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Abstract: - The paper presents a mathematical model of steady-state internal diffusion in a catalyst grains in 

fixed-bed reactors. A key feature and scientific contribution of this work is the account of the reversible 

reaction stage based on the submitted concept of the reaction-diffusion number. By this, the characteristics of 

the transfer process in batch and flow-through apparatus are considered. The results of calculations carried out 

on the basis of the model have been also presented and a brief qualitative analysis has been given. 
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1 Introduction 
Most catalytic reactions in industrial fixed-bed 

reactors occur on porous catalyst particles; this 

explains the research interest in the chemical 

processes and the heat and mass transfer phenomena 

taking place both on the surface and within these 

particles [1], [2], [3]. At the same time, due to the 

complexity of transfer processes in multiphase 

heterogeneous systems, the problem of 

mathematically describing them is far from being 

satisfactorily resolved [4], [5], [6]. One of the less-

studied aspects of this problem is the influence of 

the reversibility of individual reaction stages on 

mass transfer kinetics [7], [8], [9]. 

     According to the activated complex method, a 

unimolecular reaction is a first-order reaction and its 

rate constant, as in the case of bimolecular reactions, 

can be approximately calculated using the Arrhenius 

equation, with the pre-exponential factor determined 

according to the recommendations [10], [11]. 

     The masses of the activated complex and the 

initial particle are the same in the case of 

unimolecular reactions [12], [13]. Therefore, the 

translational partition functions of the activated 

complex and the initial particle are equal and cancel 

each other. The rotational partition functions usually 

differ only slightly from each other, since the 

configurations of the activated complex and the 

initial particle are usually nearly identical. If the 

vibrational partition functions differ little from 

unity, then in this case, for unimolecular reactions in 

the usual temperature range, the rate constant is of 

the order of 1013 s-1.   

    Applying the activated complex method [13] to 

the analysis of unimolecular reactions assumes that 

the Maxwell-Boltzmann distribution [14] is 

maintained within the system throughout the 

process. However, for gas-phase unimolecular 

reactions at low pressures, it is necessary to account 

for the deviation from the Maxwell-Boltzmann 

distribution caused by the conversion of active 

molecules into reaction products [15]. It turns out 

that the rate constant of a unimolecular reaction 

depends on the concentration of molecules in the 

gas mixture (both the molecules undergoing 

transformation and any other molecules present in 

the mixture)—that is, it depends on the gas pressure. 

The qualitative nature of this dependence is 

described by Lindemann's theory [16]. 

    This theory proved unsuitable for quantitative 

description [12], [17]. Currently, the best agreement 

with experiment is provided by RRKM theory [11], 

which is based on the fundamental principles of 

Lindemann theory and transition-state theory.   

    However, unlike the latter, RRKM theory 

considers not only the activated complexes 

themselves but also all molecules possessing 

sufficient energy to transform into activated 

complexes without additional energy exchange [12]. 

These include all molecules with energy 

exceeding the activation energy, where this energy 

is concentrated in active degrees of freedom capable 

of energy exchange—including transfer to the 
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degree of freedom corresponding to the reaction 

coordinate [11]. In the simplest version of RRKM 

theory, only vibrational degrees of freedom are 

considered active. 

    Translational degrees of freedom are, in principle, 

inactive because, due to the law of conservation of 

momentum, the kinetic energy of translational 

motion cannot change in the intervals between 

collisions [18], [19]. Rotational degrees of freedom 

are strictly constrained by the law of conservation of 

angular momentum and are also considered inactive. 

If molecules possess degrees of freedom 

corresponding to internal rotation, the latter are 

considered active [20]. Furthermore, RRKM theory 

takes into account that the time required for a 

reacting particle to cross the potential barrier 

depends on the magnitude of the kinetic energy of 

translational motion along the reaction coordinate 

[21]. 

    The brief review of sources known to the authors 

presented above leads to the conclusion that a 

sufficiently deep understanding has been achieved 

regarding the physicochemical principles and 

kinetics of the processes occurring within and on the 

surface of catalyst pellets.  

    However, the issue regarding the availability of 

mathematical models that suggest both reliable and 

sufficiently simple, as well as well-founded control 

parameters for engineering calculating and 

managing transport processes in catalytic reactors 

remains open. This problem is especially relevant 

concerning the need to account for reaction 

reversibility within the catalyst grains [21]. 

    The primary objective and scientific contribution 

of the presented work lie in the development and 

qualitative analysis of a mathematical model 

describing a steady-state kinetic-diffusion process 

within a catalyst grain, accounting for the partial 

reversibility of the reaction. Furthermore, the 

study’s novelty lies in examining the impact of 

reaction reversibility applying to two different 

reactor operating modes: batch reactors and flow 

reactors. 

 

 

2 Problem Formulation 
This section presents a mathematical model 

describing the process of steady-state internal 

diffusion within a porous catalyst particle, 

accounting for the reversibility of the decomposition 

reaction of the main component. 

    The model has been developed for the operating 

conditions of both batch reactors and flow-type 

apparatuses. 

     We consider the decomposition of a component  

X on the surface and within a porous catalyst grain, 

occurring according to the scheme of a partially 

reversible first-order reaction: 

 YX
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where  1k  and 2k  are the rate constants of the 

forward and reverse reactions, respectively. 

    

 In accordance with the above, the system of 

diffusion-kinetic equations in this case can be 

written in the form: 
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Here: 

        1c , 2c are the concentrations of components X  

and Y respectively, 

       1D , 2D are the corresponding internal diffusion 

coefficients, 

       r  is the radial coordinate, t  is the time. 

     

General issues regarding the existence and 

uniqueness of solutions for such problems have 

been sufficiently well investigated [22], [23], [24].    

    The constructed further model is of an applied 

nature. The model submitted makes it possible to 

clearly identify the modified control parameter and 

ensure the convergence of the steady-state solution 

of system (2), (3) with accounting for the reaction 

reversibility, without introducing new mathematical 

difficulties. 

 

 

3 Problem Solution 
When formulating the problem of finding a steady-

state solution to system (2), (3), the system can 

effectively be treated similar to a system of ordinary 

differential equations. 

 

3.1 Steady-state Solution of System (2), (3) 

 and Identification of Control 

 Parameters 
Thus, the steady-state solution to problem (2), (3) 

can be sought in the form: 
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 
r

r
Kc ii

exp
 ,                                                   (4) 

 

where  is the eigenvalue of the system of 

diffusion-kinetic equations (2) and (3), rewritten to 

search from a stationary solution.  

     

The chosen solution form (4) is justified by the 

fact that—as subsequent derivations demonstrate—

it avoids a singularity at the center of the grain, and 

it makes it possible to identify the main process 

control parameter. 

    Then, after transformations, the homogeneous 

system of linear equations with respect to constants 

1K , 2K reads  
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     From the condition of existence of a non-trivial 

solution of system (5) we obtain the relation 
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     From (6) the following equation for the 

eigenvalues follows: 
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    The positive eigenvalue of the system (7) reads 

 

2

2

1

1

D

k

D

k
 .                                                  (8) 

  

Figure 1 depicts the behavior of relationship (8).  

     

The plots in Figure 1 are illustrative in nature, 

demonstrating the parameters relationship. 

Therefore, it is not intended for use as a nomogram 

for engineering calculations. The actual ranges of 

the control parameters in practical calculations must 

be determined based on the specific physical 

characteristics of the process in question. 

 
Fig. 1: Dependence of the eigenvalue of system (5) 

on the diffusion-kinetic parameters of the forward 

and reverse reactions  
Source: created by the authors 

 

     The solution to the problem must necessarily 

satisfy the requirement of convergence at the center 

of the catalytic grain [25]. In order to satisfy this 

condition, the desired solution should be rewritten in 

the form [23]: 
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By this, the following condition must be met: 
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     As a result, after rearrangements, the solution can 

be reduced to the form  
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    Here the coefficient iK
~

 is determined from the 

boundary condition on the surface of the catalyst 

grain: 

  iSi cRc  .                                                          (12) 

 

     As a result, the general formula takes the form: 
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     The form of solution (13) allows to justify the 

introduction of the following dimensionless control 

parameter. 

 

2

2

1

1

D

k

D

k
R  .                                               (14) 

 

    Then equation (13) can be rewritten in the 

following form 
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The resulting solution does not lead to a 

singularity at the point 0r . Really,  
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    The next subsection addresses the issue of the 

asymptotic values of reactant concentrations isc  at 

the grain surfaces, which must appear in the  

expression (15) for the steady-state solution of the 

problem. 

 

3.2 Asymptotics of the Steady-State Regime.   

 Numerical Experiment  
In order to determine the equilibrium concentration 

on the surface of a catalyst grain, it is necessary to 

solve the kinetic equations for the decomposition 

reaction.  

    In this case, the assumption is used that in the 

near-surface region the process is limited by the 

kinetic stage [26]. Moreover, the process proceeds 

differently in a batch reactor and in a flow reactor. 

     For a batch reactor, we obtain the following 

system of kinetic equations and initial conditions 

applying to the surface concentrations isc : 
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     The characteristic equation of the system has the 

well-known form: 
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As a result we get: 
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     Thus, the values of surface concentrations iSc  

corresponding to the steady-state regime in a batch 

reactor satisfy the following relationships: 
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     Substituting the obtained asymptotics into the 

solution of the internal diffusion problem, we 

obtain: 
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Here 0/ iii ccc  , 12 / kkk  , Rrr / . 

     

In the case of a flow reactor, the system of 

kinetic equations applying to the surface 

concentrations iSc  takes the form: 
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 where q  is the flow of reactants through the 

reactor.  

     

Stationary solutions iSc  in the vicinity of the 

catalyst grain surface read 
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     Similarly, we obtain the relationship for the 

steady-state concentration of the component X  on 

the surface and in the depth of the catalyst grain: 
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where   qkk /11  , qkk /22  .  

    

     Below there are presented also some results of 

calculations carried out on the basis of the 

developed model for a batch reactor (Figure 2) and a 

flow reactor (Figure 3). 

 

Numerical experiment demonstrates the obvious 

dependence of the reagent concentration inside the 

catalyst grain on the reaction-diffusion number. At 

low reaction-diffusion numbers )1(  , the change 

in reactant concentration within the particle from the 

centre to the surface is quite sharp. At high reaction-

diffusion numbers, this change is not as significant. 

Moreover, this dependence is more pronounced in a 

flow reactor than in a batch reactor. 

   Like Figure 1, Figure 2 and Figure 3 are not 

presented by the authors as nomograms for practical 

calculations but rather to demonstrate the 

capabilities of the developed model. At the same 

time, the calculation procedure remains the same for 

practical applications; however, the proposed 

control parameter must be determined for specific 

physicochemical systems. 

       

1- 2,0k ; 2- 4,0k ; 3- 6,0k ;            

solid line- 5,0 ; dotted line--- 5,1 ;  

dash-dot line-.-  5,2  

Fig. 2: Dependence of dimensionless concentration 

on the current dimensionless radius of grain in a 

batch reactor.  
Source: created by the authors 

 

           

1- 1,0 ,1 21  kk ; 2- 6,0 ,1 21  kk ;  

3- 1,0 ,2,0 21  kk ;  

   solid line- 5,0 ; dotted line--- 5,1 ;  

   dash-dot line-.-  5,2   

Fig. 3: Dependence of dimensionless concentration 

on the current dimensionless radius of the grain in a 

flow reactor  
Source: created by the authors  

    

  The authors plan to further develop the model to 

account for the actual flow structure within the 

reactor and to analyze existing experimental data in 

order to adapt the model. 

 

 

4 Conclusion 
Modeling the internal diffusion process in a catalyst 

grain using the submitted concept of the reaction-

diffusion number allowed us to describe the steady-

state transfer process taking into account the 

reversible reaction stage. Dimensionless 

relationships were obtained for both a batch reactor 

and a flow-through apparatus. Due to their 

simplicity and compactness, the results of this study 

can be useful both in engineering calculations and in 

processes control methodologies. 
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