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1 Introduction

It is well known that integrals of Cauchy type
are closely connected with singular integrals. This
connection is expressed by Sokhotskii’s formulas
[11] (see [1], [2], als0). And sO, investigation of
boundary values of Cauchy type integral requires
study of corresponding properties of singular
integrals. Structural properties of singular integral
operators (multidimensional, in general) in terms of
the mean oscillation of functions were investigated
by many authors (see, for instance, [4], [7], [9] and
papers cited in these works). In one-dimensional
case it isaquestion of Hilbert transform.

In the present work the radial boundary value of
the Cauchy type integral over red line
R= (—oo, + oo) is investigated. Conditions on the
density of integral are given in terms of the mean
oscillation of functions.

The paper is organized as follows. In section 2
we provide necessary preliminaries and notations.
In section 3 we obtained upper estimate for the

quantity ‘ny(x)— f(1(x, y))‘ where P, f(x) is
Poisson integra and f(l(X,y)) denoted the
average of functions f in  the set
1(x,y):=[x—Yy, x+y]. In section 4 boundary

values of conjugate Poisson integra are
investigated, while boundary values of Cauchy type
integral are studied in section 5. The main results
aregivenin Theorems 3.1, 4.1, 5.1.
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2 Preliminary results and definitions
Consider the Cauchy type integral (see[3])

@(2)=Kf (2) = 5 I{i—ljtz}f(t)dt,

where R=(-w, +») and f is a localy
integrable function such that the integral expressing
Kf (z2) converges. This condition holds, for
instance for functions with bounded mean

oscillation.
Let'sintroduce the following designations

1 vy 1 x
I:)"()():;x2+y2’ Qy(x):;x2+y2’
y>0,

XxeR,

P, f(x):= (t)dt =

1 y
Y g
7r£(x—t)2+y2

:Py*f(x), y>0, xeR,

_1 X—1 t
Qf (= 7rJF:{(x—t)2 +y? e

:J{Qy(x—t)—Ql(—t)}f (t)dt, y>0, xeR,

}f (t)dt =
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1 1
H,109:=— [ {—+
[x—t|>y

X—t 1+t?
y>0, xeR,

}f (t)dt

Hf (x):= limH, f(x)=

y—+0

tz}f(t)dt,

where f is a localy integrable function, i.e.
f € LlOC(R)

Note that Hf (x) denotes the Hilbert transform

(see, for instance, [3]).
Let us check that

i{i_ t }_

alt-z 1+t2)

=P, (x—-1)+i{Q, (x-t) - Q(~1)}, (1)
where z=Xx+1y, y>0.Wehave
P,(x~1)+i{Q,(x~1) ~Q(~t)}=

1 y .1 x-t t
==. +i= +
T (x2+y* =« {(x—t)2 +y? 1+t

_ 1 y
o {(x—t)2 +y° "

1 y+i(x+t) ot
B [(t—X)—IY][(t—x)+|y] "It

2}:
Xt bl
(Xt +y>  1+t?

-

_1 —i[(t=x)+iy] it
o |[t-x0-iyJa-x+iy]  1+t2]

|42

iy, y>0,thenwe get

Y EEETR Y N
A \t-z 1+t?) 7 (t—(x-iy) 1+t

_1 1t )
A \({t—-x)+iy 1+t

1 t=x-iy ot o)
A (=X +y? 1+t )

1 —1i .t
== —
n{t—(x+|y) 1+t2

If z=Xx-
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1 t—X ot ly B
a ((t-x2+y> 1+t> (t-x)>2+y°
At v )1y
A \(t-x)2+y* 1+t* ) 7 (t-x)°+y?
Ldxet

7 (X=t)2+y? 1+t?
S

7 (x=t)*+y?

=—P,(x—1) +1{Q, (x~1) - Q,(~ 1)},

iefor z=X-
holds

HEE
Alt-z 1+t%)
=P, (x-1) +i{Q,(x-1) - Q (- t)}. @
If denote
u(z)=u(x+iy)=P, * f(x)= P, f(x)
U(z)=0(x+iy)=Q, f(x), then for z=x+iy,
y >0, from (1) it followsthat

u(z)+id(z)=

= u(x+iy) +id(x+iy) = P, f (x) +iQ, f (x) =

iy, y>0, thefollowing equality

and

Yy
ﬂi(x_t)2+y2 f (t)dt +

_I{(x t)% + y? 1+t }f(t)dt_

= [{P, (x=1) +i{Q, (x-1) ~Q (- )} (dt =
1 1 t
g!g{t—z 1+t?

Consequently, if z=x+1iy, y>0,then

K (2) = %(u(z)+ iGi(2)) =

}f (t)dt = 2Kf (2).

1 N
:E(u(x+|y)+IU(X+W)):

Issue 2, Volume 11, February 2012



WSEAS TRANSACTIONS on MATHEMATICS

1 .
= E(Py f(x)+iQ, f (x)) )
Anaogoudly, if z=x-iy, y>0, then by
means of equality (2) we receive that
KF(2) =~ (u(2)+10(2) -
1 . L~ .
= (Ulx=iy)+id(x-iy))=
1 .
:E(_ P, f (x)+|ny(x)). (%)

Let f be a function localy integrable in R,
that is fel (R), I(xr)=[x-r, x+r],
where xe R, r>0, |I(x,r] be the length of the
segment I(x,r),andlet

f(1(x,r)): =] )| [RIOL: :

1(x,r)

— |f(t)— f(l (x,r))|dt.
)
Q(f,1(x,r)) is caled the mean oscillation of the
function f onthe segment I (X,r).Let X, € R be
afixed point. Let’ s designate

Q(F,1(x1)) =

m; (%, 8) = suplQ(f,1(x,,1)): <5} :
0 >0,
M, (&) =supim,(x;5): xeR|, &>0.

M, (o) is caled the modulus of the mean
oscillation of the function f . Note that the
function M, (0) was first introduced in [12], the
function m;(X,;0) , apparently, in [8]. By
BMO, = BMO,(R) we denote the set of all
functions f € L .(R) satisfying the condition

loc

(M@
S”p{ o)

[*lewo,

5>0}<+oo,

where ¢(0) is a positive monotonically increasing
function on (0;+00) . In other words,

BMO, = {f € Lo.(R"): M, (8)=O(p(5)),
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o > 0}. BMO, will be regarded as space of

functions modulo constants and is Banach space. If
o(t)=1, then BMO, is the usua BMO of John

and Nirenberg [5].
By direct testing it can be shown that the
following propositions hold.

Lemma2.1.1f f(x)=1= 1(x), then
Q f(X)=Qy1(X)=

=— j 5+ dt =0,
(x— t) +y? 1+t
xeR, y>O0.

Lemma22.If f(x)=1=1(x),then
H,f(x)=H,1(x)=
}dt:

1 1 t
= — J‘ B — >
ﬂ-\x—t\>y X_t 1+t
xeR, y>0.

1 M
27 1+ (x+y)?

In particular, from lemma 2.2 it follows that
H1(x)= IirQ)Hyl(x)EO, xeR.
y—>+H
Lemma 2.3. ([8])). Let f el (R),

Then for 0< 7 <& < +oo the following inequality
holds

X, €R.

£ (1(%,)) = £ (1 (Xg,77))|
sé(mf +jt‘lmf (xo;t)dt].

If the finite limit lim f(1(x,,€))=s; (%)
exists, then the point X, € R is called the d -point
for f e L, (R). The set of &l d -points of the

function f wedenoteby D(f).

The point X, € R is called the | -point for the
function f € L. (R) if there exists afinite number
I, (x,) such that

lel—%]“ xO gx

Theset of al | -pointsof f we denote by L(f). It
isknown that if f e L.(R), then aimost all points

f(t)—|f(xo)|dt=o.
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xeR ae | -points of f and the equality 2 1
<= ||f(t)- f(l dt
|, (x)= f(x) holds aimost everywhere. = 2y|(£|y) (6)= 101y <
If limm, (x,;2) =0, then the point X, € R is <2m, (xy):
called the m-point for f e L(R) (see [8]). The ' "
set of all m-pointsfor f wedenoteby M(f). =
Theorem 2.1. ([8]). A point X, € R is | -point for =lj 3; | f(t)- F(1(x y))dt <
the function f e L (R) if and only if it is 7 Akt ey
simultaneously d -point and m -point for f , in 1 y .
other words L(f)=D(f)N\M(f). S;,g[(x—t)2+y2‘f() f(l (X12kl)’)ldt+
3 Estimation of ‘ny(x)— f(I(x,y))| 1 Y 1612 VD £ (1 (x vl <
eyl 2yt yjas
Theorem 3.1. Let xe R and f € L,,(R). Then
the following estimation holds <1 +”f(t) f(| (x 2k*1y)ldt+
P () - f(1(x )< 7 (2yf+y? A
T f( t) S A Yt x, 2k f
y (X, Y))x
{ y>0, (5) jn (Zky)2+y2‘ (( )) (( )X
where C isa positive absolute constant. % J‘ dt, ©)
Proof. Taking into account A
Ipy(X—t)dtfl (xeR y>0), where A, =1 2"y<|x—t|32k*1y}.
R
we have Extending integration domain of integrals in the
right hand side of ’ghe last inequality and applying
‘P f B f( (x y))(s lemma 2.3, we obtain
I X— tlf f(1(x, y))|d I <
R
= [ Bt Ft)- F(10c y)jae+ <t Y £(t)- £ (1 (x25y))dt+
Ity r ‘(zk)2+1iy2“;']k+ly 1
+3 [R(x=t) ()= f(1(x y))dt = 1
k=0 5% y<x:[§2{*1y +;((2")—2y+1V‘ £ (x, 20 y))- £(1(x, y))( x
=1+ D i - 6) x [dt <
k=0 [x-tj<2y
Let usestimate integrals i; and i,, . We have 4 1 1
, <2 gy ( ”f)(t)— F(1(x 24 y)Jot +
LY )= 0 (x y)e <
e, | _—
ﬂi 2 k+1 ’ ymf Xt
K] Z[mf (x,2 y)+ J; " dt (<
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ok
2k+1y t
41 2[ (2 y)e | m; (x )dt]
721 y
11 . 1
zin2 2%
iy ¢
><[mf (x;2"+1y)+ J. m ix, )dt]. (8)
y

On the other hand, if ¢(t) is a non-negative
increasing function on (0,+oo), then for y >0 we

=2 t*
- 1 k+: Oo¢(ty)
; o o2 1y)§32J; ALS ©
Indeed,
Tolty) & olty)
jz' 2 dt_kz_(;zll o dt>
> ; ¢(2k+l y)(Zki-z )2 (2k+2 2k+l)_
52 ~ol2y)
Tolty) . 7F olty)
l 5 dt_g(‘;ijl >
> g (0(2k+1 y) (2:2 )3 (2k+2 2k+1)_

Taking into account (6), (7), (8) and (9) we obtain

R, 10— 116 y)f < Zm Gey) o
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1 wi k+1
< lnz{mf(xy)+k2_;2kmf(x2 y)+
© 2k+1y .
+Zz—1kj mfix’t)dt}<
k=0 y

dt > m, (x;2y)ft‘2dt > %mf (xy),
2

then by inequality (10) we get

R ()= f(1(xy)f< clﬁ i E)Z(;ty)dt "

P

where ¢, >0 is an absolute constant. Using the
change of variables ty =7 in the first integral of
the inequality (11), we obtain

) pmice) 1,

2 tz 2y (T/y)z y

= Tmf()z(;f)dr_ T f()z(’r)dr. (12)
2y y T

Besides,
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| mf(T [It‘zdt}

2y t/y

2y . 0 .
=1J‘mf(X’T)dz_+ YI mf(x'f)df

5 <
2y T 5y T
1 tm (x7)
<=In2-m; (x2y)+ yj ~dr <
2 Sy
Tm (X
<cyf (13)

y
where ¢, > 0 isan absolute constant.

Inequality (5) follows from inequality (11) by
inequalities (12) and (13). The theorem is proved.

Taking into account the inequality
m, (x8)<M, () (xeR, &>0), from
theorem 3.1 we abtain the following facts.
Corollary 3.1. Let xeR and f be a localy

integrable function on R . Then the following
estimate

(t)

M
R - Uy <oy —5dt, y>0,
y

holds, where C isapositive absolute constant.
Corollary 32. Let xe R f e L, (R). If

dt < +o0

Imft(x t)

and X  L(f), then limP, f (x) =1, (x).

y—0

Corollary 3.3. Let f € BMO,, ¢(0)=0 and

o)

t

dt < +o0.

P38

Then at the points X € L(f)=D(f) theequality
limP, f(x)=1,(x) holds.

y—0

Corollary 3.4. Let f € BMO. Then at each point
X e L(f) the equality lim P,f(x)=1,(x) holds.
y—
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4Estimation of |Q, f(x)—H ()|
Theorem 41. Let fel, (R) . Then for
0< y<1 and xe R thefollowing estimate

dt +

Tm; (X;t)
.[ '[3
|n1+ (X_ y)2

1+ (X+y)? J (14)

holds, where C is a positive absolute constant.

y

‘ny(x)—Hyf(x)‘SC(yz

Proof. Let xe Rand f €L, ,.(R). Then, applying
lemma2.1 and 2.2, we get

Q,f()—H,f(x)=
:lj‘ X—t N
7o |l (x=t)f +y?
1 J- { 1 t

-= — 4
T x=t 1+t?

:ﬂ{(x—t); :

| {xlt o t2}[f(t)—f(( et -

\x tj>y
}dt _

1 1
_f(I(X'r)). ”x'!;y{x t
}[f ) - f(1(xr))dt +

:1 j x-t N t
T \x Yy (x=t)+y* 1+t*
X—t

1
+;u>y{(x ey’ 140 }[f -
L Ll G-

T t>y{x t
—H(1(xr))- Zﬂm—ﬁ&g

e }f (t)dt -

}f (t)dt =

VRETE }[f(t) (1 (r))tt -

1+t?

1t2
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-1 _[ W[f(t) F(0or))dt+

T [x-t|<y
1

+ =
T

1+t2 [f(t)—f(1(xr))]dt+

[x-t|<y

1

x—t
et - -

T [x-t}>y

1, L=y
27 1+ (x+y)*

- f(1(xr))
Then
Q, f(x)—H f (9| <

<1 j |f(t)—f(|(x y))|dt +
72: X

—j ||2|f(t)—f(l(xy))|dt+
7T Gy 11
3

X—t 1

m‘r_t\fﬁ)— f(1xy))et+

2 yefx-tj<2ty

2

1+(x+y)

1+(x-y)’

=ty i+ ) iy iy (15)
k=0

Let us estimate summands i, I,, g

(k=O,L2,...) and i, separately for O<y<1.
We have:

:_I |X t| 2|f(t)—f(|(x y))|dt <

<2 ] X_Zt||f(t)—f(l(x,y))|dt§
iy Y

21

ﬂf(t)—f(l(x y))|dt <
V4 2y|(

X,Y)

2
<Zm(xy). (16)
VA

E-ISSN: 2224-2880

Rahim M. Rzaev, Aysel B. Imanova

In order to estimate i, we show that iz < 1
1+t 2
Indeed, (t|~1)" > 0. Therefore, [t|" 2t} 1> 0

o1
1+t% 2

Using the last inequality in view of O<y <1, we
obtain

and t?+1> 2t|. Thus,

=_I |t|2|f(t) f(1(x, y)|dt <

I(xy)

gl— [lf@®- 0yt <
T

I(xy)

Lt j|f(t)—f(|(x y))|dt <
T

l(xy)

=m;(xy). (17)

T

Now we estimate i, (k=0,12..) for
O0<y<1l. Wehave

oy (x=t) = (x-t) - y*
b _ﬂ'zky<x-[<2“y ((X_t)z + yZJX—t‘ “(t)_ e y))‘dt S

N |-

- f(I(xy))dt <
2 ydx-tj<2*ty (2k y)2 + y2 “ |

1 1

<= = fO)y—f((xy)dt<
P y.uﬂlyf) (1(x )

1

s”(zk) 2k+2y [T -2 y))dt+

1 (x,2ty)

1 4
72'(2k)2 2k+2y «

' JIF000y)- 102yl <

2k1

L4
2297 [1(x2y)

j [F(0)- T (x2y)dt+

1(x,2y)

(zk —— | FA o0 y) - F(1(x2)).

Applying lemma 2.3, from here we obtain
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- 4 .yk+l 2 (Xt ) 2 m (X T)
<—— 2 Y
I3 ;z-(2k)2 m; (X277y) + ~2[ »[t (J’ 7 dt+
4 2 1 m; (Xt) 1+ (x— y)?
m, (x;2“"y) + 4d +(x-y)
<2k) In 2{ f I } |n1+(x+y)2 : (19)
8 1 Since
< ——|m, (%2 y) + w
rln2 (24)? J'demf (x;2y).ft“"dtz%mf (xy),
y 2
j M g (X v ] (18) then from (19) it followsthat for 0< y <1

\ny(x)—Hyf(x)\g

[Imf(xty) T%Umf(xr) JdH

Taking into account

1+(x-y)?
1+ (x+y)?|

1
:Z“(l (x y)|in

_ 2
lni+(x—y)2] (20)
by inequalities (15), (16), (17) and (18), for +(x+)
0<y<1 weget holds, where ¢, >0 isan absolute constant.
Changing variables ty =7 in the first integral
‘ny(x)— Hyf(x)‘g and changing order of integration in the second
integral of inequality (20), we obtain
sémf (X y)+ |822{ iz(mf (2 y) + Tmf (x;ty)dt: Tmf (X;T)-ld _
" 7In2i3((2') Y 5 (/Y)Y
T (x7) tm; (X7)
Zym, (xt =y? |- dr <y? dr;
;Mj} St
y

It [fmf(xr) J Tmf(r T)[I ‘SdtJdH

y 2

1+ (x—-y)?|

8 k+1 T
SnInZ{ f(xy)+z(2k m, (%2 y) + z.[y . U' j

=1 Zvm, (xt) mf(xf) 1 °°mf(x r)
+kz(2k)2j; t dt + - J 2J'
1 1, m(Xr)
+|f(|(x y))|‘ 1+(x+£2} _§In2m(x2y)+2yjy = dr <

Applying inequality (9), from here we have m; (X T)

<%yf
Q, F(x)—H, f () <20 (i, (xy)+
7-In2
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where ¢, >0 isan absolute constant. Therefore,
in view of inequality (20), we get for O< y <1,
Xe R that the following inequality

Q, f(x)—H, f(x)|<

,n1+(x—y)2]
1+ (x+y)°

holds, where c, >0 isan absolute constant. The
theorem is proved.

tm, (Xt
<c, yzf%du
y

Corollary 4.1. Let f be a localy integrable
functionon R. Thenfor 0<y<1 and xeR the
estimation

( y
holds, where C isan absolute constant and

Iy, if [¥<1,
O y)=11y it s,

|x| Y,

Corollary 4.2. Let f be a localy summable
function on R. Then for O0<y<1l and xeR
the following estimation

2

2 1

Q, f(0—H,f(¥)|<
1+(Xx+Yy)

\ny(x)—Hyf(x)\s

dt+|f(|(x y)lh(x, y}

<C

holds, where C > 0O is an absolute constant.

Corollary 4.3. Let f e L (R), xe M(f) and

dt < 40,

1" m, t(3><:t)

dt < 400,
0<y<l

xy) -H

If one of limits Iyi_r)rngf(x) and Iyi_r)rolHyf(x)

exists, then other one exists aso, moreover they are
equal.

Corollary 4.4. Let f € BMO, and

E-ISSN: 2224-2880
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I@dt<+w.
1

Then the limit Iinngf(x) = Hf (x) existsalmost
y—

everywhere.

5 Radial boundary values of Cauchy
typeintegral

If the integral expressing Kf(z) converges,
then the function Kf (z) isanalytical both in upper
and lower half-planes. This proposition holds when
f e L*(R), f eBMO(R) and etc., for instance.

By means of inequaities (5) and (14), for
z=Xx+1y, y>0 weobtain

‘Kf(Z)—%(f(l (X, y))+iHyf(x)1:
:%‘u(x+iy)+iﬁ(x+iy)— F(0G ) —iH, (0] <

s%ﬁu(xﬂy)- F(1OG )| +[T(x+iy) —H, f (X)\}=

AR M- T +[Q F-H, F 00 <

m; (%0 (X Dt m (%0, (X gt
<o ™ ey 0
1+ (x-y)

i <
1+ (x+ y)zj

1+ (x-y)°
f((x, y))InmJ.

}f (t)dt +

+[f(1(xy)In

Tm; (Xt
<dy M g
t2
y

Thus, for 0< y<1, z=Xx+1y, theinequality

1.1 1 t
Kf(2)—=|i— E——
Kf () 2[72’ j {x—t+1+t2

[x=y>y

R)E c{yj WASDN
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J (21)

holds, where C isa positive absolute constant.

O<y<1,

1+ (x—y)*

+ 2
1+ (X+y)

f(xy)In

If z=x-1iy ,
analogously

then we get

‘Kf (z)—%(iHyf(x)— £(1(x, y))*:

=%—u(x—iy)+iG(x—iy)—iHyf(x)+ HUESY)E

s%{u(x—iy)— F(1(x Y]+ [T (x=iy) - Hyf(x)‘}=
:%{ny(x)— f(1(x, y))\+\ny(X)— Hyf(X)‘}S

.T m; (X;t) it +

i3
JS
J : (22)

where C' isapositive absolute constant.

y y
1+(x-y)*

+ 2
1+(x+Yy)

f(1(xy)In

<of o] " e

2
y
1+ (x-y)?

+
1+ (x+y)?

f(I(xy))In

Inequalities (21) and (22) imply the following
theorem.

Theorem 5.1. If f el (R), xeL(f), singular
integral Hf (x) exists and

m; (x;t) "

[t < o, (23)
)t

then the formulas

(Kf)"(x) = Jlrpo Kf (x+iy) =

1(.1 1 t
_§[|;v.p]{ﬁ+l+t2}f(t)dt+|f(X)J; (24)
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(KF) ()= lim KF (x—iy) =.

_l |lvpj{i+ t
20 7 Y Ix—t 1+t

R

}f (Odt-I, (x)J (25)

arevalid.

Equalities (24) and (25) are analogues of Yu. B.
Sokhotskii’'s [11] formulas for radial boundary
values of Cauchy type integral when the functions

f satisfy condition (23) (if f € BMO, and

o0

[t2p(t)t < +o0,

1

then the condition (23) is satisfied at each point
xe R and Hf (x) existsa. e.in R [4], [7]).

It iswell known that if

s[plt)dt =0(p(s)), 5>0,  (26)

then the singular integral operator H isbounded in
BMO, ([4], [7]). Consequently, if the function ¢

satisfies condition (26) and f € BMO_ , then
(Kf)" e BMO,, (Kf) e BMO,.
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