s than P¥ — S, a
contradiction. Thus, all components of P¥ — S have
order m(PY — S) or m(P* — S) — 1. So,

n—k(w-—1)
m(Py —8) = [—————1].
The proof is now complete. g
By the above two lemmas we give the exact val-
ues of integrity of the powers of paths.

!

W

Theorem 8 Let P,’f be a powers of a path P,, and n =
r(k+1)+sfor0<s<k+1

n’
ifn <k+1
I(PF) = { min{(w — 1)k + [2=Ee=T
(@ = D+ [,

ifn >k+1.

where w = | ”T”“j,w: [ "T*'k}
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Proof. If n < k + 1, then Pff = K,, so, I(P,’f) =n.
If n > k + 1, Let S be a minimum I-set of P*. By
Lemmas 6 and 7 we know that |S| = k(w — 1) and
m(Pk - 8) = (%] Thus, from the definition
of integrity we have

n—k(w—1)

I(PF) = min{k(w — 1)+ [ - 1
2 <w<r+1}
Now we consider the function
£() = bl — 1) + 20Dy
It is easy to see that
Fe) =kt (—22— by [/M —w(2n+ Ry,

Since w? > 0, we have f (w) > 0 if and only if
g(w) = kw? — (n+ k) > 0.
Since the two roots of the equation

gw) =kw? —(n+k)=0

are
B n+k
W, = — k

and
_ In+tk
w9 = 2 .

But w; < 0, and so it is deleted. It is easy to see that
|wa| > 2, and we know that 2 < w < r + 1, so, we
have the following cases:

Case 1. If 2 < w < |ws], we have f'(w) < 0, and so
f(w) is an decreasing function.

Case 2. If [wy] < w < k, then f/(w) > 0, and so
f(w) is a increasing function.

Thus the minimum value occurs when w = |ws]
or w = [wa]. Then,

1(PE) = min{(w — 1) + 2=y
@k POy
where w = [/ 2FHE |, @ = [/ 2.
The proof is now completed. g

E-ISSN: 2224-2880

Qingfang Ye

3 Vulnerability of Total Graphs of
Paths and Cycles

In this section, firstly we define total graph of a graph,
then we obtain integrity, toughness, tenacity of total
graphs of some basic graphs.

Let G be a graph with vertex set V(G) and edge
set £(G). The concept of total graph T'(G) of graph
G was introduced by Behzad [8] in 1966.

Definition 9 The rotal graph of G, denoted by T'(G)
is defined as follows. The vertex set of T'(G) is V (G)U
E(G). Two vertices x,y in the vertex set of T'(G) are
adjacent in T (QG) in case one of the following holds:
(i) z,y are in V(G) and x is adjacent to y in G. (ii)
x,y are in E(G) and x,y are adjacent in G (iii) x is
inV(Q), yisin E(G), and x,y are incident in G.

Definition 10 ([17]) The subdivision graph S(G) of
a graph G is the graph obtained from G by replacing
each of its edge by a path of length 2, or equivalently,
subdividing every edge of G once.

The total graph T'(G) of a graph G is a graph such
that the vertex set of T'(G) corresponds to the vertices
and edges of GG and two vertices are adjacent in T'(G)
if and only if their corresponding elements are either
adjacent or incident in G. It is easy to see that T'(G)
always contains both G and Line graph L(G) as a in-
duced subgraphs. Total graph is the largest graph that
is formed by the adjacent relations of elements of a
graph. It is is highly recommended for the design of
interconnection networks.

Lemma 11 (/8]) For any graph G, T(G) =
(S(G))

In [1], Aytag, computing the tenacity of total
graph of path and cycles, we will give formulas for
computing exact values of tenacity of total graph of
path and cycles, and our proof is simpler than that in

[1].

Lemma 12 (/27]) Let C¥ be a powers of a cycle C,,
(n>2k+1)andn =r(k+1)+sfor0 <s < k+1
Then ) 5
_|_ 2
T(Cx) =k + LRl
r
Remark 13 The result in Lemma 12 only holds when
n > 2k+1. Ifn < 2k+1, CX is K,,, then T(CE) = n.

Theorem 14 Let T'(C,,) be the total graph of C,, with
order n (n > 3), then the tenacity of T'(C,,) is

SaH

T(T(Cn)) =2+

,
where 2n = 3r + s for 0 < s < 3.
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Proof. By the definition of subdivision graph, we

know that S(C,,) = C3,,. From Lemma 11, we have
T(Cp) = C3,.

It is obvious that 2n > 5, i.e., C3, is not a complete

graph. So, by Lemma 12, we have

1471

T

T(T(Cn)) =T(C3,) =2+

r
where 2n = 3r + sfor0 < s < 3.

The proof is now complete. O

Lemma 15 (/24]) Let Pff be a powers of a path P,
andn =r(k+1)+sfor0<s <k+ 1 Then

n’
ifn <k+1
K(r—1)+ [0

— T

ifn >k+lands=0
ker [ 2=kr

1

ifn >k+1lands #0.

Theorem 16 Let T'(P,,) be the total graph of P, with

order n, then the tenacity of T(P,) is
(2n —1,
ifn <2
2(r—1)+4[3n=2r41]
T(T(P,)) = " ’
(T(Fn)) ifn >2ands =0
2T+"2nT-2_71‘ 1
3
Lif n >2ands #0.

where 2n — 1 = 3r + sfor 0 < s < 3.

Proof. By the definition of subdivision graph, we
know that S(P,) = P»,—1. From Lemma 11, we have

T(P,) = P2 .

So by Lemma 15, we have

2n — 1,

ifn <2
2(r—1)+[ 222t

2 _ r ’
T(Fan-a) ifn >2ands=0
2r4 [ 20201

r+1 ’
ifn >2ands #0.

where 2n — 1 = 3r 4+ sfor0 < s < 3.
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The proof is now complete. O

n [18], Diindar and Ayta¢ determined the in-
tegrity of total graphs via some parameters, but they
did not give exact values for integrity of total graphs
of path and cycles. We will do it in the next.

Lemma 17 (/2]) Let C,]f be a powers of a cycle C,
for1 <k <% we have

1(Ch) = kT Z+i—§w+([ﬁ1%1.

Theorem 18 Let T'(C),) be the total graph of C,, with
order n, then the integrity of T(C),) is

1 3
1t

2n
[+l -3

Proof. By the definition of subdivision graph, we
know that S(C,,) = C5,,. From Lemma 11, we have

I(T(Cn)) =2[y/n+

T(C,) = C3,.

And so by Lemma 17, we have
I(T(Cn)) = 1(C3,)
1 3

i1
BRI

=2[y/n+

The proof is now complete.

Theorem 19 Let T'(P,,) be the total graph of P, with
order n, then the integrity of T(P,) is

2n — 1,
ifn<2

I(T(P,)) = { min{2(w — 1) + [%2@—1)1’
2@ — 1) + [2=1=2@=1y
if n > 2.

where w = L\/L"QHJ,

Proof. By the definition of subdivision graph, we
know that S(P,,) = Pa,—1. From Lemma 11, we have

o= ( 2n2+1‘|

T(P) = Py, 1.

And so by Theorem 8, we have

I(T(Py)) = I(P3, 1)
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2n — 1,
ifn<2

w

2w —1)+ [%1}’
Lifn > 2.

ntl)w = (\/2"2;} This complete
O

where w = |

the proof.

Lemma 20 (/3]) Let C’,’j be the k-th power graph of
C,, with order n, then the toughness of C¥ is

(Ck) = k.

Theorem 21 Let T'(C,,) be the total graph of C,, with
order n, then the toughness of T(C,,) is

7(T(Cy)) = 2.

Proof. By the definition of subdivision graph, we
know that S(C,) = C9,. From the Lemma 11, we
have

>~

T((Cn) = (S(Cn))*.

And so by Lemma 20, we have
T(T(Cn)) = 7(C3,) = 2.

The proof is now complete. O

Theorem 22 Let T'(P,) be the total graph of P,, with
order n, then the toughness of T(P,) is

m?
L,
Proof. By the definition of subdivision graph, we

know that S(P,) = P,,—1. From the Lemma 11, we
have

ifn=2
ifn > 2.

T(T(Pn))

00, ifn=2
T(T(P) =7(Ps,_1) =1¢
(T(P) = 7(B1) {17 e
The proof is now complete. g
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4 Relationships Between Some Vul-
nerability Parameters

In this section, the relationships between some
vulnerability parameters such as integrity, toughness,
tenacity, scattering number and rupture degree are es-
tablished.

Theorem 23 If G is an incomplete connected graph,
r(Q), 7(G) and k(QG) are the rupture degree, tough-
ness and connectivity of G, respectively, then we have

2k(QG)
e

Proof. Suppose that S is a cut-set of G. Then, by the
definition of rupture degree of GG, we have

r(G) > w(G—-95)—|S|—m(G—-S9).
It is obvious that
IS|+m(G—-S)<n+1-w(lG-29),

thus, by the above two inequalities we have

r(G)+n+1
_ < =7 = -
w(G-9) < 5
And it is obvious that
S| > K(G).
So we have
2
9] > (G).

WG-S5 (@) +ntl"

Then, by the definition of toughness and the
choice of S, we have

. |S] 2
= > .
(@) =mi{ T 2 e e i@
The proof is thus completed. O

Remark 24 The result in Theorem 23 is best possible,
this can be shown by the graph G' = K1 1.

Theorem 25 If G is an incomplete connected graph
of order n, s(G), T(G) and I1(G) are the scattering
number, tenacity and integrity of G, respectively, then
we have

s(G)+n

I(G) < 5

T(G).
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Proof. Let S be a cut-set of G. Then, by the definition
of scattering number, we have

w(G—=8S)—|5] < s(G).
With the fact that
w(G—95)+|S] <n,

we have
W(G—8) < %S(G)
Thus,
’S|;(ZL(—GS) - 2 n +i(G) (1] +m(G = 5)).

It is easily seen that
|S| +m(G —95) > I(G).

Then, by the definition of tenacity and the choice
of S, we have

+m(G - 95) S 2

T(G) = max{ 151

W(G=5 ' Zags@@)
Hence
1G) < S(G);”T(G).
The proof is thus completed. O

Remark 26 The result in Theorem 25 is best possible,
this can be shown by the graph G = K 5,—1.

Theorem 27 If G is an incomplete connected graph,

T(G), 7(GQ) and I(G) are the tenacity, toughness and

integrity of G, respectively, then we have

T(G)+1
n

Proof. Suppose that S is a T™-set of G. Then, by the

definition of toughness, we have

T(G)w(G - S) < |S].
With this fact and w(G — S§) + |S| < n. We get that

7(G) >

1(G).

n

2§w(G—S)§m,

It is easily seen that
|S| +m(G —S) > I(Q).

So we have ) G- )
+m(G —
TG = w(G —S)
- 7(G) +1
n

(5] +m(G = 5))

>

T((il“f(c).

The proof is thus completed. g

E-ISSN: 2224-2880

Qingfang Ye

Remark 28 The result in Theorem 27 is best possible,
this can be shown by the graph G' = K1 1.

Theorem 29 If G is an incomplete connected graph
of order n, r(G), T(G) and I(G) are the rupture de-
gree, tenacity and integrity of G, respectively, then we
have

r(G)< n+1

SEIGET I

Proof. Let S be a cut-set of GG. Then, by the definition
of rupture degree, we have

r(G) > w(G—95)—|S| —m(G—-S9).
It is easy to see that
I(G) <|S|+m(G—-85)<n+1-w(G-295).

Then, by the definition of tenacity, we have

IS|+m(G—-S) n+1—w(G-219)
T <
(@) = w(G - S) w(G - S)
So, we have
n+1
_ < - -
(G -9 = mE T
On the other hand, we have that
n+1
_ _ _ _ < - - .
w(G—=8)—|S]—-m(G-195) < TG +1 I1(G)

By the definition of rupture and the choice of S, we
know that

r(G) = max{w(G — S) — |S| — m(G - S)}

n+1

= T(G)+1 1e).

The proof is thus completed. g

Remark 30 The result in Theorem 29 is best possible,
this can be shown by the graph G' = K1 5, 1.

Theorem 31 If G is an incomplete connected graph
of order n, 7(Q), s(G) and I(G) are the rupture de-
gree, scattering number and integrity of G, respec-
tively, then we have

220 — I(G))

H(G) < (4 1-1(6) - =2
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Proof. Let S be a cut-set of G. Then, by the definition
of scattering number, we have

w(G — 5) — |S] < s(G).
With the fact that

w(G—29)+ |5 <n,
we have

W(G - 8) < n+28<G>
It is easily seen that

n—|5|

-S> =
m(G = 5) 2 SE g

From
IS|+m(G—=S)<n+1—-w(G-29),
and
S| > 1,
we have
5] 2 w(@ — S) - n+I(G),
So, we have that
n— |S|
— > RS B
IS| +m(G—S) > ‘SH—w(G—S)
n+|S|(w(G—-S5)—-1)
w(G—19)
n+ (w(G-9)—n+I1(G)(w(G-S)-1)
w(G—19)
2n — I(QG)
w(G —S)
Therefore, by the fact that

v

—w(G—S)+ —(n+1-1I(G)).

n+s(G)
5 :
We have the following inequality

Ww(G —8) — |S| —m(G — S)

w(G—S) <

<@+ 1-166) - 221
<(n+1-1I(G)) - (2n - I(G))nfs(G)

By the definition of rupture and the choice of .5,
we know that

r(G) = max{w(G — S) — |S| — m(G — 9)}

2
n+s(G)’
The proof is thus completed. O

< (n+1-1(G) — (2n - I(G))

Remark 32 The result in Theorem 31 is best possible,
this can be shown by the graph G = K1 1.
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5 Conclusion

If a system such as a communication network is mod-
elled by a graph G, there are many graph theoretical
parameters used to describe the vulnerability of com-
munication networks including connectivity, integrity,
toughness, binding number, tenacity and rupture de-
gree. Two ways of measuring the vulnerability of a
network is through the ease with which one can dis-
rupt the network, and the cost of a disruption. Con-
nectivity has the least cost as far as disrupting the
network, but it does not take into account what re-
mains after disruption. One can say that the disrup-
tion is less harmful if the disconnected network con-
tains more components and much less harmful if the
affected components are small. One can associate the
cost with the number of the vertices destroyed to get
small components and the reward with the number of
the components remaining after destruction. In this
paper, we have obtained the exact values for some
graph theoretical parameters of powers of paths and
of total graphs of some special graphs.

Acknowledgements:  This research is supported
by the Foundation of Zhejiang Educational Com-
mittee(No.Y201225964). The author is thankful to
anonymous referees for their constructive suggestions
and critical comments, which led to this improved ver-
sion.

References:

[1] V. Aytag, Computing the tenacity of some
graphs, Selcuk J. Appl. Math., Vol.10, 2009, (1):
pp- 107-120.

[2] C. A.Barefoot, R. Entringer and H. C. Swart, In-
tegrity of trees and powers of cycles, Congress.
Numer., Vol. 58, 1987, pp. 103-114.

[3] C. A. Barefoot, R. Entringer and H. Swart, Vul-
nerability in graphs - A comparative survey, J.
Combin. Math. Combin. Comput., Vol. 1, 1987,
pp. 12-22.

[4] K. S. Bagga, L. W. Beineke, W. D. Goddard,
M. J. Lipman and R. E. Pippert, A survey of in-
tegrity, Discrete Appl. Math., Vol.37/38, 1992,
pp- 13-28.

[5] K. S. Baggas, L. W. Beineke, M. J. Lipman and
R. E. Pippert, Edge-integrity - a survey, Discrete
math., Vol.124, 1994, pp. 3-12.

[6] D. Bauer, H. Broersma, and E. Schmeichel,
Toughness in Graphs- A Survey, Graphs and
Combinatorics, Vol. 22, 2006, pp. 1-35.

[7] D. Bauer, S. L. Hakimi, and E. Schmeichel,
Recognizing tough graphs is NP-hard, Discrete
Appl. Math., Vol.28, 1990, pp. 191-195.

Issue 11, Volume 11, November 2012



WSEAS TRANSACTIONS on MATHEMATICS

[8] M. Behzad, A criterion for the planarity of a total
graph, Proc. Cam- bridge Philos. Soc., Vol.63,
1967, pp. 679-681.

[9] J. A. Bondy, U. S. R. Murty, Graph Theory,
GTM 244, Springer, 2008.

[10] T. C. E. Cheng, Y. K. Li, Chuandong Xu
and Shenggui Zhang, Extreme tenacity of
graphs with given order and size, arXiv reprint
arXiv:1109.4673v1 [math.COJ(2011).

[11] S. A. Choudum and N. Priya, Tenacity of
Complete Graph Products and Grids, Net-
works, Vol.34, 1999, pp. 192-196.

[12] V. Chvdtal, Tough graph and hamiltonian cir-
cuits, Discrete Math., Vol.5, 1973, pp.215-228.

[13] L. H. Clark, R. C. Entringer and M. R. Fellows,
Computational complexity of integrity, J. Com-
bin. Math. Combin. Comput., Vol. 2, 1987, pp.
179-191.

[14] M. Cozzens, D. Moazzami and S. Stueckle,
The tenacity of a graph, Proc. 7th International
Conference on the Theory and Applications of
Graphs, Wiley, New York, 1995, pp. 1111-1122.

[15] M. Cozzens, D. Moazzami and S. Stueckle, The
tenacity of harary graphs, J.Comb. Math. Comb.
Comput., Vol.16, 1994, pp. 33-56.

[16] M. B. Cozzens and Shu-Shih Y. Wu, Vertex-
Neighbor-Integrity of Powers of Cycles, Ars
Combinatoria, Vol.48, 1998, pp. 257-270.

[17] A. Daneshkhah, A. Devillers, C. E. Praeger,
Symmetry properties of subdivision graphs,
arXiv:1008.2261v2 [math.GR]18 Jan 201 1.

[18] P. Diindar, A. Aytag, Integrity of total graphs via
some parameters, Mathematical Notes, Vol. 76,
2004, (5): pp.665-672.

[19] G. Y. Katona, Toughness and edge-toughness,
Discrete Mathematics, Vol.164, 1997, pp. 187-
196.

[20] F. W. Li and X. L. Li, Computing the rupture
degrees of graphs, Proc. 7th international sym-
posium on parallel architectures, algorithms and

networks, IEEE computer society, Los Alamitos,
California, 2004, pp.368-373.

[21] F. W. Liand X. L. Li, On the Integrity of Graphs,
Proc. 16th IASTED International Conference on
Parallel and Distributed Computing and Sys-
tems, Acta Press, November 9-11, MIT, Cam-
bridge, USA, 2004, pp. 577-582.

[22] F. W. Li, Q. F. Ye and X. L. Li, Tenacity and
rupture degree of permutation graphs of com-
plete bipartite graphs, Bull. Malays. Math. Sci.
Soc., Vol. 34, 2011,(3): pp. 423-434.

E-ISSN: 2224-2880 1038

Qingfang Ye

[23] F. W. Li, Q. F. Ye and B. H. Sheng, Comput-
ing Rupture Degrees of Some Graphs, Wseas
Transactions on Mathematics, Vol. 11, 2012,
(1): pp.23-33.

[24] F. W. Li, Some results on tenacity of graphs,
Wseas Transactions on Mathematics, Vol.11,
2012, (10):

[25] Y. K. Li, S. G. Zhang and X. L. Li, Rupture de-
gree of graphs, Int. J. Comput. Math., Vol.82,
2005, (7): pp. 793-803.

[26] D. E. Mann, The tenacity of trees, Ph.D. Thesis,
Northeastern University, 1993.

[27] D. Moazzami, Vulnerability in graphs - A com-
parative survey, J. Combin. Math. Combin. Com-
put., Vol. 30, 1999, pp. 23-31.

[28] Y. H. Peng, C. C. Chen and K. M. Koh, On the
edge-toughness of a graph (I), Southeast Asian
Math. Bull., Vol. 12, 1988, pp. 109-122.

[29] B. L. Piazza, F. S. Robertst and S. K. Stueckle,
Edge-tenacious networks, Networks, Vol.25,
1995, pp. 7-17.

[30] S. G.Zhang, X. L. Li and X. L. Han, Computing
the scattering number of graphs, Int. J. Comput.
Math, Vol.79, 2002, (2): pp.179-187.

[31] S. G. Zhang, Z. G. wang, Scattering number in
graphs, Networks, Vol.37, 2001, (2): pp. 102-
106.

[32] Q.L Zhang, S. G. Zhang, Edge vulnerability pa-
rameters of split graphs, Applied Mathematics
Letters, Vol.19, 2006, pp. 916-920.

[33] X. K. Zhang and C. M. Yang, The binding num-
ber of the Powers of Path and circuit, Journal
of guangdong institute for nationalities, Vol.4,

1993, pp. 66-70.

Issue 11, Volume 11, November 2012





