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Abstract: - There are four different types of fuzzy implications in fuzzy logic, referred to as (S, N)-
Implications, R-Implications, QL-Implications, and D-Implications. Only one research work on the
implications of two functional equations for the Hyers-Ulam stability for (S, N) has been published recently.
The Hyers-Ulam stability of two functional equations for QL-Implication is being examined in this study.
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1 Introduction

In 1964, the problem of the stability of the
functional equations has been presented to Ulam. He
asked if it is potential to find near a function that
satisfies the equation precisely (S. M. Ulam, 1964)).
In 1941, Gerhard Hyers presented a partial solution,
also in 1978, Song and Rassias established the
Ulam-Hyers-Rassias stability problem of the
functional equation. This problem was named as
Ulam-Hyers-Rassias  stability problem. Many
studies have looked into the problems of stability of
several equations. The stability of classical
functional equations including the additive
mappings, quadratic equations, cubic equations in
the fuzzy normed space, and various differential
fuzzy equations was also investigated. In these
equations, however, there is no fuzzy implication,
(51, [8], [10], [11]

The first study on the stability of two functional
equations for fuzzy implication, [13], was finished
in the year 2020, although this study only looks at
the first type of fuzzy implication (S, N)-
implication. Studying this equation’s stability for the
QL-Implication problem that this research is trying
to solve is fascinating, [7].

This study examines fuzzy implications that come
near to, but don't completely, satisfy these
equations. The Hyers-Ulam stability of the QL-
implication iterative functional equations is then
established. But, if there is a fuzzy negation N, t-
norm, and t-conorm, we declare that the implication
is  QL-Implication as follows: I(X,Y)=
S(NX),T(X,Y)), [3], [4]-

We would examine the Hyers-Ulam stability of the
following two functional equations for QL-
Implication in our work:

E-ISSN: 2224-3402

131

1. Study the stability of Hyers-Ulam of the
derived Boolean law which formulated in fuzzy
logic (a,B) = I(aI(a,p)), for QL-
implications.

2. Study the stability of Hyers-Ulam of the
importation law which is formulated in fuzzy
logic I(T(a,B),y) =1(a,1(B,y)), forQL-
implications.

2 Preliminaries

Definition 2.1 [2], a function T:[0,1]?> - [0,1]
which forms a triangular norm (in short, t-norm), if
T is commutative, increasing, associative, and has 1

as identity.

Definition 2.2 [2], a function S:[0,1]?> - [0,1]
which forms a triangular conorm (in short, t-
conorm), if S is commutative, increasing,
associative, and 0 is its identity.

Definition 2.3. [12], a function N:[0,1] - [0,1]

which is defined as a negation function, if:

1. N(0)=1, N(1) = 0;

2. N(p) =N(q),ifp=q.Yp,q€[01]
Proposition 2.1. [12], for: t-norm T, t-conorm S
and strong negation N so, S is N-dual of T when:

S(p,q) = N(T(N(p),N(q))), Vp,q € [0,1],
And T is N-dual of S when T(p,q) =
N(S(N(p),N(@))),Vp,q € [0,1].

Definition 2.4. [1], [6], a function I: [0,1]? - [0,1]
is a fuzzy implication ifvp,q,r €[0,1], the
following conditions were fulfilled:
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(11) 1(1,1) = 1(0,1) = 1(0,0) = 1 and I(1,0) = 0.
(12) I(p,q) = I(r,q) ifp <.

(13) I(p,q) <I(p,r)ifq <.

In fuzzy logic, where quantum mechanics is
employed as a detriment to conventional reasoning,
QL-implications are presented by analogy. The
extension of the quantum logic implication is now
referred to as a QL operation.

The abbreviation for a quantum logic fuzzy
implication is QL-implication. Using inspiration
from the classical logic equivalence, fuzzy negation,
a t-norm, and a t-conorm provide a QL-implication.
p=>q=-pV(pAQq),Vpqe€01]

Definition 2.5. [6], let T is a t-norm, S is a t-conorm
and N is fuzzy negation. The QL-implication can be
defined as:

IT,S,N (p, q) = S(N(p)' T(p: CI)): Vp: q € [0,1]
QL-implication created by t-normT, a t-conorm S
and fuzzy negation N can be denoted by I7 s v.

3 Stability
The Boolean law and the law of importation are
tautologies in classical logic, but they are two
fundamental features of fuzzy logic. Answers to
their solution have surfaced in recent years, [9]. The
stability of the fuzzy functional equation with fuzzy
implications has not yet been discovered, though.

In response to Ulam's query from 1940, researchers
are looking at stability issues as they pertain to
functional equations (S.M.Ulam, 1964), he
suggested the stability question mentioned below:
Let K, ,K, are 2 groups, D (-, -) is a metric on K,.
A number e > 0 is given, and there isa ¢ >0 as if a
mapping h: K; — K, fulfilled

D(h(a B), (h(a)h(B)) < (g)Forall a, p €Ky,
So, there is a group homomorphism H : K; = K,
and:

D(h(a),H(a@)) < eForall aeK.

When the reply is in the affirmative, the equation h
(ap) = h () h (B) of the homomorphism is then
named stable.

In another formulation, the homomorphism equation
is said to be stable if and only if all the
approximations can be made using this equation's
solution.

Hyers originally proposed a solution to the Ulams
puzzle in 1941, and he established the following
theorem:

Theorem 3.1 [13], let h: K; — K, is a function
between the 2 Banach spaces K and K; as

|h(a + B) — h(a) — h(B)| < &, for some € >0,
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for every o, p € Ki. There is only a unique function
H:K; — K, satisfying |h(a)- H (a)| < g, and
H(ax + p)= H(a)+ H(B), foranya, p €K;.
Because of the Ulam question and answer of Hyers,
that type of stability is named Hyers-Ulam stability.
In 2020, [13], explored the law of importation for
(S, N)-an implication that is the first kind of fuzzy
implication and Hyers Ulam stability for Boolean
law, [13]. They look at hazy implications that,
although not quite fitting these equations, come
near.

3.1 The Study of Hyers-Ulam Stability for
Quantum Logic
There are four different kinds of fuzzy implication
(S, N), as well as R, QL, D-implication, and
functional equations as attributes. Recently, the
stability of these functional equations for (S, N)
implication was explored. We attempt to prove the
Hyers-Ulam stability of two functional equations for
QL-implication, a different kind of fuzzy
implication, in the present section, [13].
Fuzzy implication properties come in many different
forms, including identification, importation law,
exchange principle, and others. In fuzzy thinking,
these qualities are crucial, [4]. Earlier works on
functional equations have always been solutions-
oriented.
I(pI()=10@q9, (1)
I is referred to as a fuzzy implication in what is
known as derived Boolean law. There have been
several types of research regarding the solution of
this functional equation for various implications
since Shi and his associates identified the solution
for equation (1) for various types of fuzzy
implications, [4].
I(T (p,q),0) =1(p,1(q,0). 2
In equation (2), which is frequently referred to as
the importation law, I stands for a fuzzy implication
and T stands for the t-norm. Jayaram clarified the
importation law’s resolution for several murky
consequences, [3]. Many investigations that
followed concentrated on solving equation (2) with
various implications.
Theorem 3.2 [13], let I: F1— F» is a function
between the two Banach spaces F 4, F, as:
[Lp+q) -l —-L@<c¢ 3)
For someof € > 0,all p,q € F 4, thereisonly a

unique function L: F ; — F , satisfying

|1()- L)< e, (4)
Lp+q)=L{p+ L, )
There are numerous requirements for the stability of
several  functional equations, even though
difficulties with the stability of the functional
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equations with fuzzy implications have received
little attention.

The current portion introduces the study of Hyers-
Ulam stability for equations (1) and (2) for QL-
implication.

Many studies on stability exist, including one that
examines the stability of conventional functional
equations, [9].

Yet, these equations do not have any fuzzy
implications. 2020 saw the study of Hyers-Ulam
stability for two functional equations, [13].

Finding a stable QL-implication is what we're
aiming for, so in other expressions when we take a
fuzzy implication I satisfying the inequality.

We try finding a mapping Q: [0,1]? -
[0, 1] fulfilling

(1) Q is known as a QL-implication.
@Q(®@a®a)=0@®q.

(4) Q Is the unique QL-implication satisfying (2),
(3), & is very small.

In this work, we use the minimum t-
norm Ty (p,q) = min (p,q), t-conorm S (p,q) =
max (p, q).

Minimum Ty is a t-norm that is the strongest and
S(p,q) =max(p,q) is the weakest t-conorm
Vp,q € [0,1].

Definition 3.1 [12], for a t-norm T, t-conorm S and

strong negation N then S is N-dual of T when
S(x,y) = N(T(N(x), N(¥))),

and T is N-dual of S,

If T(x,y) = N(S(N(x), N(¥))),Vx,y € [0,1].

Definition 3.2 [1], let T be a t-norm, S is a t-

conorm and N is a fuzzy negation. QL-implication

can be defined by:

Irsn (6,) = S(N(x),T(x,)),Vx,y € [0,1].
Lemma 3.1 When N is defined as a continuous
fuzzy negation. [13], for all € > 0, N;(x) = 1+
gand 1 as If any function fulfilling the functional
equation is very close to a real solution for the
functional equations, it is defined as stable. For QL-
implication, we will discuss two functional
equations and their Hyers-Ulam stability.

3.2 Stability of Boolean Law I (p,I(p,q)) =
I(pq)

We provide our latest finding about the stability of
two functional equations for QL-implication
throughout the following section.

Theorem 3.3 [4], let | € 1 (the family of fuzzy
implication) be an QL — implication defined using
a continuous negation N, a t-norm T, and a t-
conorm, then | fulfills derived Boolean law only if
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T =Ty forany p,q€[0,1]. Here, we can introduce
the solution to the problem of stability of iterative
functional equations

I(n,q)=1(P,1(®.,q),
for QL-implication.

Theorem 3.4 Let | € 1be an QL — implication
defined using a continuous negation N and at-norm
T and a t-conorm S when for some &> 0, | fulfills
the inequality (6), there is a QL — implication Q
satisfying Equation 1 and
Q (b, @ — I (p, Q) < & for all p,q € [0,1].
(7)
Proof
(1) Let Q(p,q) = max(N(p), Ty (p,q)), then Q is
a QL-implication satisfying Equation 1.
(2) Now we prove the Inequality (7). Letq = 0,
then
I(p.q) = 1(p,0) =S(N(®), Ty (»,0)) = N(»),
and (p I(p,0)) = S(N(p), Ty (p,N()) , 50
IS(N(), T (0, N(p)) — N(p)| <e, 8)
vpe [0, 1].
For any p, q € [0, 1], if N(p) < N(q), then by
Using Eq. (8)
SIN(®), Tu(q,N(@) < S(N(@), Tu(q,N(@),
= max(N(q), Tu(q,N(@)),
If N(qg) < N (p), then
Ty (q,N(@) < Tu(p,N(@)).
S(N(p), Ty (q,N(@)) < S(N(P), Ty (P, N(P)),
< (N(p) +& =max(N(p),Tu(q.N(q)) -
Thus we have
| max(N (), Tu(q,N(q)) —
S(IN(p),Tu(q,.N(@@) | <€,
| max(N(p),») — S(N(p),¥) | < &,
for any p, » € [0, 1]. Moreover
|1Q(p,¥) — I(p,¥) < ¢ ©)
for any p, q € [0, 1]. As N is defined as a continuous
negation, the N range becomes [0,1]. So, the
equation mentioned above can be rewritten in the
following form:
| max(N(p),¥) —S(N(p),¥)| <e,vVp re]0,1].
(10)
So, |Q(p,¥)) — I(p,¥)| <eforanyp, y€ [0, 1].
(1) However, QL — implication isn’t unique.
Let:
N1 (p) = (I+e). N (p) AL.
For all p € [0, 1], N1 (p) remains a continuous
negation by previous lemma. Clearly,
Q1(p,q) = max(N 1(p), Ty (0. 0)),
Satisfies Equation (1).
Also, we have

Ql(gp, q) = Q(p,q) FromN 1(p) = N(p),
an
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Q1(p,q) —Q (9
= max (N:(p), Tu(p,q))
— max(N (), Ty (®,9))
<Ni(p) — N(p)
=(1+¢).Njp) A 1—- N(p)
=(1+e)N®) — N@p)
= &.N(p)
<&
So,
0 <Q:(pq)—Qq) < g foranyp,q €[0,1].
Combined with

0 <I(pq —Q{q) <eforanyp,q€[0,1].
We obtain

0<0Q:(»,q)— I(p,q)) < e foranyp,q € [0,1].
Thus

|Q1(p,q)) — I(p,q)| <¢ foranyp,q €[0,1].

3.3 Stability of Law of
I(T (p.q).,0) = 1(p.1(q,0))
To find the stability of the law of importation
I (T (p,q),0) = 1(p,1(q,0)), we will count the
problem mentioned below for the case of minimum
t-norm, i.e.

I(Ty(p,q),0) = I(p,1(q,0)). (11)
Same to Ulam’s question, here we get the problem
below:

A fuzzy implication I is given which fulfills
inequality (11)

|I(TM(p: Q)' U) - I(p'l(q) O-))| < g (12)
for all p,q, o € [0, 1], we try finding a mapping Q:
[0, 1] — [0, 1] fulfilling:

Importation

(8] QisaQL — implication;

2 Q(Tu®.9),0) = Q@Q(q,0));

@ Q.9 —Ip.9| <6,Yp,q € [01];
4 Q is the unique QL — implication

satisfying (2) and (3).

The error ¢ is defined as a real positive number. It

has to be very small.

Theorem 3.5. Let | € 1 is a QL-implication which is

defined by the strong negation N and a t-conorm S,

so it fulfills Eq. (11) with t-norm T only when T

=Tm

Theorem 3.6 Let | € 1 is a QL-implication which is

defined using the strong negation N and a t-norm T

and a t-conorm. when for some ¢ > 0, | satisfy

inequality (12), so there is a QL-implication Q

fulfilling Eq. (11) and

[0, ) — 1(( | <& forany p, qe[0,1]. (13)

Proof.

(i) LetQ(p,q) = max(N(p),Tu(p,q)), thenQ
is a QL-implication satisfying Equation (11)

(i) Now we prove Equation (13). Let ¢ = O,

andN (g) < p.
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I(Ty (p,q),0) =1(Tu(p, q),0)=

S(N(Ty (@, @), Tu(Tu(P,9),0)=N (p Aq)
=N(p) V N(q@)=N(p) vV Ty (p,N (q)).

Thus,

S(N®), Tu(p,N(@)) = max(N(p), Ty (p,N(q)).
We have

N®) VTuy@N@)=<SWN@®), Ty (N (@)

_ SN@VTy PN(@) + e
As N is continuous, the range of N remains [0,1].

After that, the equation mentioned above can be
rewritten as follows:
N(p) vy < S(N(p),¥) < N(p) Vvv) +¢
anyp,¥ € [0,1].
S0,0 < I(p,¥) —Q(p,¥) < g, then we have
[I(p,¥) — Q(p,¥)| < g Foranyp,» € [0,1].
For all the strong negation N, there is a new strong
negation N; as:
0 < Ni(p) — N(p) <eforallpe€|[0,1].
So, the (S, N)-implication in the above theorem isn’t
unique.
Let Q1 (p.q) = max(N 1(p),Tu(p,q)), then we
have, for any p € [0, 1].
0 < e —Qpq)=

max(Nu(p), Ty (v, q)) — max(N (), Ty (0, 9)),

0< Ni(p) — N(p) <,

for

and we have
—& < Q(p,q)- I(p,q) <0,
from0 < I(p,q)- Q(p,q) <e.Then we obtain
—e+0=<0Q:(p,q) —Q(p.q) +Q(p,q) —I(p,q)
<0+e
—& < Q:(p,9)- I(p,q) < ¢, forany p € [0,1].
Then Qi(p,q) = max(N ;(p), Ty (p,q)), is a new
QL-implication fulfilling Eq. (11) and (13) and this
shows uniqueness.

4 Conclusion and Future Work

In this work, we attempted to demonstrate the
Hyers-Ulam stability of two functional equations for
QL-implications with N strong continuous negation,
T the lowest t-norm, and S the maximum t-conorm.
The other QL-implication Q is close to | with a tiny
inaccuracy and satisfies these equations if the two
functional equations hold. This indicates that there
exists a solution for equations (1) and (2) under
sufficient constraints on the functions involved in
"near" any solution of the inequality (6). (2). There
are more functional equations and fuzzy
implications for future investigation. It would be
necessary to provide more information and talk
about the stability issue with those equations.

Volume 20, 2023



WSEAS TRANSACTIONS on INFORMATION SCIENCE and APPLICATIONS

DOI: 10.37394/23209.2023.20.15

References:

[1] B. M.Baczynski, Fuzzy implication, Berlin:
springer, 2008.

B. Schweizer and A. Sklar, Probabilistic
Metric Spaces, vol. 2, M. N. Dover
Publications, Ed., Amsterdam: North Holland,
1983, p. 275.

B.Jayaram, On the law of imprtation in fuzzy
logic, IEEE Trans., 2008.

D. E. Y.Shi, On the chacterization of fuzzy
implications  satisfying  1(x,y)=I(x,1(x,y)),
Inf.Sci, 2007.

D.H.Hyers, on the stability of the linear
functional equation, USA, 1941.

Igbal H. Jebril and Amani Jabawi, Some
Properties of Fuzzy D- Coimplication, IEEE
Electrical Engineering and  Information
Technology (JEEIT), Amman, Jordan, 9-11
April, 20109.

Igbal H. Jebril, Safa' I. Alfukaha, Najat M.
Abdelgader, Study of Fuzzy D’-Co-implication
with Respect to t-Norms and t-Conorms,
International Journal of Open Problems in
Computer Science and Mathematics, 15(3), 34-
51, (2022).

H. Qawagneh, M.S.M.Noorani, H. Aydi,
Some new characterizations and results for
fuzzy contractions in fuzzy b-metric spaces
and applications, AIMS Mathematics, 2023,
8(3), pp. 6682-6696.

(2]

3]
[4]

5]

[6]

[7]

(8]

[9] M. AK.mirmostafaee, Fuzzy stability of the
Jensen functional equation, 2008.
[10] M. E.Kerre, Fuzzy techniques in image

processing, New York: Springer-verlag, 2000.

Pasupthi Narasimman, Hemen Dutta and Igbal
H. Jebril, Stability of mixed type functional
equation in normed spaces using fuzzy
concept, Vol. 48, No. 5, International Journal
of General Systems, (2019).

R. E.P.Klement, Triangular Norms, Kluwer
Academic, 2000.

S. Li, X. Han, D. Lang and S. Dai, On the
stability of two functional equations for (S; N)-
implications, AIMS Mathematics, Vol. 6, No.
2, 2020, pp. 1822-1832.

[11]

[12]

[13]

E-ISSN: 2224-3402

135

Igbal H. Jebril, Najat M. Abdelgader

Contribution of Individual Authors to the
Creation of a Scientific Article (Ghostwriting
Policy)

-lgbal H. Jebril, carried out the evaluation,
structures and wrote the paper.

-Najat M. Abdelgader, contribute in the results
evaluation.

Sources of Funding for Research Presented in a
Scientific Article or Scientific Article Itself

The authors would like to thank the Al-Zaytoonah
University for providing the necessary scientific
research supplies to implement the research.

Conflict of Interest
The authors have no conflict of interest to declare
that is relevant to the content of this article.

Creative Commons Attribution License 4.0

(Attribution 4.0 International, CC BY 4.0)

This article is published under the terms of the

Creative Commons Attribution License 4.0

https://creativecommons.org/licenses/by/4.0/deed.en
uUs

Volume 20, 2023


https://www.scopus.com/authid/detail.uri?authorId=57204709631
https://www.scopus.com/authid/detail.uri?authorId=6603683028
https://www.scopus.com/authid/detail.uri?authorId=23093040500
https://creativecommons.org/licenses/by/4.0/deed.en_US
https://creativecommons.org/licenses/by/4.0/deed.en_US



