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Abstract: In this paper, the mean square exponential stability of the periodic solution of stochastic Cohen-
Grossberg-Type BAM neural networks with delays are investigated. By constructing suitable Lyapunov function,
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is also given in the end to show the effectiveness of our results.
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1 Introduction

The Cohen-Grossberg-type BAM neural networks
model (i.e., the BAM model which possesses Cohen-
Grossberg dynamics) is initially proposed by Cohen
and Grossberg [4], which have great promising po-
tential for the tasks of parallel computation, associa-
tive memory etc. These applications heavily depend
on the dynamical behaviors of system (Huang, Chen,
Huang and Cao [7]; Lu and Chen [14]; Liao and Li
[13]). Thus, the analysis of the dynamical behaviors
of Cohen- Grossberg-type BAM neural networks are
important and necessary. In recent years, many re-
searchers have studied the global stability and oth-
er dynamical behaviors of the Cohen-Grossberg-type
BAM neural networks(see Cao and song [2]; Yang
and Zhang [19]; Zhou and Wan [23]; Bai [1]; Feng
and Plamondon [5]; Jiang and Cao [8]). For exam-
ple, Cao and Song [2] investigated the global expo-
nential stability for Cohen-Grossberg-type BAM neu-
ral networks with time-varying delays by using Lya-
punov function, M -matrix theory and inequality tech-
nique. In Feng and Plamondon [5], by constructing
a suitable Lyapunov function, the asymptotic stabili-
ty was investigated for Cohen-Grossberg-type BAM
neural network. In [8], the authors have proposed
a new Cohen-Grossberg-type BAM neural network
model with time delays, and some new sufficient con-
ditions ensuring the existence and global asymptotical
stability of equilibrium point for this model have been
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derived.

In addition, the research of neural networks with
delays involves not only the dynamic analysis of e-
quilibrium point but also that of periodic oscillatory
solution. In practice, the dynamic behavior of peri-
odic oscillatory solution is very important in learning
theory. Moreover, it is well known that an equilibrium
point can be viewed as a special periodic solution of
neural networks with arbitrary period. In this sense,
the analysis of periodic solutions of neural networks
with delays to be more general than that of equilib-
rium point. For example, in Chen and Cao [3]; Li
and Fan [12]; Xiang and Cao [18]; Yang and Xu [20];
Zhang and Gui [21]; Li and Wang [9] have investi-
gated the periodicity of Cohen-Grossberg-type BAM
neural networks with variable coefficients.

Recently, some authors have investigated the
dynamical behaviors of stochastic Cohen-Grossberg
neural networks , and obtained some new results (see
Song and Wang [15]; Li, Song and Fei [11]; Su and
Chen [16]; Zhao and Ding [22]; Huang and Cao [6];
Wang, Guo and Xu [17]). In particular, the stabili-
ty criteria for stochastic Cohen-Grossberg neural net-
works becomes an attractive research problem. Song
and Wang [15] gave some results on stability analysis
of impulsive stochastic Cohen-Grossberg-type BAM
neural networks with mixed time delays. Huang and
Cao [6] investigated the p-th moment exponential sta-
bility of stochastic Cohen-Grossberg neural networks
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with time-varying delays.

Motivated by the above discussions, a class of
stochastic Cohen-Grossberg-type BAM neural net-
works with time delay is considered in this paper.
We will derive some sufficient conditions of the mean
square exponential stability of the periodic solution
for stochastic Cohen-Grossberg-type BAM neutral
networks with time delays, by constructing suitable
Lyapunov function, applying It6 formula, integral
mean-value theorem and Poincaré mapping.

The rest of this paper is organized as follows: In
Section 2, the model formulation and some prelimi-
naries are given. The main results are stated in Section
3. Finally, an illustrative example is given to show the
effectiveness of the proposed theory.

Consider the following stochastic
Grossberg-type BAM neural networks

Cohen-

[ dus(t) = —ai(ui (1)) { b (s (1)) — iaijfj(vj(t))
=

= 5 aufy(uy(t =) = o)
P

- kij(vj(t))dwn+j(t)}’
j=1

dwmz—%w@nmwﬂ»—éwﬁwm»

n

- ; hjigi(ui(t — 04i)) — J;(t)]dt
- ;Pji(ui(t))dwi(t)}»
(1)
for ¢+ = 1,2,---n,j = 1,2,---,m, where

u(t) = (ur(t),uz(t), - un(t))” € R™u(t) =
(v1(t),v2(t), -, vm (t))T € R™, u;(t) and v;(t) are
the state of the ith neurons from the neural field Fy;
and the jth neurons from the neural field Fy, at time ¢
, respectively; f; and g; denote the activation function
of the jth neurons and the ¢th neurons at time ¢, re-
spectively ; a;; and c¢;; weight the strength of the ith
neuron on the jth neuron at the time ¢ and ¢ — 7;;, re-
spectively; b;; and hj; weight the strength of the jth
neuron on the ith neuron at the time ¢ and t — o,
respectively; 7;; > 0 and 0j; > 0 are nonnegative;
I;(t), J;(t) denote the external inputs on the ith neu-
ron from Fy; and the jth neuron from Fy  at time ¢
, respectively; a;(u;(t)) and d;(v;(t)) represent am-
plification functions; b;(u;(t)) and e;(v;(t)) are ap-
propriately behaved functions such that the solutions
of model(1) remain bounded; k() = (ki;(-))nxm and
p(-) = (pji(-))mxn denote the diffusion coefficient;
w(t) = (wi(t),wa(t) -, wpym(t)T is an n + m -
dimensional Brownian motion defined on a complete
probability space (2, F, P) with a natural filtration
{Fi}+>0 generated by {(s) : 0 < s < t}, where we
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associate ) with the canonical space generated by all

{w;(t)}, and denote by F' the associated c— algebra

generated by {w(t)} with the probability measure P.
The initial conditions of system (1) are given by

{ u;i(s) = dui(s),s € [—a,0], @)
’Uj(S) = ¢yj(8), s € [_7_> O]a
fort =1,2,---,n,5=1,2,---,m, where

o= max  {oj},

1<i<n,1<<m

T = max

i e T
¢ui(s) and ¢,;(s) are bounded and continuous on
[—9,0], 6 = max{o,7}.

Consider a general stochastic system

{ da(t) = f(t,x(t))dt + g(t, =(t))dw(t),t > to > 0,
z(to) = o,

(3)
where f : RT xR"” — R" g : RT xR"” — R". Let
CL2(RT x R™; RT) be the family of all nonnegative
functions V (¢, z) on RT x R™ which are continuous-
ly twice differentiable in x and differentiable in ¢. If
V(t,r) € CH?(R* x R";R*), an operator LV (¢, x)
is defined from R™ x R" to R by

LV(t,x) =Vi(t,x) + Vo(t,x) f(t, o)
—i—%tmce[gT(t, ) Ve (t, 2)g(t, x)],

where Vi(t,z) = %,
_OV(t,z) OV (t,x) oV (t,x)
V$(t7 JI) - ( 81‘1 ) 81132 ) ’ 8£Un )7

2
and Vi (t,0) = (G nscn-
Applying /to formula, we have

dV (t,z) = LV (t,x)dt + Vi (t,x)g(t, x)dw(t).

2 Preliminaries

In order to establish the stability conditions for
system (1), we give some assumptions.

o (Hy) : Foreachi = 1,2,...,n;j = 1,2,...,m,

functions a;(z),d;(z) are continuously bounded

and satisfy a;(z) > 0,d;(z) > 0, this is, there exist

constants Qi,di,dj,cij, such that a; < a;(z) < a;,
d; <dj(z) < dj forall z € R = (—o00, +00);

For b;(z) and e;(z) , there exist 3; > 0 and y; > 0,

such that

(z = y)[bi(2) = bi(y)] > Bi(z — y)*
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(z = y)lej(2) — e ()] = vj(z —y)*, 2,y €R.

The activation functions f; and g; satisfy Lipschitz
condition, that is, there exist constant F; > 0 and
G; > 0, such that

£ (61) = fi(&2)] < Fjl&1 — &al,

19i(€1) — 9i(&2)| < Gil&1 — &,
for any &1,& € R.

Functions k;;(-) and pj;(-) satisfy Lipschitz con-
dition, that is, there exist constant L;; > 0 and
T}; > 0, such that

kij(§1) — kij(§2)| < Lij|ér — ol

lpji(&1) — pji(§2)| < Tjilé1 — &2,
for any &£1,&2 € R.

(Ha) = Ii(t), J;(t),w;(t) and wy(t) are continu-
ously periodic functions defined on ¢ € [0, c0) with
common period w > 0, and they are all bounded,
denote

I7 = sup |Li(t)],
0<t<o0o

Ji = sup |J;(t)],
0<t<oo

wherei =1,2,---,n,j=1,2,---,m.

(Hg) : bl(O) > 0, ej(O) > 0, kij(O) = O,pji(O) =0
and —bi<0) + Z (aij + Cij)fj((]) + I: =0,
j=1

n

—¢;(0) + > (bji + hji)gi(0) + J; =0,
2

=12, nj=1,2-.m.

For the deterministic system

dui(t) = —a;(ui(t)) [bi(ui(t)) — J; aij f5(v;(t))
—]; cij f(vj(t = 7i5)) — Lildt,

duj(£) = =d;(v; (#)es (v () = 2 bjagi(wi(t))
\ - Z; hjigi(ui(t — o)) — Jj]dt,

“)
where I; and J; are constants, we can prove that
under the assumptions(H ), system (4) has equilib-

T

. . * * * * 0k *
rmum pomt(ul,ug7 iy Uy, Uy, Ugy e o 7vm)

It is interesting for us to know how the stochastic
perturbation affects the stability property of system
(1). To our aim, we assume also that
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(¢] <H4) : kz](v;) = O,pjz-(uf) = O,i = 1, 2, RN N
j: 1727"'7m-
Under hypotheses (H4) and I;, J; are con-
stants then system (1) admits an equilibrium point

* % * ook ok * \T
(u17u2>"'7unvvlvv27"'vvm) :
We let

u(t) = (ua(t), ua(t), - un (1),

v(t) = (01(t),v2(t), -+, om (1)
ut = (uivuza T >U:L)T>
vt = (ULU;? T U:n)T'

Definition 1 For system (1), assume I;, J; are con-
stants, the point (u*T,v*")T is called a equilibrium
point of system (1), if it satisfies the following equa-
tions

—bi(u7) + Zlaijfj(vj) + Zlcijfj(v;) +1; =0,
J= Jj=

n n
—e;(vF) + Zl bjigi(uy) + Zl hjigi(u;) + J; = 0,
1= 1=
)
fort=1,2--- nj=1,2,--- m.
Definition 2 Let (u*T,v*")T" be the equilibrium
point of system (1), we define the norm

n
lpu —u*|> = sup > |pui(t) —uil?,
—o<t<0 ]

m
lgo — 0" = sup > |du;(t) — v P,
—7<1<0 57

n m
lul? = 21 (W), oll* = Zl vi(t) [,
i= j=

where d’u = (quh (buzv N ¢un)T and
v = (Po1, Pv2, -+, %m)T are initial values.

Definition 3 The equilibrium point (u*T,v*T)T of
system (1) is said to be mean square exponentially sta-
ble, if there exist constants o > 0 and M > 1 such
that

n m

Zl E(Ju;(t) — uf[?) + Zl E(Jv;(t) — v;|?)
i= j=

< Mem[E(||¢u — u*[I*) + E([|¢v — v*[1?)],

forallt > 0.
where E(-) denote mathematical expectation,

(u®)", o))"

= (ul(t)7 u2<t)7 T ,’U,n(t), Ul<t)7 UQ(t)v T ,'Um(t>)T
is any solution of system (1) with initial conditions (2).
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Definition 4 Let Z*(t) = (ui(t), u3(t), -, ul(t),

vi(t), vi(t), -, v ()T be an w— periodic solution

of system (1) with initial value 1 = (1y1(t), Yu2(t),
o 7¢un(t)a '(/}’vl(t)a ¢v2(t), T Q;Z)vm(t))T- Let

Z(t) = (ul(t)’ M) un(t)v vl(t)’ M) Um(t))T be

solution of system (1) with initial value

¢ = (¢u1(t)7 T ¢un(t)a ¢v1(t)7 T ¢vm(t))T'

If there exist constants o > 0 and M > 1, such that
;E(Iw(t) ur(t)[?) + Z E(|vj(t) — o3 (1))

=
< Me™ " E(||¢py — ul|?) + E(||ds — ¥u|?)], > 0,

then Z*(t) is said to be exponentially stable in the
mean square, where

B(léu—tal®) = sup 3> B(|gul) —tuit)2),
—o<t<0i=1

E(lg0—0l) = sup 3> B(|bu(t) — v ?).
—7<t<0j=1

Lemma 5 Assume that
—2a;6; + Z ([d3T5; + ailag; | Fy + ailcis|

+[bjild;Gs + |hyild;G7] < 0, (6)
n
—2d;vj + Zl[agij + |aijlaiFy + |cijlai F;
1=

+|bji’JjGi + ]hﬂ]ci]] <0, @)

fori=1,2,---,
a > 0, such that

a_ZQiBi"i' Z[JQTZ +az|az]|F +az|Cz]|+‘b]2|d G
Jj=

n,j = 1,2,---,m, then there exists

G
—I—ea"|hﬂ|cz G 1<
a—2d;v; + Z[ 2L S+ |laijla; Fj +e*™ Z ]cw\aZFQ

|bﬂ|d G +|hﬂ|d]<0
fori=1,2,--- . n,j=12,-

Proof. Let
pi(a) =a—
+ |bjild;G; + €aa|hji‘dezZ]>

2a; i + Z (3T + ailay | Fy + ailcij]
J=

bjla) = o —2d;y; + Yo (a7 LY + lajlai Fy +
i=1 ~

€7 |eij|aiFy + [bjild;Gi + |hjild;].
Obviously,
d‘pl( ) >0, lim wi(a) = 400, ¢i(0) <0,

a——+00

dw;( @) . , _ ,

>0, lim_dy(a) = +o0, 5(0) <0,
1—1,2,...,71, 17=12,....m
Therefore, there exist constants o, a; € (0,400),
such that
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pi(a;) =0, ¢;(aj) =
1=1,2,...,n, 3—1,2,...,
We choose

a=min{ay, ag,...,an, 05,05, ... an},
then o > 0 and it satisfies that
pi(a) <0, ¢j(a) <0
1=1,2,...,n, j=12,...,m,
which means there exists constant « > 0, such that

o — 20,0 + Z (T3 + ailaij| Fy + ailcyj|
J=

+ ’bﬂ|(j G + 6a0|hji|CZ'G2] < 0
—2d;v; + Z[ 2L2 + |aij|ai Fj

+6“T|CZ]]aZF + |bﬂ\d G + \hﬂ\d | <
fori=1,2,---.,n,5=1,2,-

Lemma 6 (Li and Max [9]) If there exists positive
definite function V (t,x) on RT x R"™ the solution
x(t) of system (1) is stochastic bounded, if it satisfies
(a) V(t,x) is continuously twice differentiable in x
and differentiable in t;
(b) LV (t,z) < 0, and

t e RT.

lim V(t,z) = oo, for any

[[]| =00

Lemma 7 Under hypotheses (H1) and (H3), then the
solution z(t) of system (1) is stochastic bounded, if (6)
and (7) in Lemma 5 hold.

Proof. We consider the following Lyapunov function

Va(t, u(t)) = e ; u2(t)

+ 3D lelai [ e*CTTE[f(05(s) — f3(0)]ds,
i=1 j=1 =
" ®)
Va(t, o(t)) = et 3 vA()
j=1
m n t
+3 D hlds [ e gi(ua() - 0)ds,
j=1i=1

t—oj;
€))
where « is given by Lemma 5
Applying Ité s formula to Vi (¢, u(t)), we have

LVi(t,u gl)) i
= e ; uZ(t)+2e ;Ui(t){_ai(ui(t))[bi(ui(t))
- ;aijf]‘(’l}j( ) — il cij fi(vi(t —7i5)) — Li(#)]}
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+eot i g (i (ui () kij (v (t)))2 + i % |eijlag Applying Itérs formula to Vao(t,v(t)), similarly, we
i=1j=1 i=15=1 also get
[e (t””)(f]( v(t) = £;(0))? LVa(t, U( ) .
(los(t=mg)) = (O <t o -2y -y 3 blG+ dy
= ae™ 37 uf(t) + 2¢ Z wi (ER—ai(us(t))[(bi(ui(t)) = s
=om !hji!}lvj(t)!2+6"tz{z dj[bji| G + T 32
—0i(0)) = 22 aij (f(v;(8)) = £(0)) e _oas
mo 7 djlhi| G2 + Y BT2Hus(1)* + 26 Y- v;(t)
- ;Cij(fj(vj(t—ﬂ'j)) — £3(0)) = L()]} i=1 j=1
o L (ol (g7 () =e5(0) + Y [bjs + hyilgs() + 7. (D)
n o m =1
“‘; ;1 cijlasle a(t+Tis) (f5(vi(t)—£;(0)) Let
—e(fj(vj(t — 7)) — £;(0))] V(t,u(t),v(t)) = Vi(t,u(t)) + Valt,v(t)),
), from

at - 4 Ny applying [to's formula to V (¢, u(t),v(t)
26 2 wilB)ai(ui(t) {5:(0) + @;{alﬁcm]fj 0} (10)-(11), we can obtain

=1
n n LV t,u t , U t
< e Y ud(t) + 2 Z{—Q-ﬁiuz(t) \ "( h ()

= < e Y {a—2a,8 + i d3T% + a i |ai;| F}
m i=1 =1 =1
¥ 3 g (0 ()] + z gl i (0)] m mo m
B E m +ai Y JeiglH Y bjildjGite Y [hjild;GF Yui(t)
£ (it —7i5)) — f5(0)]} + e ) Zl@?L?ﬂvj(t)lz =1 =1 =1
i=1j=
+ Zl Z |cijlaile® ) (f;(v; (t) — £;(0))? et Z{Oé — 2d;7y; + Z a;Li; + 3 |agjlaiFy +
i=1j= j =1
“(fi(vi(t=i)) = f;(0))*] + 2 Zluz'(t)ai(uz'(t)) e’ Z Jeijlai 7 + Z il diGi+ 3= [hyildj o3 (1) +
i= i=1 i=1 i=1
{=0:(0) + Zl[az’j + ¢l f5(0) + 17} 2e° 37 wi(t)a(ui () {—0:i(0) + 3= [aij +ci5] £3(0) +
J= i=1 j=1
ae® S u2(t) + e S {—2a,8u2(t) I7}+2e Z 3 (t)d (v (t)){—e; (0) + Zl[bji+hji]
=1 i=1 7j=1 i=
=N e L F Tl ()12 T (112
+@zj; |aij| Fj[|wi(8) | + |v; (¢)]7] gi(0)+J7}. (12)
+a; Z |cijl[lus(0)* + 1 £ (v;(t = 735)) — £;(0) "]} By Lemma 5 and hypotheses (H3), from (12), we
I= n om get LV (t,u(t),v(t)) < 0, and Ll 1”1n|f|1 V(t,x) =
at 2L2 2+ i ag ul|,||v||—o0
121 jzla |U]( ) z;. ]; leila oo, for any t € RT. By Lemma 6, the solution

[e(t+is) Ff’”j(tﬂz — e (f;(vi(t — 7i5)) — £3(0))?] (uT(t),vT(t))T of system (1) is stochastic bounded.

+2eat§n:1 uz'(t)az'(uz'(t)){—bi(O)Jril[aiﬁCij]fj(O)+I£“ } N
i= j=

n m m .
= ey {20,840 Y |agj | Ftas Y [esj | Hua(t))? 3 Main results

i=1 j=1 j=1 In this section, we will derive some sufficient condi-
tions which ensure the mean square exponential sta-
e Z { Z ailag;| Fj + €7 Z ailcij ’F bility of the equilibrium point and the periodic solu-

== tion for system (1).
+ 3 @212 v (1))? +2e2t 37 ui(t)ai(ui (t)){—bi (0
Zl Lo 0 z; #(ai(ui(){=5:(0) Theorem 8 Under hypotheses (Hi) , (Hai), and
m I;(t), Jj(t) are constants, then the equilibrium point
+Z[aij + ¢ij £;(0) + I7}. (10) of system (1) is exponentially stable in the mean
=1 square if (6) and (7) in Lemma 5 hold.
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Proof. Assume that (u},u3, -, ul, v}, v5, -, v5)7

be the equilibrium point of system (1), let
yi(t) = wi(t) —ui,  z(t) = v;(t) — vj,
&Z(yz( )) = ai(yi(t)+uy), dj (ZJ( ) = dj(zj(t)_'_v;)’
t

(()) (() uy) = bi(uy),
5(2(t) = ()+’U}-‘) —¢;(v]),
(Za(t)) = fg( i(t) +v5) = fi(v]),
Gi(yi(t) =g ( i(t) +ui) — gi(uf),
kij(zj(t)) = kij(2;(t) —1—1);‘),
pﬂ(yl( ) = pji(yi(t) +uj),
fortr=1,2,...,n,5=1,2,...,m.

From (1),(5), we derive

1) = () Buus) = 2 a2 (0)

e
> ciili(zi(t=ig)ldt =3 Fij(z5(8))dons (1)},
= = (13)

dzj(t) = —d; (2 (t)){[&; (% (1)) — 2 byigi(vi (1))

= Z hjigi(yi(t — oi))ldt — Z pji(yi(t))dw;(t)},
P i=1

(14)
fori=1,2,---,n,5=1,2,---,m
We consider the following Lyapunov function

V(t,y(t), 2()) = et é i (£)]2 + et i_”jl POk

n m t _
+ 302 legla [ et [2(z(s))ds

i=1j5=1 t—T7i;
m n t
55 hyild, / e+ g2 (y(s))ds. (1)
j=1i=1 v
where « is given by Lemma 5.
Applying [t6s formulato V (¢, y(t), z(t)), and slight-

ly modifying to the proof of Lemma 7, we can easily
obtain

AV (£, () 2(1)
—wM;mme+%m@wmmmwwn

j=1
HM§§MM[wwm»—ﬁmwmm
+eM§2§jmu[ww%@a»—gxma—%m
j=li=
=ey§[m0P+%m@xmmn
(sl (b (0) = 2 a5 (8)
E-ISSN: 2224-2880
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- i cij fi(zj(t—mij)))dt— % kij(2;(t))dwn5(t)}}]
-MM§meM%mwmww»
~&W@@mwmm—§mmmm

—i%wwhﬁmﬁ—i%@WWNM]

e 21 5 |eijlaileT £7(25(t) — f7 (25 (t = 735))]
i=1j=

e’ Zl 21 (il (€797 (yi (1)) — GF (yi(t — )]
=14

< e Sl =2+ SIBTE + adoyF,
—I—az|czj\ + [bjid;Gi + ea"|hﬂ|d G2 }y2(t)dt
+ e Z{a— 2d;; + Z[ a; L + |aij|a:F;
+ e |CZ]’aZF2 + |bjild; G + |hjild; ]}u (t)dt
e YS 3 (i (0) s (D1 (25 (0)) oo 1)

i=1j5=1

+e TS d(25(8)) 125 (D15 gi(0)) dwi(t). (16)

By Lemma 5, from (16), we get
dV (t,y(t), 2(t))

< 3 3 au(i(0)a(0) i (25 () deon (1)

i=1j=1
+2 0> dilz(8)Iz3(8)|pjilgi(D)dwi (D). (A7)
7j=11i=1
From (17), we get
V(t y(t),2(t)) < V(0,y(0),2(0))
+ feas Zl Zlaz( yi($))1yi()1kij (2 (8))dewnt;(s)
+ e 3S doDleslpinloi(s))di(s)
0 j=1i=1
(18)
From (15), we have
V(t,y(t ) > e Z lyi ()] +Z 2 (t)]?],t > 0.
(19)
V(0,9(0),2(0) = ZI i(0)[* + Z |25 (0)|?

=1

0
+ Z Z \c”]a,FQ f e(sti) ’Zj(s)‘st

i=1j=1 —Tij
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ety (s)Pds

m n _ 0
+ 20 2 hld;GE [

j=1li=1 —0ji
m
aoc 2 2
<[+ 3 max (il G o — o'
T n

[1+—Z max (leij| FPai)l|¢w — v*[1% (20)
From(18) (20), We obtain
O‘t[Z lyi ()] + Z E1GIN

<1+ <7 Z rilaX(\hﬂ\GQ) Ml pu — u*||?

max (‘Cz]|F2) ]Hd)v

U*||2
i=11<i<m

s
I
—
.
Il
—

‘We can obtain
n

> E(n(t)) + S Bl (1))

ao m
< el + = n:
0

W) +e at[H%; max <\c@-j|F2> JE (90
~0"|*) = MIE(|gu—u|P)+E(|¢o—0"*)] > O,

2D

where M = max{1 + <~ Z max(\hﬂ\G2) s

14 & Z max (lei| F7)ai} > 1.
From (21), we can obtiun
;E(!uz —ui?) + E E(lv; — i)
. t>0.

< Me™[E([|¢u—u H )+ E(60—v*|P)],
By Definition 3, the equilibrium point (u*?, v*7)T of
system (1) is mean square exponentially stable. O

Theorem 9 For the system (1), under the hypotheses
(Hy) — (Hy), there exists one w-periodic solution of
system (1), and all other solutions of (1) exponentially
converge to it as t — 400 in the mean square, if (6)
and (7) in Lemma 5 hold.

Proof. Let

Q= {¢’¢ ( ¢T)T¢u - (Qbula ¢u27 o ¢un)T7
va = (¢vla¢v27 a¢vn) }

For any ¢ = (¢, 1)1 € Q, we define the norm of

o 18l = lgull + 160l
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in which
[¢ull = sup Z\%z( )%,
70'<s<07,
[Eo —_Sgp Z |bui(5)]%,

then () is the Banach space of continuous func-
tions which map ([—a, 0], [~7,0])7 into R"*™ with
the topology of uniform convergence. For any
(¢L, o) T, (T 1) € Q, we denote the solutions

of system (1) in the initial conditions

(G)C2))(00) (i

as U(t, ¢u) = (ul (tv ¢U)7 u2 (tv qbu)a T >un(t7 d)’u))Ta
U(t, ¢v) = (Ul(tv ¢v)a Ug(t, va), T ,Um(ta ¢v))T7

and

u(t7 wu) = (Ul (t, ¢u)a U2(ta ¢u)a D un(tp 1/1u))T,

v(t,hy) = (V1(t,P0), v2(t ), -+, Um(t, o)) T,
respectively. Defining

ut(¢u) = u(t + P, Qbu)a p e [_Ua 0]7
vt(¢v) = U(t + P, ¢U)’p € [_T’ 0]7t > 07

then (u¢(dy), ve(¢y))T € Q, forall t > 0.

Let
zj(t) = v;(t, dv) — v;(t, Yo),
w; (t,du) d v; (t,¢v) d
g,(t) - f ai(i)’ Ej(t) - f dj(Ss),
Ui (t,u) v; (¢,w)
i:1727"'7na.j:1a27"'7m

Note that a;(s),d;(s) are continuous, a;(s) > 0,

dj(s) > 0, from Lemma 7, w;(t,pu),vj(t, dv),
wi(t,¥u),v;(t,1,) are bounded. By mean-value the-
orem for integral, we have
1 1

5(0) = [0t 00) — vt 90)] = — (1)

P dy(ny) T T ()
where

é‘i € [mln{u’b (t7 ¢u)7 Usj (t7 ¢u)}7 max{ui (ta wu)a Us (t7 d)u)}])

nj € [min{vj (tv ¢U)7 Uj (t’ ¢U)}7 Inax{vj (t’ T/JU)’ Uj (tv ¢U)}]v

then we have

sgn(¥i(t)) = sgn(yi(t)), sgn(z;(t)) = sgn(z;(t)).
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From (1), we derive

dlgi(t)| = sgn(yi(t){=[bi(ui(t, u))=bi(ui(t, Pu))]

+ Z aij[fj(vj(tv bv)) — fj(vj(t7wv))] + Zcij

7=1 7j=1

[fi(vi(t = Tij, du)) — fi(vi(t — Tiz, bp))] bt
+sgn(yi(t)) D [kij(0;(t, $u)—kij (05 (8, ) ]dwn; (8),
7=1

(22)
d|zj(t)] = sgn(z;(){—le;(v;(t, dv))—e;(v;(t, 1bv))]

+ > bjilgi(uilt, b)) =gius(t, pu)) ]+ hilgi(uilt

i=1 =1

—0ji, Ou)) — 9i(vi(t — 0ji, Pu))] Ydt + sgn(z;(t))
> ity du)) — pjouilt, vu)ldwi(t),  (23)
i=1
forte=1,2,---,n,j=1,2,---.m

We consider the following Lyapunov funcuon

V(t,5(t), 2(t)) = e 2 Q€D + z z o3

=1 ]7

t

I@it S et fi(u(s, 60)) — fi(v(s,40)) Pds +
vy

e 37 d5(my)|z (1) + >3 [hyild; f ol
j=1 j=1li=1 t—oj;

Jgi(uils, du)) — gi(ui(s, Pu))| ds, (24)

where « is given by Lemma 5.

Applying [to's formula to V (¢,y(t), 2(t)), and

slightly modifying to the proof of Lemma 7, we can
easily obtain

dv (t,5(t), (1))
= e ;1 a? (&) [algi(t)|* + 2|7:(t)|d|7:(t)]]
+e™ Y N leiglan [T | £ (v (8, 60) = f(0(E )
i=1 j=1
—1£5(0j(t = 7ij, ¢0)) = [ (0 (t = 7ij, b)) 7]
et 32 i) [alzy (O + 212(0)ldlz ()]
iz
+e S5 gildy €27 |gi (it b)) —ga (it ) 2
j=1 i=1
—fgi(uz‘n(t — 0jis Ou)) — gi(ui(t — 045, 0u)) 7]
= e ;a?(&)[alzﬁ(t)IQ
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217 () {sgn(ys (D) {=[bi(ui(t, du)) =bi us(t, ¥u))]
+ Z aij[f3(vj(t, dv)) — fi(v;(t, ¥v))]
+ Z cij[fj(vi(t —Tig, dv)) — fi(vj(t — 75, y))] pdt

+ sgn(yx ) i[ ki (03 (t, &)

1
- kmvj(m s (O} + e 33 Jeiila

i=1j=1

e f(vs(t, @o)) — i (vt )P = [ £ (vs(t

~Tijs $0)) = fi(05(t = Tij, o)) [P] + €Y d5(ny)
j=1

falzi (O + 2150 {sgn(zs () —les (w3t ) —
65wy )] + 3 bilan(a(t,00)) = a0,
+ 3 g1t = 030, 60)) = (0t = 0 )] et

n

+sgn(z(8) D [pjilui(t, du) —psi(uit, ) dwi(1)}]

i=1

e " hyild; [ gi (it du)) —gi (wilt, Yu))|?

J=1 i=1
’gz(uz(t O jiy ¢u)) gz(uz(t sz‘7¢u))!2]
< ot Zl{a 2a,(; + Z [J?T]%+az|aw|F + @icqj|
i=

—Hbji|d~G¢+e°“’\hﬂ]de?]}yi (t)dt+e™ Z {a—2d;
j=1

’YJ"‘Z[% zﬂ"am‘azF +e7|eyjlaiFy +bjild; G
+|hjildj]} 23 (8)dt 4-e* Zl Zl ai(&i)|yi(t)|[kij (v; (t, Pv))
1=17=

— g (0 o)) 5 (£) + €2 30 3 s ()25 (1)

j=1i=1
[pji(ui(t, du)) — pji(wi(t, Yu))ldwi(t). (25)

By Lemma 5, from (25), we get

av (£, 5(t), 2(1)
< e 535 &)l
[hsg (03t 00)) — iy (058 60) ()
+e 5 3 i) ()
s it 6)) = pyi st ) s ()

(26)
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From (26), we get

V(f,ﬂ(t),‘(t)) < V(0,5(0),2(0))
+ [ e 30 ai&)lyi(t)|-

0 i=15=1

[kij (05 (8, Do))—kij (v; (L, o)) dwn 5 (t)
f aszzdj(%”%( )E

0 j=1li=1
[pji(ui(t, Pu)) —pji(ui(t, Pu))]dwi(t).
(27)
From (24), we have
V(t,y(t) Z|yz | +Z|ZJ a
(28)
V(0,50).20)
= > 5O + X [2(0)
=1 7j=1
n m 0
+Zllecme2 f i) 0 (s, dy )5 (s, ¥y )| 2ds
==
fﬁirhﬂuﬁ? [ e (s, ) —us(s, ) .
Jj=k=1 —Oji

(29)
From (27)-(29), we obtain

I3 O + 2 |0
i= j=
< 3 WOF + S50

+i§:\cw|azF2fe (1) |u3(s, b0) — v (5, b0 [2ds

i= 1]* —T]

£35S il G2 [ 00 us(s, ) —a(s, )P

] li=1 —0ji

+f6‘”‘SZZ ai (&) lyi (t)[Kij (v; (E, do))=

==

kij (vj(t, o))

n

+feas S 3 di ) 250 [psiCu(t, 61)

Jj=1li=1

*Pji(uz( ¢u))]d‘*’1()
We obtain

: dwn+]

i EJui(t, du) — ui(t, ) )
+ z E(v(t, 60) — 03t 10)[?)
*at[z B (| 60i(0) — 1i(0)2)

=1

+ 30 E(160i(0) — o (O))]

Jj=1

,atz Z ’cz]‘azF2 f e s+7—J

i=1j5=1 —Tij

E(|¢oj—v;|*)ds
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Lot 3 Z’hﬂ’d G2 [ o0 B[t

j=1li= —0ji
*at[1+jzllg%<\hme2> JE(I6w — ul?)
e (1 75 ma (Je ) B0 — i)
= Me ' [E(|pu—vul>) +E(|do—t0|*)], t>0,
(30)

m —
where M = max{1l + % Z max (|h;;|G?)d;, 1 +
1 1<i<n

n
S0 max (|ey|F? >az}>1
i=11<
m (30), we can obtain

n

E(lvj(t, o) — v;(t,10)[?)

E(l¢u — vull?) + E(lldo — ul?)]-

€29

E(|u(e )

From (31), we have

E(lu(¢u) — u(u)]?)

< Me™[E(|l¢u — ¢ull®) + E(| ¢

E(lu(¢v) — u(yhy)[?)

< Me™[E([l¢u — ¢ull®) + E(ll¢v — ¥o]*)], > 0.
We can choose a positive integer N and w > 0, such
that Me—oWwtr) < L p € [—45,0]. Now we define a
Poincaré mapping F: p — p by

- wvH2>]7t > 07

F(¢Ua¢v)T = (uw(¢u)’vw(¢v))Ta

then

FN(¢H7¢”U>T - (uNw(¢u)7UNw(¢v)>T'
Let t = Nw, then have

E(|FN ¢y — FNepy[?)

< 5[E(lou — ¢ull®) + E(lldo — 0]1*)];

E(|FN¢U - FN¢U|2)

< 3[E([6u — vull®) + E(l 60 — ul?)]

By the integral property of measurable functions, we
can obtain

|FN¢’1L - Fqu|2

< %[E(H(ﬁu —%H2) + E([|¢w _T/}v||2)]wa €
|FN¢U - FN¢U|2
< %[E(H(ﬁu —%!\2) + E(||¢w —1/1v||2)]7a e
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This implies that FV is a contraction mapping, hence
there exist a unique fixed point (¢%, ¢*)7 € Q, such
that FN (67, 63)" = (6%, ¢5)". Since

v

e (r(5)) = (e (5 )) = (%)

then F(¢%,¢:)T € Q is also a fixed point
of FN, and so F(¢y,¢;)" = (¢},90)7,

ie. (uu(dn)vu(ep) = (4, ¢p)". Let
(u(t, ¢%),v(t,¢%))T be the solution of system

(1) through
0 ;
o) \er) )

then (u(t+w, @), v(t+w, %)) is also a solution of
(1). Obviously

(et ) = (oot ) = () )

for all ¢ > 0. Hence

< u(t +w, ) ) _ < u(t, ¢},) >
v(t 4w, é7) u(t, ¢y) )7
forall ¢ > 0.
This shows that system (1) exists one w— period-
ic solution, and other solutions of system (1) exponen-

tially converge to it as ¢ — +oo in the mean square.
O

4 Example
In the Section, we give an example to demonstrate our
results.

Example Consider the following stochastic Cohen-
Grossberg-type BAM neural networks (n = m = 2)

(1) = = )M [0) — 5 00
- % culiluy(t= ) — L
- 55 b)) ()
dy0) = =5 (5O es(w3(0) — 3 boui(t)
:
- ; hjigi(ui(t — 05:)) — J;(t)]dt
- 3 il (0),

(32)
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fort =1,2,7 = 1,2, where

fj(r) =2sinr, gi(r) =cosr,
a(r)-?—i—sinr d;j(r) =2+ cosr,
i(r) =6r+2, ej(r)=9r+2,

bi(r
Z]( ) =sinr, pﬂ(r) =1—cosr,
Ii(r) = 2sinr, J;(r) = cosr,

Since Vri,m0 € R, and fori =1, 2,

| fi(r1) = fi(r2)] < 2[r1 —raf,
| i(r1) — 91(7“2)! < |r1—r2l,
1 <ai(r) < 1 <d;(r) <3,
bi(r1) — b; (7“2) = 6(r1 —12),
ei(r1) — €i(r2) = 9(r1 — r2),
We select
Fj:27 GZ_17 161_67 _7]_97
QrL:la a; = 2, djzl, d]:2,
Ir=2 Ji=1, Ly=1, Ty=1 i=12
Let
a].l:%v CL]_QZ—%, CLQ]_:%? (122:—2,
b = %, bz = %,1 bo1 = 1, X boa = %,1
€11 =73, Cl2=—3z, C1=3, C2=73,
hii=—1 ha2=1% ha=1% ho=1

We have the following results by simple calculation

fi(0)=0, g(0)=1, b(0)=2>0,

2
—bi(0) + Zl(aij +¢;5) £(0) + IF = 0,
=
2
—€;(0) + Z:(bjz’ + hji)gi(0) + J; =0,

—2a;f3; + Z (5T + aslag | Fy + ailes;]
J=

+|bﬂ\dei + |hjild;GF] < 0,
2
—2d;7; + i;[@%l/?j + |aijla; Fy + |cij|diFj
+]bjild; Gy + |hjild;] <0,

fori,7 =1,2.

It follows from Theorem 9 that this system exist-
s one 27-periodic solution and all other solutions of
system (32) exponentially converge to it as t — +00
in the mean square. O

5 Conclusions

In this paper, with the help of Lyapunov function, Ito
formula, Poincaré mapping, a set of novel sufficien-
t conditions on the exponential stability of the equi-
librium point and the periodic solution in the mean
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square for stochastic Cohen-Grossberg-Type BAM
neural networks is derived, which algebra conditions
are easily verifiable and useful in theories and appli-
cations.
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