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Abstract: A modifed conjugate gradient method (MCGM) is proposed for simultaneously reconstructing Robin
coeff cient and heat fux in an elliptic system from a single part of the boundary measurements of the solution. The
simultaneous identif cation problem is formulated as a constrained optimization problem using the output least
squares method with Tikhonov regularization. The differentiability and adjoint equations are investigated for f nd-
ing the gradient formulas and determining the step lengths, respectively. Finite element method is employed to
discretize the constrained optimization problem which reduced to a sequence of unconstrained optimization prob-
lem by adding the regularization term. Some comparisons are presented with the Levenberg-Marquardt method
proposed by [1]. Numerical examples investigate the eff ciency and accuracy of the proposed algorithm.
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1 Introduction

[1l-posed inverse problem of reconstructing Robin co-
eff cient and heat fux from transient temperature his-
tories measured in the heat conduction problems and
stationary diffusion equations are constantly of a great
interest during three last decades. A literature review
and a presentation of different method is presented in
[2, 3, 4, 5, 6, 7] and the references therein. Sever-
al numerical methods are proposed for the Robin in-
verse problems in the context of corrosion detection
[8, 9, 10]. [11] employed the nonlinear CGM for
reconstructing the Robin coeff cient with Laplace e-
quation and noted that the convergence was relatively
slowly. Also, used preconditioning technique using
Hilbert space scales and Sobolev gradients for accel-
erating its convergence but did not test it numerically.
[12] introduced an application of conjugate gradient
method for estimation of the wall heat fux of a su-
personic combustor. [13, 14] introduced the mathe-
matical and numerical justif cation for the reconstruc-
tion of only one parameter Robin coeff cient of the in-
verse problem using the nonlinear conjugate gradient
method.

One of the advantages of the fnite element
method as compared with the f nite difference method
are that complicated geometry, general boundary con-
ditions and variable or non-linear material properties
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can be manipulated relatively easily [15, 16, 13, 17].
The f nite element method has a solid theoretical foun-
dation which gives added reliability and in many cases
is able to mathematically analyze and estimate the er-
ror in the approximate f nite element solution [18]. [1]
studied numerically the simultaneous identif cation of
Robin coeff cient and heat fux using surrogate func-
tional and Levenberg-Marquardt method. Moreover,
there is a little work in the literature on simultaneous
reconstructing Robin coeff cient and heat fux using
a modif ed conjugate gradient method (MCGM) and
comparison between the two methods are the focus of
this work.

The reset of this paper is organized as follows:
Sections 2 is devoted to describe the variational for-
mulation for the elliptic problem and stability of
the optimization problem. Section 3 briefy derives
the partial Fréchet derivatives of the forward solu-
tion to obtain the gradient of the Robin coeff cien-
t and heat fux also introduces the adjoint equations
to fnd a simple explicit expressions to simplify com-
puting the minimization equation. Section 4 intro-
duces the f nite element approximation and its conver-
gence. Section 5 discusses the numerical algorithm
using a modif ed conjugate gradient method (MCG-
M). Section 6 introduces some numerical experiments
to present the eff ciency, accuracy, and robustness of
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the proposed method for simultaneously reconstruct-
ing Robin coeff cient and heat f ux in the optimization
problem. Some comparisons presented to illustrate
the eff ciency of the proposed modif ed conjugate gra-
dient method (MCGM) comparing with Levenberg-
Marquardt method.

2 Mathematical formulation

Consider an elliptic system which occupies an open,
bounded, and connected polyhedral domain Q C R?
with the boundaries I'; (¢ = 1, 2, 3) which can be mod-
eled by the following elliptic equation:

=V (a(x)Vu) + e(x)u = f(x) in€Q,
o(x) Gt + ¥ (x¥)u(x) = g(x) on I,
a(x) % = g(x) on Ty,
a(x)d =0 on I's.
2.1)

Hence a(x) is the heat conductivity and a smooth
boundary 0f) consists of three parts i.e. 92 = I'; U
I’,UI's is a f nite collection of disjoint, smooth (d—1)-
dimensional polyhedral domain. The functions o (x)
and c(x) are the heat conductivity and radiation which
be constraint by 0 < a1 < a(x) < ag and 0 < ¢1 <
c(x) < co, respectively. The parameters identif cation
problem v(x) and ¢(x) are contained in the follow-
ing constrained sets: K., = {y(x) € L?(T1) : 0 <
7 < (%) < 2, ae.onI'i}, and Ky, = {q(x) €
L*(T3) : 0 < 1 <q(x) < ¢q, ae. on I's}. Such
that (z,y) denoted by x. Let u solve system (2.1) and
Let u(x) = 2 on T'3 where 2’ is the measurement da-
ta of the exact solution u, the parameter ¢ is used here
to emphasize the existence of the noise in the mea-
sured data.

This paper aims to justify numerically the valida-
tion and effectiveness of the regularization formula-
tion for solving the ill-posed inverse problem of the
two parameters Robin coeff cient on I'; and heat fux
on I'y reconstruction. In addition, we will solve the
nonlinear f nite element minimization problem by us-
ing a modif ed conjugate gradient method for simulta-
neously reconstructing the Robin coeff cient and heat
fux.

Now, we formulate the considered parameters i-
dentif cation problem as a constrained minimizing
process

i 5112 2
min J(7, - u(v,q) — 2 +
(7,9) €Ky x Ky (v.9) lu(, ) 1T, + BlVIIE,

+ nllalf,, 2.2)
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where (v,q) € K, x K; and u = u(y,q)(x) €
H'(Q) satisfes

/aVu-Vvd:U+/cuvd:U+/ Wuvds:/fvd:c
Q Q r Q

—I—/ gvds—l—/ quds ¥ v e HY(Q).
I I's
(2.3)

Note that (2.3) is the variational formulation associat-
ed with the elliptic problem (2.1). For any (v,q) €
KY x K, there exists a unique solution u(vy,q) €
H* () to (2.1)(see, Theorem 2.1 [1]).

To deal with the instability of the inverse prob-
lem, we reformulate it as a constrained minimization
problem (2.2) where u(+y, ¢) solves the variational for-
mulation (2.3). We assume that, 5 and 7 are the reg-
ularization parameters. Furthermore, v € L% (I';)
in the admissible set K, which replaced by v €
L?(T'y) N L>(T'y). Suppose that || - || 1.,y is def ned
by

[0l3 0y = V01720 + 01220y,

which equivalent to the standard norm || - || g1 (q)-

Theorem 2.1. There exists at least one minimizer to

the optimization problem (2.2).

Proof. Clearly, inf J (v, q) is a fnite over the admis-
sible set K, X K, and thus there exists a minimizing
sequence (7", ¢") € K, x K, such that

lim J(y",¢") = inf J(v,q). 2.4

A S0t = f o) 28
Using Banach-Alaoglu theorem, the boundedness of
the sequence 7" in L*>°(T";) and ¢" in L*°(T'y) im-
plies that there exists a subsequence, still denoted by
{(»™,¢")}, and some (v*,¢*) € K, x K, such that

(", q") = (7", ¢") weak convergence in K. x K,

Using (2.4), the strong convergence of u™ in L2(02),
and lower semicontinuity imply that

JOq) = llu(yq) =213, + By,
+ nllg* 12,
= lim [u(y",¢") = 2|7, + Bl I,
+ 7llg*F,,
< lim Jlu(y",q") - 2R,
+ B lim inf[[y"|2, +7 lim inf q"[7,,
<

lim inf J(v",¢")
n—oo

= inf

J(,q). 25
ol (v, q) (2.5)

Which implies that (v*, ¢*) is a minimizer of the func-
tional (2.2). O
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The stability property of the optimization prob-
lem with respect to the observation errors z° and the
sequence {(7",¢")} of the minimizers has a subse-
quence weak convergence in K, x K (see, Theorem
3.2 [1)).

3 Differentiability results for the sen-
sitivity and adjoint equations

In this section, we introduce the sensitivity problem-
s and establish the differentiability of the solution
u(7y, q) with respect to the heat fux ¢(x) and Robin
coeff cient y(x). We suppose that the Robin coeff -
cient y(x) is perturbed by a small amount v(x) + A,
and the heat fux ¢(x) perturbed by ¢(x) + &, such
that A and £ any directions in L°°(T";) and L>(T'9),
respectively:

u(y(x)+A, q) & u(v, ¢)+u, (v, DA+O(IM o (1)

and

u(¥(x), ¢+&) ~ u(v, Q)+ (v, D&+ O] o0 (ry)-

Then replacing ~ in the direct problem by v(x) + A,
and u(7y, q) by u(y(x) + A, ¢), subtracting from the
forward problem (2.1), neglecting the second order
terms as well as ¢(x) are all similarly, we obtain

—V - (a(x)V(u, (v, q)N)) + e(x) (), (7, q)A) =0
in €,
1o} u. R7)D ’
() DY () (u (7, @) N) = — (7, q)
on Fl,
a(x)w = 0on I,
a(x )78(%5;”(1)/\)) =0onTI;,
and
—V - (%) V (uy (7, 9)€)) + c(x) (ug(v,q)€) =0
in €,
0 u , /
a(x) L1aTDE) 4o () (up (v, )€) = 0
on Fl,
o(x) 200D _ ¢ o0,
a(X) 8(“(1(8’77;‘1)&)) — 0 on Fg,

which are linear with respect to A and &, respectively.
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Lemma 3.1. For any (v,¢q) € K, x K, and the so-
lution u(vy, q) is differentiable with respect toy, ¢) in
the sense that

Al oo (ry)
as A — 0 in L>=(I'1),(3.1)

DM (@)

— 0

and

Ju(y,q+ &) — u(v,q) — ug(v: ))&l 1 (o)
1€]] oo ()
as & —0in L>=(T2).(3.2)

— 0

Proof. We assume the function w = u(y + A, q) —

u(y,q) — u:/(fy, q) which satisf es
( =V (aVw)+cw=0 in Q,
ad¥ +yw = —Au(y+ A q) —u(y,q)) onTy,
ag‘;: =0 on 'y,
a‘gi‘l’ =0 onI's,
(3.3)

we obtain the variational form

/a|Vw|2d:c—|—/c|w|2d:c+/ 'y|w|2ds
Q Q Iy
=—/F AMu(y + A, q) —uly, q))wds.  (3.4)
1

By using Sobolev trace theorem, we derive

[l @) < ClIM Lo oy [y 2, @) =u(, D)1 ()

(3.5)
Also, by replacing u(y,q) by u(y + A, q) into (2.1),
we obtain

Amvmw+x@—uw@m%w
— U 2 T
+Lr<v+Am (v, 0))|2dznd
+/F Y(uly + A, q) — u(v, q)ds

= — /F Au(y + A, q)(u(y + A, q) — u(y, q))ds.(3.6)

Using Sobolev trace theorem, we obtain
lu(y +A.q) —

Hluly + X q) = ulv, D2y

< CH)‘HLOO(IH)HU('Y + A, Dl

Ju(y + A @) —ulv, Dl L2

(% Dl

(3.7)
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Then,

[u(y + A q) —u(y, )llar ) <

ClIAl| oo oy lu(y + A D 1) (3.8)

The proof of Theorem 2.1 indicates that [|A[| e ;) is
suff ciently small and [[u(y+ A, g)|| g1 (q) is uniformly
bounded. Thus, it follows that

lu(y + A, q) — u(v,q) — u) (v,
(Al oo (ry)
as A — 0 in L>(I'1).(3.9)

DM a1 (@) o

Similarly, for u(~y, ¢+ &) we deduce that (3.2) is valid.
]

From the proof of the Lemma 3.1, we have the
following expansion:

u(y + A q) = ul,q) +ul (1, DN + O F oo 1))

and

u(y,q+ &) = u(v,9) + (7, )6 + OIEl[700 (1)

We introduce the adjoint equations for the previous
partial derivatives equations which be associated to
u(7, q) in any direction d = (u — 2%)|,—1 € L?(T3),
(u—2°)|z=0 € L*(I'3). We def ne u;('y, q)*d

and u; (v,

andp =
q)*p by solving the following systems

—V - (a(x)V(u) (v, 9)*d)) + e(x)(

in €,

uy(v,q)*d) =0

au, ,q)*d ’ %
() 200D () (i (v, ) *d) = 0

OIlFl,

Oé( )8(U»y(gn‘I) d)) —don ng
and
( =V ((x)V(uy(7,9)*p)) + c(x)(uy(v,9)"p) = 0
in €,
0 ul ,q)* ’ %
a(X)W + (%) (uqg(v,9)*p) = 0

OIlFl,

a(x )78@ (gf) P) _ OonTs,

a(x) 8(Uq(g;:1)*p)) =pon 1‘\3.
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Theorem 3.1. The objective functional/(vy,q) is
Fréchet differentiable and its Echet derivative is

‘9‘](7 ) ye K., in the direction\ and Fréchet deriva-

tlve o1 ((971 :4) \ith respect toy € K, in the directiong
are given by

Z—jw 9 / M) (3.0)"d) +

(3.10)
. —2/5 (v:4

Proof. From Lemma 3.1, noting that

oy (v A2y < ClIAM ooy

and

p) +nglds.  (3.11)

and

g (7, @)l s () < CllEll oo ()

we have

min J0(77Q):A(U(77Q)—26)2d3-

(7,9)EK~ X Kq
(3.12)

Then, we derive

Joty + M q) — Jolraq) = /F (u(y + A q) — 25)2ds

- [t - s,
I's
- / (u(3,) + 2, (1, DA + OUA e 1)) — 27)2ds

- / (uly,q) — 2°)%ds,
I's

- / (ur,0) = 2, (7, @)X + O e )

2 / 00N+ O e, )

- / (u(r,q) — ) (7, @)Ads + OB 1)

I's
Then, we obtain
9015 =2 / (uly.q) — ) (i, (v, ) N)ds. (3.13)

I's

Similarly, the Fréchet derivative of .Jy with respect to
q in the direction & shows that

0Jo /

Sl =2 / (0) = ), 7,0)ds. G.14)
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By taking ¢ = u.(v,q)\, ¥ = u} (v, q)*d, and mul-
tiplying (3.1) by ¢ and (3.10) by ¢, then we apply
Green’s second identity by subtracting the two equa-
tions

0= / (U7 - (aVp) — oV - (aVe)} dz
Q

_ Iy 9
= /39 (aa—n — a%g)) ds. (3.15)

By substituting the boundary conditions for ¢ and v,
we obtain

/)\u(y,q)wds:/ dpds. (3.16)
I

I's
Taking ¢ = u, (7, q)¢, ¥ = u,(7, q)*p, and multiply-

ing (3.1) by 1/; and (3.10) by ¢, then we apply Green’s
second identity

0 :/Q{zz?v.(avga) _ GV (aw;)}dx

- 0p - 9
= /89 <a% —a%gJ) ds. (3.17)

By substituting the boundary conditions for ¢ and 0,
we obtain

hds = Bds. 3.18
[ &as /ngsos (3.18)

By substituting from (3.16) into (3.13), we deduce

oJ ,
7N = 2/F1 A [u(% q)(uy (v, 9)"d) + By | ds,
(3.19)
such that
a.J ,
6—70[)‘] = 2/Fl (7, q) (uy (v, q)"d)ds.

Similarly, the Fréchet derivative of Jy with respect to
q in the direction £, we obtain

oJ /
—[¢] =2 * d 3.20
34 €] /Hf [(uq(%q) p)+nq|ds, (3.20)
and 87
0 ’
-l =2 &(uy(v,9)"p)ds.
5 16=2 | &nap
This completes the proof of Theorem 3.1. O

Remark 3.1. The idea of the conventional gradient

2 and %7 are the L*(I'y) and L*(I';) gradient re-
spectively. which can be defined as follows:
oJ oJ oJ oJ
—¢] = —ds and —|)\| =
5,9= | €3, W= | 25
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such that the integral refers to duality between

L>®(T;) and its dual (L2(T';))" for the heat fluxg.
and %2 is an element in the dual spa¢g*(I's))". Ac-
cording to the Robin coefficient on the boundary

is same. The gradient is used to update an element in

the admissible sek; and K.

4 Methodology of the f nite element
technique

Finite element method is a powerful tool and an ef-
fective numerical technique for partial differential e-
quations in engineering and many felds. The fact
that modern engineers can obtain detailed information
about the structure, thermal, electromagnetic prob-
lems with virtual experiments largely gives credit f -
nite element method. Now, we apply the fnite ele-
ment approximation method for solving the continu-
ous minimization problem (2.2). We triangulate the
polyhedral domain 2 with a regular triangulation 7"
of a simplicial elements. Then we defne the linear
f nite element space V}, by

Vi ={on € C(Q) : ¢ul7; € F(TD) ¥V Ti € Tu},

such that F(7;) denotes the space of linear polynomi-
als on the elements 7;. We def ne a restrictions of the
space V}, are Vr}fl and VFh2 on I'y and I's respectively.
Also, the discrete admissible sets Kfj and K g defned
as follows

K'={y eV iy < (@) <y V 2 €T},
and
Kl ={an eVl a1 Sanlz) < @2 ¥V x € T},

where K. fYL C K, and K g C K, we approximate the
optimization problem (2.2) by the following discrete
minimization system

min In(Vh,an) = / (un (s qn) — 2°)?ds
(Vhsan) €KX KL I3

+8 [ ~ids+n / qpds,
Fl FQ
(4.1)

where the function uy (v, qr) € V" satisf es the weak
formulation

/aVuh-Vvhda:—l—/cuhvhda:—l—/ YhupVRdS
Q Q I

:/fvhda:—i-/ gvhds—l-/ qrupds Y vy, € VR
Q I I'a
4.2)
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In the following analysis, we need the standard inter-
polation operator I, : W1>°(Q) — v, and the pro-
jection operator Qp, : H(Q2) — vy, is defned as

/ VQnw - Vupdx +/ Qprwupds
Q o0

:/Vw-Vvhd:E—l—/ wupds
Q o0

YV we HY Q) v, € V. 4.3)

Then, for any p > d = dim(2), we have

lim ||Ihw - ?,UHWl,oo(Q) =0V we WLOO(Q)v
h—0

and

lim [|Qpw — w1 =0 V w € HY(Q).
h—0

The following theorem shows the existence of the

minimizer for the fnite element discretization prob-
lem (4.1).

Theorem 4.1. There exists at least one minimizer to
the finite element problem (4.1).

Proof. Such that min Jj (5, qp) is a fnite over the
admissible set Kfyl x K g. Hence, there exists a mini-

mizing sequence { (Y4, qn)} € Kfyl x K é‘ such that

min

In(Vh, an)-
(Ynsan)eKE X KR

. n o ny __
nh_{go IV an) =

The uniform boundedness of {(v4,¢x)} in Kf} x K, é‘
and the norm equivalence in the fnite dimensional s-
pace implies that there exists a subsequence denoted
bﬁl {(vp,qp)} and some {(v},q})} in Kfyl x K" such
that

{Oh,ai)}y = (v ap) in K x K, n— oo

Now, we prove that (v, g} ) is a minimizer of (4.1).
From the def nition of uy, (v}, ¢}) and up (7, q;), we
have

/aVuh(’y}},qZ) -Vupdz + / cup(Yy s qpy )vndx
0 Q
+ [ i aiyonds = [ funds
I 0

+ / qupds + / Qopds ¥ vy, € VI (4.4)
Fl 1—‘2
and

/aVuh(’yZ,qZ)'Vvhdw—k/ cup(vr, g1 )vpdx
0 0
+/ ’y;uh(’y;,q;)vhds:/fvhdw
I 0

+ / gupds + / Giopds YV vy, € VI (4.5)
Iy I'o
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By taking vj, = up, (7}, qj) into (4.4), we see that

lun (i i)l () < €

where C' is a constant independent on n and h. By
subtracting equation (4.5) from (4.4) and assume that

’lUZ = uh(’y}rf) q;;) - uh(/}/;kp q;kl) giV@S

/ aVuwy - Vupdx —I—/ cwpvpdz

Q Q

+A(ﬁWWMﬁ—ﬁW%ﬂW%@=
1

/(ﬁ—ﬁMM&M@
I

we can rewrite it as following

J

aVuwy, - Vopdx —I—/ch,’}vhda: —I—/F Yhwhvpds
1

—wame%ﬁmm
1

+/ (ah — qp,)vnds.
I
4.7)

Then, taking v;, = w}’ and using the Cauchy- Schwarz
inequality, and the lower bound of the above assump-
tions, we derive

aol [ Vw72 + collwh 122y + Yollwhll7z
< vk = Wllzeo ey llun (Vs )l 2@y llwk 22y
+llan = anllzz@y) lwp [ 22 (ry) (4-8)

Hence the norm equivalence in the fnite dimension-
al spaces implies that wy — 0 (i.e., un(v},q5) —
up (V7 qi) in H(Q) as k — o00).
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Consequently, we have

Jn(Vhs @) = / (un (75, qp) — 2°)2dsds

I's
+8 | () + ?7/ (g3)*ds
Fl 1_‘2

< tim [ (un(ofqf) — 2°)ds

n— oo T's

+ 8 lim inf / 2ds
1N

n—oo

n—oo

+n lim inf/ qrds
I

< i int { [ (o ap) - s
I's

n—o0
n2 n2
+ p s ds—i—n/ qp ds}
I

I's
_ 3 3 n n
= lim inf J, (73, g)

I (Yhs ) 4.9)

= min
(vn.an) KR < K}

This show that (77, ¢;) € K. f; x K él is a minimizer of
the discrete optimization problem (4.1). O

Lemma 4.1. Let{(y4,qn)} € K x K]" be weak con-
vergence tqy*, ¢*) € K, x K, ash — 0, then there
exists a subsequence which denoted{by,, qx)},
such that

up(Yhy an) — u(y*,¢*) in L*(T3) as h — 0,

which implies that

i [ () -)Pds = [ (uy"a)=2)ds,

n—oo T T

Proof. Let v, = uy, into (4.2), we obtain

/a\Vuh|2da:+/c\uh\2dx+/ v |up | ds
Q Q I

:/fuhda:—l—/ guhds—i-/ qnupds
Q IR I'y

Voo € VR
(4.10)

Then |[up(Yn, an)llg1() < C is bounded and C' is
constant not depend on h. There exists a convergent
subsequence, still denoted by up (yn, gp,), such that

un(Yh,qn) — u* weakly in HY(Q) as h — 0.
From the compactness results, this implies

up (Y, qn) — u* strongly in L*(T'3) as h — 0.
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We show that u* = u(y*,q¢*). Forany v € H'(Q),
let vy, = Qpv be a test function, obtain that

/aVuh-Vvhdx—l—/ cuhvhdx—l—/ YrURVRAS
Q Q

I

:/fvhdas—i-/ g’uhds—l—/ qrupds
Q INt Iy

Yoy € Vh,
(4.11)

such that

/ aVuy, - Vopdx = / aVuy, - Vodx
Q Q

—I-/ aVuy, - V(v — v)dz,
Q

/cuhvhda::/cu*vda:-i—/cuh(vh—v)da;
Q Q Q
—i—/ c(up, — v )vde,
Q

/ yhuhvhds:/ yhu*vds—i—/ Yrup(vp — v)ds
Iy I N1

—i—/ Yr(up — u*)vds,
r

/vahdx:/gfvda:—lk/gf(vh—v)daz.

By the convergence of vy, = Qpv, up(yn,qn) weak
convergence in H'(Q), and (vyp,qn) weak conver-
gence in Kﬁ X K;Z as h — 0, we derive

/aVu*'Vvda:—F/ cu*vdaz—i—/ ~y u*vds
Q Q Iy

:/fvda:+/ gvd5+/ q*vds.
Q T 1)

(4.12)

Then we conclude that u* = u(y*, ¢*). O

The following lemma we will need illustrates the
density result. It has been proved in [13].

Lemma 4.2. C*>°(Q) is weakx dense inL> ().

For any x € L°°(Q), there exists an x" €
C*°(2) such that

/X”goda: — / xedr Yo € LHQ), n — co.
Q Q

The following theorem shows that the convergence of
the f nite element solution to the minimizer of the con-
tinuous optimization problem.
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Theorem 4.2. Let {(v;,q;)} be a sequence of min-
imizers to the discrete minimization problem (4.1).
Then each subsequence {fy;,q;)} has a subse-
guence converging to a minimizer of the continuous
optimization problem(2.2).

Proof. From the uniform boundedness of ~; in
L>(T'1) and ¢; in K, implies that there exists a
subsequence, also denoted by {(v;,q¢;)}, and some
{(v*,¢*)} such that

v =" weak xin L>®(T'1) as h — 0,

g — ¢ weak xin L*°(T's) as h — 0,

and Lemma 4.1 implies that
un(vi, q) — w(v*,q*) in L*(T'3).

Forany (v,q) € K, x K, and lete > 0, from Lemma
4.2 there exists a (7°,¢%) € C°(I'1) x C*°(I'z) such
that

(v*,¢°) = (v,q) weak in K x K.

For any (1.¢°) € K, x Ky It (.q5) =
(@ny*, Qna®) € KI' x K[ The property of inter-

polation operator (), implies that
3 1> 1> _
lim [[un (95, 05) = u(7, @)ll2(c) = 0.

We derive that (v},q;) is the minimizer of J over
K x Kh

(y1)?ds
I

T ) /F (vl a) — 2°)%ds + 8
3

(v7)%ds

Jn(Vi q5,) = (@5, Qng®).  (4.13)

Then from Lemma 4.1 and the convergence property
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of the interpolation operator )y,

J(Vq) = /(U(’Y*,q*)—zé)QdSJrﬂ (y)*ds
Ty I
+ ?7/ (¢*)ds,
I's
< lim [ (un(y;,q;) — 2°)ds
h—0 I
+ lim inf[8 (’ﬁ;)QdS-H]/ (g7,)*ds],
h—0 r I'y
< lim inf J, (7}, qb),
h—0
< lim inf Jp(Qry, Qng°),
h—0
< /(Uh(ve,qe)—zé)QdSJrﬁ (v)*ds
I's Iy
+ ?7/ (¢°)?ds. (4.14)
I'>

By assuming € — 0, we obtain

J(vq") < J(v,q) Y (7,q) € Ky x K,

which indicates that (y*,¢*) is a minimizer of the
functional J (v, q). O

S5 Numerical algorithm using an M-
CGM

In this section, we describe the MCGM for the
numerical solution of the minimization problem to
identify the two parameters Robin coeff cient and heat
fux, simultaneously. Each iteration requires solving
two sensitivity and two adjoint equations to compute
the gradient formulas with respect to v and ¢q. The
idea of the modif cation in CGM is summarized as
follows: The given initial guess (7", ¢") helps for
computing the heat fux ¢**! (ie., ¢**' computed
by (7*, ¢*)), while the heat transfer coeff cient v**!
is computed by (v*, ¢**1) as shown in the following
algorithm. MCGM stops when the reconstructions
are accurate enough or satisfy the stopping criteria.

Algorithm 5.1.

a- Choose the initial guesg+',q"), directions
(d9,d9), and set: := 0.

b- Solve the forward problem (2.4)+*, ¢*) and com-
pute the residuat’

k

Tq = u(7k7 qk) - ’26

on I's.

c- Solve the adjoint equation (3.10)
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d- Determine the gradierﬁ% such that p- Computey,’j
J (v, q") _ 9 i ok _<7’kv“/w(’7kvqk+1vd§+l)>L2 (rg) + BOF AT L2y
aq ( (7 4 ) p+nq ) 2l ||u;(7k,qk+l,d§+l H 2 (o) +5Hd5+1”L2 )
(5 2)
e- The conjugate coefficierif is given by o- Update the Robin coefficient by
k+1 _ k k jk+1
k_ Ha'](fy 4 )/OQHL2(F2 Y = Y +CY,YC[/,Y+ .
q OJ(~k— 1’ k=1Y/9 ' B
H (v 1)/ QHLz(Fg - If lla ||qu(i2I1§2)(F2) < ¢, and "+ - Ilvﬁ\(\FLz)(rl) < o

f- Compute the descent direction with respect to Stop;otherwise: :=k + 1, and go to Step 2.

a(z,9) The step lengths o/; and oz,’j are determined by the

BI(+*, ¢%) quadratic approximation of a two-variable functional.
ﬁkdk By using the mean value theorem and Taylor expan-

04 sion, we can derive the forward operator u(~, ¢) with
respect to «y, and ¢ as shown in equations (5.1) and
(5.2) to determine the step lengths o/; and a'j, respec-

dk—i—l - _

g- Solve the sensitivity equatia)(+*, ¢*)¢ in (3.1).

h- Compute the step Iengttjj tively. For determining the step lengths o/; and af‘j,
this requires solving two auxiliary and adjoint equa-

. (ry, ;(fyk q", dk+1)> £2(rs) + (g k dk+1> [2(Ts) tions for every iteration. The conside.red numferical
Qg = — . dk 1 dk 1 - examples in the present study and previous studies of
Hu (7%, ¢, ) ” + ] ”L2(F2 inverse problems [19, 13] prove that the step lengths

.1 work very well.
i- Update the heat flug(x, y) by

¢+ = gF 4 apdtH, 6 Numerical experiments and dis-
cussions
j- Solve the forward problem (2.1)(v*,¢**!) and
Computerk In this section, we will execute the proposed algorithm
5.1 to simultaneously reconstruct the parameters heat
TJ; =u(y*, ¢") = 2° on Ts. fux and Robin coeff cient in the optimization problem

(2.1). The considered solution domain {2 is a rectan-
k- Solve the adioint problem. (~%. ¢*+1)*d in (3.10 gular as 2 = (0,1) x (0,2) which discretized using
) P (7", 4" ( ) triangular mesh such that each small rectangular is di-

_ oGt g vided to two triangl'es as a fnite element triangulation.
|- Determine the gradie (783 ! such that We have the domain boundary consists of three parts

N ={(z,y):z=1, 0<y <2}, Ty ={(z,y):

OJ(7*, g+ y=0, 0<z<1},andT3=0Q)\ (T1UTy). We

ko k+1 E  k+1 k
R = 2(u(y",q"" )(uﬁ/(’y (a1 d)+B7"). solve the forward problem using the continuous linear
fnite element method and the exact data can obtain
m- The conjugate coefﬁcieﬁf; given by from the exact solution. To verify the issue of robust-
ness and sensitivity for the reconstruction algorithm
10T (7", ¢"+1) /87||L2 - a'ga.inst. the ngise in the data, we introdqce some mul-
I; o —— D tiplicative noise to the data 2° along T',. in the time do-
18T (¢, q )/a’YHLQ(Fl main: 2° = u+ 0Ru on T. x (0,T), where R a uni-
formly distributed random variable varying in [—1, 1],
n- Compute the descent direction fpfz, y) and § is the noise level. We will apply § = 5% in
our numerical tests unless specifed otherwise. As-
g — _aJ (v*, ") + ghdr sume that the regularization parameters § = 1074
v oy a7 and 7 = 1073 are chosen according to the theory of
residues due to Morozov (see, [20]) and two tolerance
0- Solve the sensitivity equatiom;(yk,q“l))\ in parameters £; = £5 = 2 x 1073, Furthermore, we set
(3.1). the initial directions (dJ, d9) to be zeros vectors.
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Now, we introduce fve numerical examples for
reconstructing the unknown parameters in the elliptic
system (2.1), and assume that a(x) = ¢(x) = 1. For
example, we assume the exact solution for the forward
problem (2.1) is given by

u(z,y) = x - cos(my) +y - sin(nz),

Table 1 and Figs. 1, 2 present the convergence rate for
the numerical solution of the forward problem. We as-
sume that the source function for all examples is given
by

f(x) = (7% + 1) cos(my) +yx? — 3 in Q,
and the boundary temperature is given by
g(x) = cos(my + 1)y(x) + 2 on I';y.

Remark 6.1. The relative error of Robin coefficient is

k_
defined byRE ., = I Ne2w ang relative error of

H’Y||L2(r1)
heat flux is defined bRE, = == ‘?2) where the
L=(T'o

accuracy error is defined by the relative error.

llg*—all .2

Example 6.1. Consider the exact heat flux is given by
q(x) = —z+3 on I'y, exact Robin coefficient(x) =

2—(y—1)* on I'y, and initial guesg+?, ¢°) = (2, 2)

e In this example we notice that the relative error
of Robin coeff cient decrease gradually with in-
creasing the number of iterations and relative er-
ror of heat fux is regular with k.

e The obtained numerical results in Table 2 lead
to the accuracy of the proposed algorithm for si-
multaneous reconstructing Robin coeff cient and
heat fux in Example 6.1.

Example 6.2. Consider the heat flux is given by
q(x) = 3(z —1)2+2 on I'y, exact Robin coeffi-
cientis given byy(x) = 3(y — 1)* + 3 on {(z,y) €
[0 <y <1}, y(x) = P (y—1)"+3 on {(z,y) €

I';;1 <y < 2}, and initial guesg+’, ¢°) = (3,2).

Fig.4 shows the exact and numerical reconstruction
of Robin coeff cient and heat fux such that RE, =
0.028, RE, = 0.0148, and k = 5 at § = 0.02 noise in
the data as shown in Table 2.

Example 6.3. Consider the exact heat flux is given by
q(x) = —%(z — 1)>+2 on I';. The exact Robin
coefficient is given by(x) = 1 + £(y — 1)2 on I'y
and initial guess is given b, ¢°) = (1, 5).
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Fig.5 shows the exact and numerical reconstruc-
tion Robin coeff cient and heat fux such that RE,, =
0.0238, RE, = 0.0148, and k& = 8 at the noise level
6 =0.02.

Example 6.4. Consider the exact heat flu(x) =
—x + 3 on Iy, the Robin coefficient is given by
y(x) = 4 — (y — 1)®> on Ty, and the initial guess
(7%4°) = (4,3).

Fig.6 shows the behaviour and performance of
and ¢ with the exact solutions. In addition, the relative
errors are given by RE,, = 0.0257, RE, = 0.020, and
k=5atd=0.02.

Example 6.5. Assume that the exact heat flux is given
by ¢(x) = —x + 3 on I'y, the Robin coefficient is
given byy(x) =3 — (y — 1)* on {(z,y) € T'1;0 <

y <1} y(x) =3+ (y—1* on {(z,y) €131 <

y < 2}, and initial guesg+?,¢°) = (3, 2).

By increasing the number of elements A\,; and ap-
plying for any example such as Example 6.4. Then,
we fnd that the numerical results in Table 4 and Fig.
7 are very stable and accurate. The numerical result-
s show that the initial guess of Robin coeff cient and
heat fux depend on the given functions of ~v(x) and
q(x), respectively. Fig. 9 shows the numerical results
for Example 6.1, such that decreasing the noise in the
data gradually leads to increase the accuracy of the
reconstruction heat f ux and Robin coeff cient accord-
ingly. Table 2 declares that the proposed approach is
convergent with respect to the noise in data for the all
examples, this is more clearly seen in Figs. 9 and 10
for reconstructing the two parameters, simultaneously.
The numerical reconstruction of the two parameter-
s remain very steady and reasonable according to the
noise level to 5%. We notice that, the results for the
continuous functions are more accuracy about the dis-
continuous cases i.e. the smooth functions are adapted
with the optimization problem (2.2). Tables 2 and 3
are presented to illustrate the eff ciency and accuracy
of the Levenberg-Marquardt method in addition to nu-
merical convergence of the method. Fig. 11 shows the
stability and accuracy of the modif ed conjugate gra-
dient algorithm, such that the accuracy error decreases
gradually with increasing the number of iterations.
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Table 1: The convergence rate of the numerical solu-

tion of (2.1).

Table 2: Numerical results for the parameters identif -
cation using MCGM and L-M method.

Nel Rgsol
128 0.3121
512 0.1227
2048 | 0.0529
8192 | 0.0243
32768 | 0.0116
131072 | 0.0057

MCGM ) k  RE, RE,
Example 6.1 | 0.01 5 0.0146 0.0215
Example 6.2 | 0.01 4 0.0209 0.0217
Example 6.3 | 0.01 7 0.0139 0.0154
Example 6.4 | 0.01 5 0.0247 0.0185
Example 6.5 | 0.01 4 0.0135 0.0078
Example 6.1 | 0.02 5 0.0146 0.0216
Example 6.2 | 0.02 5  0.028 0.0148
Example 6.3 | 0.02 8 0.0238 0.0148
Example 6.4 | 0.02 5 0.0257 0.020
Example 6.5 | 0.02 3  0.0201 0.0109
L-M method ) k  RE, RE,
Example 6.1 | 0.01 14 0.0681 8.194e-004
Example 6.2 | 0.01 16 0.0387 0.0015
Example 6.3 | 0.01 12 0.0345 5.886e-004
Example 6.4 | 0.01 14 0.0391 0.0026
Example 6.5 | 0.01 17 0.0326 5.878e-004
Example 6.1 | 0.02 15 0.0676 6.763e-004
Example 6.2 | 0.02 16 0.0354 0.0015
Example 6.3 | 0.02 12 0.0416 7.213e-004
Example 6.4 | 0.02 14 0.0382 0.0027
Example 6.5 | 0.02 17 0.0330 5.371e-004
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Table 3: Numerical results for the parameters iden-
tif cation at 3% and 5% noise in the data by L-M

method.

Example | § k  RE, RE, J
6.1 0.03 17 0.0688 5.84e-004 0.0856
6.2 0.03 17 0.0321  0.0016  0.0568
6.3 0.03 13 0.0505 8.36e-004 0.0418
6.4 0.03 14 0.0379  0.0028  0.0806
6.5 0.03 18 0.0350 5.00e-004 0.0846
6.1 0.05 35 0.0913  0.0021  0.1644
6.2 0.05 20 0.0317 0.0022  0.1183
6.3 0.05 38 0.1172  0.0031  0.0920
6.4 0.05 15 0.0381  0.0032  0.1553
6.5 0.05 20 0.0444 7.19¢-004 0.1606

Table 4: Numerical results for Example 6.5 in the case
of increasing the number of elements N,; by MCGM.

Na k[ RE, T RE | Nu [k RE, | RE,
1408 | 4 | 0.024 | 0.007 | 614 | 5| 0.028 | 0.008
1824 | 4 1 0.028 | 0.006 | 835 | 6 | 0.027 | 0.011
2584 | 5| 0.02 | 0.017 | 998 | 5] 0.028 | 0.011
3952 | 51 0.026 | 0.005 | 1184 | 6 | 0.025 | 0.01
Exact solution Approximation solution
2 2.
1 Y
1 ; 1 i
1 1
0.5 ‘ 0.5 ‘
0.5 0.5
y 0 0 X y 0 0 X

Figure 1: Exact solution (left) and numerical solution
(right) with N, = 131072.
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Figure 2: The difference between the exact and nu-

merical solution for u(z,y)

sin(mz), REsqy = 0.0057.
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Figure 3: Exact and numerical reconstruction 7(x)
(left) and ¢(x) (right) for Example 6.1 at N,; = 784

by MCGM and L-M method.
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Figure 4: Exact and numerical reconstruction 7(x)
(left) and ¢(x) (right) for Example 6.2 at N,; = 784

Figure 5: Exact and numerical reconstruction 7(x)
(left) and g(x) (right) for Example 6.3 at N, = 784

by MCGM and L-M method.
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Figure 6: Exact and numerical reconstruction 7(x)
(left) and ¢(x) (right) for Example 6.4 at N,; = 784
by MCGM and L-M method.
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Figure 7: Exact and numerical reconstruction 7(x)
(left) and ¢(x) (right) by Algorithm 5.1 for Example
6.5 at N,; = 11840 and § = 0.02.
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Figure 8: Exact and numerical reconstruction 7(x)
(left) and g(x) (right) for Example 6.5 at N, = 784
by MCGM and L-M method.
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Figure 9: Exact and numerical reconstruction 7(x)
(left) and ¢(x) (right) by Algorithm 5.1 for Example
6.1 with various levels of noise § € [0.01,0.05].
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Figure 11: Convergence of the method for Example
6.1 with 6 = 1% noise in the data.
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7 Concluding remarks

In this work, we studied the nonlinear inverse prob-
lem of simultaneous identifying the Robin coeff cient
and heat fux. We used the philosophy of the conju-
gate gradient method to simultaneous identifying two
parameters. We derived the partial Fréchet derivatives
of the forward solution to obtain the gradient formulas
of the Robin coeff cient and heat fux . Furthermore,
introduced the adjoint equations to determine the step
lengths. The fnite element approximation and its nu-
merical and analysis convergence is investigated. We
presented the numerical algorithm in details using the
modif ed conjugate gradient method (MCGM) in ad-
dition to the idea of the modif cation. The foregoing
numerical results and experiments with various levels
of noise indicate that the proposed algorithm MCG-
M is very stable and eff cient for simultaneously re-
constructing the two parameters heat fux and Robin
coeff cient. Moreover, they appear quite satisfacto-
ry in spite of the highly ill-posedness of the nonlin-
ear inverse and discontinuity problem. We presented
the numerical results by using Levenberg-Marquardt
method with various levels of the noise to verify the
robustness and eff ciency of the method. The compari-
son between the two methods MCGM and Levenberg-
Marquardt methods in the work of [1] is investigated.
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