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Abstract: - The behavior of two types of finite automata in a non-stationary fuzzy environment is considered,
which, depending on the states of the automata, encourages or punishes them with some fixed membership
functions. It is assumed that the behavior of automata in a fuzzy environment is described by generalized
ergodic Markov chains and, using the property of such chains, it is shown that the considered automata, under
certain conditions on fuzzy punishment functions, are learners and predominantly perform the action for which
the sum of fuzzy functions of belonging to punishment is minimal.
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1 Introduction

In Markov models of a complex system, finite
automata are widely used, both deterministic and
probabilistic structures. The idea that finite automata
are a very convenient object for constructing
mathematical models of complex systems was first
expressed by J. von Neumann [1]. However, the
direction of work related to the construction of
automaton models of behavior was formulated and
developed by M. L. Tsetlin. As an elementary
behavioral task, he chose the problem of choosing one
of several actions with random reinforcement - the
task about behavior of an automaton in a random
environment. He owns the well-known construction of
a finite automaton with linear tactics, which forms an
asymptotically optimal sequence in a stationary
random environment [2]. Then V.. Krinsky,
according to the rule [3], in which first has been
reviewed the problem of sequential selection of one
of two ways of action, each of which can lead to
success or failure, built a finite-automaton
construction and studied its behavior in a stationary
random environment [4].

It was believed that the behavior of a finite
automaton V. I. Krinsky is asymptotically optimal in
any stationary random environment. However, in [5]
it is shown that it is not at all this: the behavior of the
finite automaton V. I. Krinsky in a stationary random
environment can be either optimal or anti-optimal,
depending on the initial state of the automaton.
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Recently, the theory of fuzzy sets proposed by L.
Zadeh [6], has attracted great interest from
researchers in various fields. However, if the study of
the behavior of the probability systems is based on
the classical apparatus of probabilistic Markov chains
and has a huge statistical base, then for systems with
fuzzy information there is no such statistical base and
mathematical apparatus yet. Such an analysis became
possible after some generalization of the apparatus of
Markov chains to the non-probability case [7]. Using
this apparatus, in [8] the behavior of an finite
automaton with linear tactics of M. L. Tsetlin's in a
stationary fuzzy environment was investigated, and in
[9] - the behavior of the finite automaton V.I.
Krinsky's, where the formulas are obtained connect
fuzzy statements about the internal states of the
automaton with its actions.

In this work, based on the finite automata of M. L.
Tsetlin's and V.I. Krinsky's, more general algorithm
for the behavior of these finite automata and their
functioning in a non-stationary fuzzy environment is
considered. The fuzzy environment, depending on the
states of the automata, encourages or punishes these
automata with some fuzzy membership functions.
Assuming that the behavior of automata in such an
environment is described by generalized ergodic
Markov chains and it is shown on the basis of the
properties of such chains that the finite automata
under consideration, subject to certain conditions on
fuzzy punishment functions, are learnable and they
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basically perform an action, for which the sum of
fuzzy functions of belonging to the punishment is
minimal.

2 Behavior of a finite automaton Lg",)l'z

In a non-stationary fuzzy environment

Consider a finite automaton L(erz,z, which has 2n

internal states L,, = L(ln) U L(Zn), and L(ln) N L(zn) = Q.

In the states of depth x = T,n of the subset LV,

a =1,2 the automaton performs the action f,
a = 1, 2. So the state number corresponds to the state
depth and the automaton has a finite depth n. When
encouraged, the automaton from the state of depth x

of the subset Lfln), a =1,2 goes into the state of
depth x 4 1, at a punishment in the state of depth
x—1, x=2,n—1 in the same subset. The change
of actions of the automaton occurs from the state of

depth x = 1: the automaton, being in the state of

depth x = 1 of the subset LE;‘), a = 1,2, at a punish,
goes in the state of depth x = j in another subset.
The graphs of transitions between the states of the
finite automaton L(ZQ'Z are shown in Fig. 1.

In this figure, the upper graph corresponds to the
transitions between the states of the automaton at

encouragements, and the lower graph - at
punishments.
n n-1 j 2 1 1 2 j n=1 n
Cloe—04 - 04—-06—0 > 0o--—po--—>0 —0D
—ro—> - K‘\N—o -9 -0
Lljn.\ Llj nj

1 2

Fig: 1. Graphs of transition between states for a finite

@))]
automaton LZn,

Lon =LY U LYY

, With two actions in the subset

Note that the automaton L(ZQ , for j =1 is a finite
linear automaton by M.L. Tsetlin's [3], and for
j =mn itis a finite automaton with hysteresis tactics

[10].
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6))
LZn,Z
stationary fuzzy environment and assume that

Let the automaton be placed in a non-

,u,(ca) (t) means the function of belonging to the states
of automaton of depth x (x=1,n) and
corresponding to the action f,, ¢ = 1,2 at times
t = 1,2, ..... The interaction of an automaton with the
environment is determined according to a fuzzy
scheme as follows: the automaton being in the state
of depth x of the subset Lgl) , a=1,2 is punished
with the membership function /1,(;1) or rewarded with
the membership function (1—A%), x=Tn,
a=1,2

We will assume that the system “automaton -
fuzzy environment” is described by a generalized
Markov chain [7], which is ergodic and in it over

KO

time "fuzzy flows" are formed x=1,n,
a=172.

Then taking into account the properties of the
ergodic Markov chain, “fuzzy flows” from L(ln) to
L(Zn) and back are balance, i.e.

AVu = 2Pu®, (1)
and “fuzzy flows” from the state of the automaton in
the subset L(ln) of depth x = k in the state of depth
x =k — 1 and back differ in “fuzzy flow” /151);151)
for k =2,), and for k =+ 1,n this difference is

compensated by the “fuzzy flow” /152);152) from the

subset L(Zn).
Thus,

KO - (1-22,) 2, = AW 3 = 75, @

1), (1 2), (2 1 1 1, (1
APOUSD + AP — (1-22, )y = A0,
x=)+1Ln
and given (1)
AP — (1-20) P =0, x=7FLn. 3)

Similarly, for the subset L(Zn)we have:

WPUP —(1-29) w2, = 2P x =25,
/1;2)#)(62) - (1 —)l,(cz_)l) ,u,(cz_)1 =0, x=)+1,n.
Then, from (2) and (3):
(D x—-1x-1 (1)
A { 1-2
€Y 1 1 €Y)
e e @
x [€Y) (1 1
Ax i=1 l=i /11
x=2,7,
A(l) x-1 1— A(l)
w” =~ o i x=7¥1Ln. (5)
Ax I=j A
From (4)
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j-1j-1
m _ A5 14+ Z 1_[ -2 €h)
I ATO) o (F
j i=1 l=i l
Then, from (5) we will have:
j—-1j-1

(1)
e
Ha (1) IS

-1

1-4Y
[ e
l=

Similarly, for the subset L(n) , we have:

2 1 %1
W = jéj 1+ Z H _(j)( } w’,
’ x=2 7,
@ AT o 1
From (6) we have:
o AZ; . ’i 1 —(;1)52) ¥
A} i=.1 l=.i Al
. 2 . W Afz) )
TP gLl P

x=j+1,n. (7
1=j M
Taking into account (1), we express from (6) and
(7) all u@, x =27 interms of yil)

W = % T xi ﬁ : _<;1)§2) i
Ax i=11=1 /11
x=2],
2 zﬁ 1 N 11_)152) %
i ECZ) i=1 l=i 2’52)
x—1 1— A(Z)

=i M
Let us now define the fuzzy membership functions
M@ of the state of the automaton to the subset ngn),
in which the automaton performs the action f,
a=1,2. It is shown in [8, 11] that the final
membership function 8 coming from n sources

B1, B2, -, By is determined by the expression
8(B1, B2y -, Br) =
Z i Z Biby+ D Bibifi—
i#j+*k
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which can be rewritten in the following form

0(B1, Bz, s Br) =
=1-QA-F)A=p). . .(A=Ba) =

=1—H(1—ﬁi).

Then the final fuzzy membership function M) of
the state of the automaton of the subset L(n) in which

the automaton LU ) n,2 performs the first action,
j n
x=1 x=j+1

=1-(1- u")x

Jj 1 x—1x-1 1
A 1-2 (1)
H(l‘@{”z Piron }#l X

x=2 i=1 l=i 1
n A(l) Jjm171 1— A(l)
1 1
X 1—[ 1-— ©) 1 /1(1) X
x=j+1 x i=1 =i 1
x—1 (1)
% l_[ PRI @)

I=j 1
and for the final fuzzy membership function M the
state of the automaton of the subset L(n) in which the

automaton L(J ) n.2 performs the second action,

j n
M@ =1 — 1_[ (1 ,U,(CZ)) 1_[ (1 .U;(CZ))

x=1 x=j+1
(1 )
_ 1@

=1-—(1 oM )

1
] ') x—1x-1 (2
A 1-4 )
X 1- ©) 1+ D (] X
x=2 Ax i=1 I=i '/11
j-1j-1
T (-2 ST
x — —
) ()
x=j+1 Ax i=1 l=i /11
k-1 (2)
1 - ll (1)
X (2) iul ) (9)
1=j l
where ,ug is a positive constant such that ,u(l) <1

and its value can be calculated from the obvious
equality
M®O + M@ =1,

Let us now analyze the results by comparing the
membership function M, which is responsible for
performing the action f;, with the membership
function M@ which is responsible for performing
the action f,. We will assume that of the two actions
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f1 and f,, the best is the action for which the sum of
fuzzy functions of membership in the punishment is
minimal, i.e. if

n

n
Z e < Z Pl
x=1 x=1

then the best action we will consider the action
fo, a=1,2. To fulfill this inequality, we can
consider various possible cases of comparing the
parameters A and A%, x=T7n, a,p=12,
a # B. However, it is easy to verify that it is

necessary satisfied if
/1(0()
X

a,f =12, a+pB,

< min AECB ),
X
x =1,n, a,f =12, a # .
For definiteness, we will assume that
1(2)

max (10)
X

maxl()<m1n x=1,n.

Then it follows from (8) and (9) that MM >
M@, that is, the membership function responsible
for the action f; will be greater than the membership
function responsible for the action f,. If at the same
time the is also carried inequality
1/2 < rrgcinlgcz), x=1,n,

then M® 51 u M@ - 0 whenn - oo.

(1
max Ay’ <

3 Behavior of a finite automaton Dg?,,z

in a non-stationary fuzzy environment
Let us now consider the behavior of a finite

automaton D(] )2 in a fuzzy environment. In case of
punishment , the transitions between the states of the
finite automaton D(] )2 are the same as those of the

finite line automaton L(ZQ ,» and with encouraged, the
automaton DZ(-:'L)Z from any state of depth x of the

subset fon), a = 1,2 goes over to the "deepest" state
x = n of the same subset. The graphs of transitions

between states of the finite automaton D(D2 are
shown in Fig. 2.

In this figure, the upper graph corresponds to the
transitions between the states of the automaton at
encouragements, and the lower graph - at

punishments.

Note that the automaton DZ(Q'Z for j = 1 is a finite
automaton of V. I. Krinsky, and for j =n itis a
finite automaton of H. Robbins [12].
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We assume that the behavior of the automaton
D(] )2 in a fuzzy environment is described by a

generalized ergodic Markov chain.

n n—1 n—-1n

SN e

o—»—b--%" D

(n) (n)

LY L)
Fig: 2. Graphs of transition between states for a finite

D(])

automaton D", with two actions in the subset

Lon = L8P U LYY

Then for this automaton, “fuzzy flows” from L(ln)

in L(Zn) and back is are also balance, i.e. equality is
fulfilled

Agl) €Y) _/1(2) (2)_ (11)

For the balance of “fuzzy ﬂows” between states

in the subset L(ln) we have:
x—1

AU =Y (1-2)u = a0, 2)
i=1
Xx=12],
x—1
AW z (1-2")u® =0,  (13)
i=1
x=J+1n.
Similarly, for the subset L(Zn), we have:
x—1
1@,® Z (1 _ A§2)) @ _ 1@, (14
i=1
xX=2],
-1
A2 - (1 —®)u® =0, (@5)

x=j]+1,n.

Expressing all ,u,(cl and ,u(z) (x =2,n) from

(12) — (15) in terms of /,11 ) and /,ng) respectively,
we obtain that
x -1
#;1) _ Agn (ﬂ’lz@> #51), x=17,
i=1
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D = 4@ 1_ /1(1)< /‘1(1)> e

u® =@ <H /1(2)) u®, % =T

-1
u@ =@ 1_1_[ 2? <1_[ /1@) u®,
i=1 i=1

x=j+1n.
Taking into account (11),

we now express all

(2) (x =2,n) in terms of /,t( )

have

. Finally, we will

-1

X
u® =2 (H /1(2)) u®, x=Tj,

-1

u® =20 1 H 2? (n /1(2)> u®,

=7+ 1Ln.

Then the fuzzy membership function M of the
state of the automaton of the subset L(n) in which

the automaton D(] ) n,2 performs the first action,
n
MO =1-] [(1- 1) =
x=1
J n
1= [J-) [T (-4
x=1 x=j+1

(16)

Similarly, for the second action of the automaton,

we obtain:
n

M® =1 - 1_[ (1- u?) =

x=1
J n
S0 [ -
x=1 x=j+1
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-1

j
1_[ 1-20 (n /1(2)> u® by

x=1
n j
X 1-aAM1- 1_[/152) X
x=j+1 i=1

x -1
X (1_[ Al@) uM e (17)
i=1
It follows from (16),(17) that
M® > M@,

if
n n
[T <T T
i=1 i=1

To fulfill this inequality, one can also consider

various possible cases of comparing the values /15;")

and A;ﬁ), x=1,n, apf =12, a+ B. However,
it is certainly fulfilled if condition (10) is satisfied.

4 Conclusion
Let us formulate the results of the study of the
behavior of automata in a more general form.

Thus, in a non-stationary fuzzy environment,
which encourages or punishes the finite automata

L(ijz and Dgz)z with some fixed membership

functions, which in turn depend on the states of the
automata, is observed the fact of learning these
automata and they often perform the action f; or f,,
for which
max /1,(6“) < min A,(CB),
X X
x=1n, a,f =12 a+p.
Moreover, if the memory depth of the automaton

L(ng ) then the automaton LU )

stationary fuzzy environment is
optimal if

n—» o, n2 in a non-

asymptotically

<1/,< mln/l(ﬁ)
a,f = 1,2, a*f.

(@)
max Ay

x=1,n,

If
A9 <1 o 2021, a=12,

then the asymptotically optimal behavior of the

L(] )

automaton Ly, , is impossible.

6))
DZn , as

asymptotically optimal or anti-optimal depending on
the initial state of the automaton. Indeed, being in any

of the possible states of the subset LEI") or LV

ﬁ )
a,f =12, a=+p, then at the first punishment the

The finite automaton n—-o is
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can go into the deepest state of the same subset and
will forever remain there.

Note that, if j=1 and A =2, vx=
1,n, a=12, then the non-stationary fuzzy
environment becomes is a stationary fuzzy

environment and the results obtained coincide with
the results for automata M.L. Tsetlin's L(21,3
V.I Krinsky's DS, of [8] and [9].

The results obtained can be easily extended to the

, and

case of any number actions of automata L(212,2 and
6))
D 2n,2°

We noted above that the theory of probability has
serious experimental support in statistics, in contrast
to the theory of fuzzy sets. Therefore, the results
obtained in the present article can be considered as
another example for statistics of fuzzy systems.
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