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Abstract: - Many thermal processes encountered in real applications display nonlinear behaviors that
conventional linear models fail to represent with sufficient accuracy. This limitation highlights the need for
more flexible hybrid modeling approaches, such as fractional Hammerstein structures. In this work, a thermal
system is modeled using a fractional Hammerstein architecture in which the linear dynamic block is formulated
as a fractional-order transfer function, while the static nonlinear block is described by an exponential function.
To overcome the associated identification challenges, the recently developed Honey Badger metaheuristic
optimization algorithm is employed, offering enhanced convergence properties and improved robustness
compared with classical optimization approaches. Experimental data are collected from an electric oven using
an STM32F407VG microcontroller, ensuring reliable real-time measurements required for accurate model
identification.
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1 Introduction Fractional-order Hammerstein models (FOHM)
Fractional-order models have emerged as powerful [111,[12],[13], .in ) particular,  have receivgd
tools for representing the dynamics of both linear increasing attention in recent years because of their
and nonlinear systems. Fractional formulations offer modeling flexibility and their ability to approximate
additional precision due to the accurate description real processes with high fidelity. They have been
of memory effects and long-range temporal successfull-y applied to various domains, notably in
dependencies commonly observed in real physical the modeling of thermal [14],[15] and mechanical
processes. Over the past decades, numerous research systems [.1.6]- Th?lr capacity to ncorporate static
studies have highlighted the effectiveness of nonh-nearltles wh}le maintaining a tractable 11_near
fractional models in a wide range of applications, frqctlonal dynamic moc.le! .makes them especially
including thermal [1], biological [2], mechanical suitable for systems exhibiting both memory effects
[3], and electrochemical systems[4]. and nonhn'ear. responses. . o
Nonlinear fractional models proposed in the The principal methods employed for 1dent1fy1ng
literature can be categorized into  several the parameters of a FOHM are generally classified
fundamental classes, such as Volterra series into two distinct categories. The first group includes
models[5], neural network based structures [6],[7], optimization techniques, widely employed due to
and block-structured models [8],[9],[10]. Among the nonlinear, _non-convex, anc} multl—parametrl.c
these, block-structured architectures are widely used nature of fractional Hammerstein structures. This
due to their clarity of interpretation and their famlly' €ncompasses algorithms inspired .by
suitability for identifying complex systems. Within collective or animal behavior, such as the Particle
this family, the Hammerstein model is one of the Swarm  Optimization  (PSO)[17],[18], = Genetic
most widely used structures. It consists of a static Algorithms (GA) [19],[20], and the Grey Wolf
nonlinear block followed by a dynamic linear block Optimizer (GWQ) ,[21]- These methods enable a
expressed through a fractional-order transfer global search within a complex parameter space,
function. simultaneously handling the identification of both

the nonlinear static block and the fractional linear
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dynamic block. The second category consists of
recursive methods, suitable for sequential or
iterative parameter estimation when time-series data
are available. This group includes variants of
Recursive Least Squares (RLS) [22],[23] and the
recursive Levenberg Marquardt algorithm [24],
which are particularly effective for online
identification or for models that allow progressive
estimation of the nonlinear and fractional linear
components.

The nonlinear part of a Hammerstein model can
be represented using various types of functions. The
most commonly employed in the literature is the
polynomial nonlinearity [25],[26], [27], mainly due
to its simplicity in analysis and ease of
implementation on digital computers. However, this
approach has a significant limitation: the static
characteristic, which represents the relationship
between the input and output of the nonlinear block,
can exhibit multiple extrema as the polynomial
degree increases.

Such a configuration becomes problematic when
the model is used within control algorithms based
on cost function minimization, such as predictive
control. Indeed, the presence of multiple extrema
leads to a non-convex optimization problem,
meaning that a single output may correspond to
multiple possible controls.

Main contributions:

— The first contribution of this paper is the use of
an exponential function to model the nonlinear part
of the Hammerstein model. This avoids these
ambiguities and ensures a monotonic behavior that
is better suited for optimization-based control
methods.

— The second contribution of this paper is the
application of the recent Honey Badger Algorithm
(HBA) for the identification of FOHM. This
approach is particularly well-suited for FOHM, as
the algorithm can simultaneously estimate all model
parameters, including those of the fractional linear
block and the static nonlinear block. Consequently,
it combines robustness, the ability to handle
complex  nonlinearities, and  computational
efficiency, overcoming many of the limitations
associated with classical methods.

2 Modeling Nonlinear

using FOHM

In this study, the nonlinear system is modeled using
a Hammerstein structure, in which the static
nonlinearity is represented by an exponential
function. Specifically, the input signal u(k) is first

Systems
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transformed by the function f(u), enabling the
model to capture strongly nonlinear behaviors
commonly observed in many real processes. The
resulting nonlinear signal, denoted v(k), is then
applied to a linear dynamic block, characterized by
a fractional transfer function H(s).

This process is illustrated in the functional
diagram shown in Figure 1.

f(u]:aeb“+c H(z)

u(k) ——— v(k) — y(k)

Fig. 1: Schematic structure of the model

This configuration combines the flexibility of the
exponential nonlinearity ~with the richness of
fractional-order dynamics, providing an effective
representation of systems exhibiting both
pronounced  nonlinear behavior and complex
dynamic properties.

The FOHM structure is defined by the following
system of equations:

f(uw) = aeb + ¢
y(s) _ bysME+bpy_1sM Dy py
v(s)  apsl@ta_;sCDat.41

1)

Where a4, ..., a;, by, ..., by are constant
coefficients and a is the commensurate fractional
order with (0 <a<1).ay, ..., a;, by, ..., by ,a, b, c
and a are the parameters to be identified. These
parameters are assembled in the vector X as follows:

X =]a, b,c,ay,...,a., by, ..., by, a]

The transfer function H(s) will be discretized
using the Grunwald—Letnikov approximation[26]
[28]. Therefore, it must be converted into a
differential equation representing the relationship
between the intermediate signal v(k), and the
output y(t), as expressed in equation (2).

y(t) + oy aD{y(t) = L= b DI v(t) (2)

where D}* denotes the fractional-derivative
operator, and L and M represent the number of
fractional derivatives applied, respectively, to the
output y(t) and the intermediate signal v (k).

Dity() = e Em -0 W)y —in) )

Drev(t) = s 1 (M) vt — ih) @)

H(s) =

where (l?) and (rr;a) are Newton’s binomials

generalized to noninteger orders, expressed by the
following expressions.
(la) _ la(la-1)..(la=i+1)
i il
(ma) _ ma(ma—1)..(ma—i+1)
i il

©)
(6)
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The resulting expression is then sampled at time
instants t, = kh, where k€Nt and hE€
R* denotes the sampling period. This yields the
following expressions:

Diy(k) = s Eih (-0 () yte -0 )
DIy (k) = = ik (— D) (M) vk — ) (8)
N, denotes the number of past measurements taken
into account in the computation of y(k) and v(k).
By substituting expressions (7) and (8) into equation
(2), the recursive equation is obtained, which is used
to model and simulate the linear part of the FOHM.
Modeling processes with a Hammerstein structure
involves identifying the model parameters,
assembled in the vector X, using a set of N, input—
output measurements collected from the system.
The parameter estimation is performed by
minimizing the quadratic criterion Jj. This criterion
represents the sum of squared differences between
the real system behavior y,, (k) and the response
y(k) produced by the estimated model.
The mathematical formulation of this optimization
criterion is provided in equation (9).

Jn(X) = TN (@) — Ym (D)2

)

3 ldentification of the FOHM using

HBA
The parameters of the FOHM model are obtained by
searching for the vector X that minimizes the cost
function J, using the HBA[29][30], an optimization
method inspired by the foraging behavior of the
honey badger. The algorithm alternates between an
exploitation phase (digging), where it performs local
search around the best solutions, and an exploration
phase (honey), guided by attraction toward
promising candidates. It relies on a population of
agents whose positions are updated through
stochastic rules, allowing the solution quality to
improve  progressively.  The  corresponding
pseudocode is presented below.
Inputs:
- f(x) : objective function to minimize
- N : number of honey badgers (population
size)
- Maxliter : maximum number of iterations
- [lp,up] : lower and upper bounds of the
search space
Initialization:
whilei < N do
- Generate random solution X; € [lp,up]
- Evaluate fitness J, (X;) = f(X;)
end while
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Identify the best solution Xt
Main Loop:
for iter = 1 to MaxlIter do
- Update density factor p:
p = po exp( — (iter / Maxlter) )
- Compute foraging force F:
F = 2 rand() p
- for each badgeri = 1toNdo
- Generate random number r € [0, 1]
if r <0.5 then
Digging phase:
Xnew = Xbest + F rando(Xi - Xbest) COS( anando)
else
Honey phase:
Xnew = Xi + Frand() (Xpese — Xi) + randn()
end if
- Apply bounds to X, e
- IfJp Xnew) < Jn (X;) then
Xi = Xnew
If]h(Xnew) < ]h(Xbest) then
Xpest = Xnew

The solutions obtained by the HBA are
subsequently refined using a deterministic approach,
based on gradient-based optimization techniques
that follow a descent direction computed from the
gradient or its approximation.

The procedure for determining the MHOF
parameters is outlined in the following algorithm.

Inputs: Measurements of the input and output ;
Initialization:
- Lower and upper bounds for the parameters
- Number of parameters to identify
- Maximum number of iterations
- Population size

Compute the cost function

- Search for the parameters using the HBA

- Refine the solution using a local search
method

4 Experimental Results and
Discussion
4.1 Description of the Experimental

Platform
The electro-thermal system shown in Figure 2
consists of an electric oven equipped with two
heating resistors and two temperature sensors
protected by a thermal insulation cylinder. Each
heating resistor is powered by an alternating
voltage, whose average value depends on the control
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voltage. The conversion between the DC control
voltage and the AC voltage is performed by the
single-phase dimmer SG444120, which supports a
maximum current of 10A, has an input voltage
range of 0-10V, and provides an output voltage
ranging from 115V to 265VAC.

-
Fig. 2: The heating process.
Source: created by the authors

The input signals are applied to the thermal
system and configured through the uVision editor
and debugger, then implemented using the STM32
microcontroller from the STM32F407VG family.
This microcontroller is based on the high-
performance 32-bit ARM Cortex-M4 RISC core,
operating at frequencies up to 168 MHz.

4.2 Analysis of nonlinearity

The temperature inside the electric oven, shown in
Figure 2, exhibits a nonlinear behavior. This
observation is experimentally confirmed by
applying different input voltage levels to the oven
and analyzing the resulting temperature evolution
y(°C). The corresponding curves are presented in
Figure 3.
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Fig. 3: Temperature response to varying supply

voltages.
Source: created by the authors
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The temperature variations shown in Figure 3
indicates that the system does not satisfy the
superposition theorem, which states that for a
system to be linear, the total response resulting from
multiple inputs must be equal to the sum of the
individual responses produced by each input applied
separately.

4.3 Heating process modelling

The thermal system is modeled by FOHM based on
experimental measurements of the system output,
denoted 7y,,, which represents the temperature
measured inside the electric oven, and the input,
denoted u, corresponding to the DC voltage
supplied by the digital-to-analog converter of the
STM32F407VG microcontroller.

The thermal system was excited with step inputs
u(V) of different amplitudes (0.5V; 0.1V; 0.7V;
0.2V; 0.6V; 0V; 0.1V; and 0.8V), previously
used in [13]. The measured temperature y,, (in
degrees Celsius, °C) was recorded over a period of 5
hours and 18 minutes, with samples taken every 30
seconds (636 iterations). The experimental results
obtained at each iteration k are plotted in Figure 4.
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Fig. 4: The measured temperature y,, and the input
sequence.
Source: created by the authors

The thermal system modeling using the MHOF
approach consists in identifying the parameters of
the static nonlinear block, which is modeled by a
proposed exponential function, as well as the
coefficients of the numerator and denominator of
the fractional-order transfer function H(s)
representing the dynamic block, in addition to the
fractional derivative order a.

This identification is carried out using
experimental data related to the input u and the
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output y. These data correspond, respectively, to the
voltage supplied by the digital-to-analog converter
of the STM32F407VG microcontroller and to the
temperature measured inside the electric oven.

In order to identify the most relevant structure for
reproducing the dynamics of the thermal system,
four models were considered.

Model 1:
fo(u) = aeb + ¢
y(s) bo
H = =
2(5) v(s) as%+1
Model 2:
fo(w) = aeP* + ¢
s bis®+b
H,(s) = y(s) _ 1 0
v(s) a,s?*+a;s*+1
Model 3:
f3(w) = aeb + ¢
y(s) b,s%% + b;s% + b,
H3(s) = = 3a 2a a
v(s) azs3*+a,sé®+a5%+1
Model 4:
fa(w) = ae’ + ¢
Ha(s) = y(s) b3s3% + b,s2% + by s* + b,

v(s) ays* + azs3® + a,s?* +a;s¢+ 1

The parameters of HBA were set to ensure
convergence, solution quality, and a reasonable
computational time. The population size,
representing the number of candidate solutions, was
fixed at N =10 in order to achieve a trade-off
between exploration capability and computational
cost. In addition, the maximum number of iterations
was limited to MaxIter = 50 to reduce the overall
computation time.

The respective lower bounds of the parameters a,
b, c, bs, by, by, by, a4, as, a,, a; and a are defined
respectively as: 0.1, —0.5, —100, —1000, —1000,
-1000, -1000, 0.1, 0.1 ,—1000, —1000, O.5.
Similarly, the corresponding upper bounds are given
by: 10, 0.5, 100, 1000, 1000, 1000, 1000, 1000,
1000, 1000, 1000, 1.5.

The parameters obtained using the HBA are
subsequently refined through a fixed-step gradient
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descent approach to achieve faster convergence
toward the optimal solution.

The parameters are estimated by applying the
stochastic HBA using the measured output y,, and
the input sequence u.

The estimated parameters are reported in Table 1.

Table 1. Identified Model Parameters and
Associated Estimation Errors.

Models Identified Parameters Estimation
Errors

Model 1 a=4.7968, b=-0.0482, c=-4.7585, 0.0027
bo=-8.7027, a1=80.3197,
a =1.0232

Model 2 a=4.5111, b=-0.0418, ¢=-4.4807, | 0.1219
b1=43.1944, bo=-10.9964,
a2=5.6085, a1=43.2597,
a =0.8822

Model 3 a=4.1301, b=0.0189, c¢=-4.1427, | 0.0025
b2=9.4340, bi=-58.6914,
b0=24.6984, a3=36.4428,
a2=33.5687, a1=67.1350,
a =0.9890

Model 4 a=4.6136, b=-0.2335, ¢=-4.4354, 0.0031
b3=-9.6134, b2=-4.4048,
b1=7.3556,
bo=-2.3387, a4=429.0005,
a3=428.9814,
a2=34.3923,a1=31.6066,
a=0.7765

Source: created by the authors

Figure 5 illustrates the evolution curves of the
measured  temperature and the  estimated
temperature for each of the four proposed models.

Model 1
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Fig. 5: The measured and the estimated temperature

using HBA.
Source: created by the authors

According to Figure 5, it is clearly observed that
the MHOF model incorporating an exponential
static nonlinearity provides a temperature estimate
that is in very good agreement with the experimental
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measurements. This model reproduces the dynamic
behavior of the thermal system with satisfactory
accuracy, which confirms its relevance for modeling
the considered process. Furthermore, the results
demonstrate the effectiveness of the stochastic HBA
in solving a multivariable optimization problem and
achieving reliable convergence toward the optimal
solution.

In the following, the evolution of the parameters
during the search for the optimal solution is
simulated, and the corresponding curves are
presented in Figure 6.

Evolution of parameter b

Evolution of parameter a
- . . 0.1

01}t

Value
o
Value

0.2}
0.3t

200 0 50 100 150 200
Iteration

] 50 100 150
Iteration

Evolution of parameter ¢ Evolution of parameter b0

Value
&
Value
b & b

50 100 150 200 o 50 100 150 200
Iteration Iteration

Evolution of parameter a1 Evolution of parameter o

Value
o
=)

Value

05-

() 50 100 150 200 % 50 100 150 200
Iteration Iteration

Fig. 6: The evolution of the parameters during the

search for the optimal solution using HBA
Source: created by the authors

The analysis of the parameter evolution, illustrated
in Figure 6, obtained using the HBA shows that the
oscillations observed during the initial iterations are
normal and reflect the global exploration phase of
the search space. The gradual reduction of these
oscillations, starting from iteration 135, indicates a
transition toward a local exploitation phase around
the optimal solution. Moreover, the parameters
progressively converge to stable values, which
confirms the ability of the HBA to reach an optimal
solution. Finally, the fast convergence observed
highlights the strong capability of the HBA to
perform an efficient global search.

In order to illustrate the efficiency of the HBA,
the model parameters were re-estimated using the
geometric Nelder—Mead (NM) method[31][27]
based on the simplex strategy. This procedure was
carried out starting from exactly the same initial
conditions as those adopted for the HBA, while
maintaining the same constraints on the parameters.
The evolution curves of the measured temperature
and the estimated temperature for each of the four
proposed models are illustrated by Figure 7.
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Fig. 7: The measured and the estimated temperature

using NM approach.
Source: created by the authors

Figure 7 shows that the NM method provides a
satisfactory estimation for Model 1, which is
characterized by a relatively small number of
parameters (6  parameters). However, its
performance deteriorates for Model 4, where the
parametric dimension is higher (12 parameters). It
can therefore be concluded that the identification
efficiency of the NM method decreases as the
dimension of the search space increases. In contrast,
HBA yields satisfactory estimations for all four
studied models, as illustrated in Figure 5, which
confirms its robustness with respect to an increasing
number of parameters. This observation is further
supported by the Root Mean Squared Error
(RMSE) of the estimation errors, as given by
the following expression:

2
RMSE =[5 (om0 —y®)"  (10)
The estimation errors are computed for the four
models using both optimization methods, which are
summarized in Table 2.

Table 2. Estimation Errors for HBA and NM
Identification Approaches.

Models RMSE for HBA RMSE for NM
Model 1 0.0519 0.1187

Model 2 0.3491 2.700

Model 3 0.05 3.2145

Model 4 0.0556 73.5014

Source: created by the authors

Table 2 shows that the HBA provides more
accurate parameter estimations, particularly when
the dimension of the search space is high. Indeed,
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HBA is a population-based metaheuristic method
with strong global search capabilities, enabling it to
efficiently explore the search space and avoid
entrapment in local minima, especially for high-
dimensional nonlinear problems. In contrast, the
NM method is a deterministic local optimization
technique based on a simplex strategy, which offers
fast convergence when the initialization is close to
the optimum but remains highly sensitive to initial
conditions. Although NM generally exhibits lower
computational complexity and rapid convergence
for relatively smooth problems, its performance may
deteriorate in the presence of strong nonlinearities
or multiple local optima.

In the following, we focus on the computation
time of the search procedure for both algorithms,
NM and HBA. The corresponding results are
summarized in Table 3.

Table 3. Computation time for HBA and NM
Identification Approaches.

Computations time | Computations  time

Models | tor HBA for NM

Model 1 28.8188 63.6270

Model 2 35.5711 131.7157

Model 3 68.5373 161.2092

Model 4 97.8126 43.8349

Source: created by the authors

The comparison of the two optimization

approaches shows, first, that the computation time
increases with the number of parameters to be
estimated. An exception is observed for Model 4,
for which the computation time decreases due to the
divergence of NM algorithm. Second, the results
indicate that the computation time of the HBA is
significantly lower than that of NM method,
highlighting the superior computational efficiency
of the HBA and its ability to handle a large number
of parameters within a reduced computation time.

5 Conclusion

In this work, we modeled a thermal system using a
fractional-order Hammerstein structure, where the
linear part is of exponential type. Unlike classical
models, which represent the linear dynamics using
polynomials, this approach leverages both
fractional-order modeling and an exponential
nonlinear function, avoiding the generation of
multiple solutions when the estimated model is used
in a control algorithm, such as predictive control.
Moreover, we employed the recent stochastic Honey
Badger method for parameter estimation and
demonstrated that it converges rapidly to the
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optimal solution due to its strong global search
capability. We compared it with a classical
optimization method, such as Nelder—Mead, and
showed that the latter’s performance deteriorates as
the search dimension increases.

This work could be further improved by
developing a control algorithm for real systems
based on fractional-order Hammerstein structures
with exponential nonlinearity.
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