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1 Introduction 
With this article we continue our study on systems 
with double wall and double fins (see [2] - [4]). By 
this definition we understand such structures that 
consist of a flat surface that is roughened by adding 
densely distributed vertical fin arrays, and then 
covered with some kind of coating (see Fig.1). 

 
Fig.1: 2D system with fins 

These artificial roughness elements are usually 
developed and used to enhance heat transfer 
performance (see, e.g., [10], [11]). 

Here we propose a model that describes the heat 
conduction problem for 2D assembly with straight 
fins of rectangular profile when the process is 
transient, homogeneous and when partial boiling is 
present. Just like in the publications [2] - [8], we use 
conservative averaging method to reduce the given 
2D problem to 1D one. The latter is solved 
numerically by finite difference method used in [7]. 

Our mathematical models differ quite a bit from 
those where relatively simple fin assemblies are 
considered (see, e.g., [1], [9], [12], [13], [15]). 

 

2 Problem Formulation in 2D 
Before formulating the problem, let’s divide the 
given figure into symmetrical parts. That allows us 
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to describe the problem for only one of those (see 
Fig.2). 

 
Fig.2: L-type domain 

As shown in Fig.3, this L-shaped part can be 
represented by a union of five non-overlapping 
subdomains. Bear in mind, that 0, lbl > . 

 
Fig.3: Definition of geometrical parameters for the 

sample 

Let us denote the temperatures of the domains 
iC  by the symbols ),,( tyxVi . The basic properties, 

such as thermal conductivity, heat transfer 
coefficient, specific heat and density, are constant 
and denoted by ik , ih , ic , iρ

~ , respectively. Here 
we take 0kk =  and 132 kkk == . 

We are going to describe these non-stationary 
temperature fields by the following partial 
differential equations: 
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and the boundary ones. As the geometry of interest 
has mirror symmetry along the lines 0=y  and 

0ly = , we use the symmetry boundary conditions 
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At the other sides there is heat exchange between 
the sample and its surroundings, that’s why third 
type boundary conditions have to be specified here: 
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3 Approximate Solution of Problem 
As the outer layer is quite thin compared with the 
substrate, we may assume that the temperature 
variations across the layer thickness are so small as 
to be negligible. In this way the temperature can be 
taken constant here. Thus, owing to appropriate 
conjugation conditions, approximate expressions for 
calculating the temperatures in the upper layer are 
given by 
 ),,0(),(),,( 022 tyVtyvtyxV == , (1) 
 ),,(),(),,( 11 tbxVtxvtyxV == , (2) 
 ),,(),(),,( 33 tylVtyvtyxV == . (3) 
Now we are left with the heat conduction problem 
for the basic layer only: 
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The boundary conditions imposed on all sides of the 
new domain are as follows: 

 ( )tyQ
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To get boundary conditions specified at 0x = , 
lx = , and by = , let’s use appropriate conjugation 

conditions and expressions (1) – (3). For example, at 
0=x  we have 
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But at ,x l= y b= : 
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For the case of boiling the value of the index m  

should belong to the interval
13;3
3

 
  

. It is usually 

taken to be equal to 3  or
13
3

. The model is non-

linear because of the boiling condition. 
In addition we also have conjugation conditions 
which express the continuity of the temperature and 
heat flux at the interface 0x = : 
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And finally, the initial conditions: 
 ),()0,,( 0 yxVyxV = , (14) 
 ),()0,,( 0

00 yxVyxV = . (15) 
Using conservative averaging method (see [2] – 

[8], etc.), we are going to transform the given 
mathematical model into a more usable form. 

 

3.1 Solution for the Fin 
At first we are going to approximate the function 

),,( tyxV  by its mean value over the interval [0, ]b : 
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Namely, 
 ),(),,( txvtyxV ≈ . (17) 
When integrating the partial differential equation (4) 
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The difference of the derivatives is found via the 
boundary conditions (8) and (11). Thereby the 
differential equation becomes 
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where 
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We apply the operator (16) on (10) and (14) to get 
boundary and initial conditions for (18): 
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3.1.1 Difference Scheme for the Fin 
We are going to solve the stated 1D problem in 
numerical way. For approximating the solution 
we’ll use finite-difference method. 
Let’s begin by defining grid points in space and 
time domains. The following notation is used: 

xi ihx = , Ni ..0= , 
N
lhx = , 
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Similarly we partition [ ]T,0  as 

τntn = , 
τ
Tn ,..,1,0= . 

We denote the approximation of ),( txv  at ),( ni tx  

by n
iv , but n

jv ,0  is a difference approximation of 

),(0 nj tyv . As the equation (18) is non-linear, we are 
going to solve it using iterations. When the process 
at the n- th time level has become stable, we don’t 
use the iteration number. 

For the differential equations we are going to 
apply the so called three-point scheme with 
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nonnegative weights. Additionally we make a 
linearization for the non-linear term through 
iterative process. Hence for (18) we have the 
following finite difference scheme: 
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To get second order approximation to the first 
derivative in the boundary condition (19), let’s use 
the differential equation (18) and its approximation 
(21) (see [2], [3], [7], [8], and [14]): 

 ( )
x

n
N

n
N

x

kn
N

kn
N

h
vv

h
vv 1

,1
1

,1

1 −
+
−

+ −
−+

−
σσ  

 
( )

( ) ( ) 















−+

+
−

+
+−−+

+

mn
N

kn
N

mkn
N

n
N

kn
N

x

v

vv
a

vv
h

2

,111,12
2

0

,1

1

~
2

λσ

σλ
τ  

 ( ) .01 1
0

,11
0 =−++ + n

N
kn

N vv βσσβ  
Let’s rewrite this in the form 
 1,1

2
,1

1
1,1

1
,1 −++

−
−++ += knkn

N
knkn

N vv ϖϖ  (23) 
with coefficients 

( )

1

11,12
2

0

1
0

1,1
1

~
1

2

−

−−+

−+





























++

+

=
mkn

N
x

x

x

kn

v
a

h

h

h
σλ

τ

σβσ

σϖ , 

( )

1
1
0

1, 1
2

12 1, 1
2
0

1
2

xn k

mn kx
N

h

h v
a

σ σβ

ϖ
σλ

τ

−

+ −

−+ −

 + 
 = ×  
+ +     

 

( )
( )

.

2

1~2 1
0

2

1

2
0













































 ++

−

−−

−

n
N

mn
N

x

x

n
N

n
N

n
Nx

vvh
h

vv

a
vh

βλ
σ

τ
 

Using new notations 
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Substituting this in (25) and rearranging terms 
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Doing the same procedure for the indices 
1,..,2−= Ni , it follows that 

 1,1
1

,11,1
1

,1
1

−+
+

+−+
+

+
+ += kn

i
kn

i
kn

i
kn

i vv ης , 1,..,0 −= Ni ,(26) 
with (24) and 

1,1
1

1,1
1,1

−+
+

−+
−+

−
= kn

i
kn

i

kn
i BC

A
ς

ς , 

1,1
1

1,1

1,1
11,1

−+
+

−+

−+
+−+

−
+

= kn
i

kn
i

n
i

kn
ikn

i BC
FB

ς
ηη , 1,..,1−= Ni . 

Having used the recurrence relations to find the 
coefficients, the values of kn

iv ,1+  are easily obtained 
from (26). The only problem here is that we don’t 
know knv ,1

0
+  yet. We’ll find it in due course. 

3.2 Solution for the Wall 
We use the same method of conservative averaging 
to describe the 2D temperature field in the wall. 
Let’s approximate ),,(0 tyxV  in the x -direction by 

),(),,( 00 tygtyxV =  
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with 1−= δd . Once again we use appropriate 
boundary conditions to solve for the unknown 
functions ),( tyg i , 2,1,0=i . 
Before we proceed, let’s introduce integral averaged 
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Before continuing, we divide the wall into two parts, 
the right part of which occupies the domain 

( )0,δ−∈x , ( )0, lby∈ , but the left one is for 
( )0,δ−∈x , ( )by ,0∈ . 

3.2.1  The Right Part of the Wall 
Let us apply the boundary condition (9) to (31) to 
compute ),(0 tyg : 
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Plugging (32) into the representation (31), we obtain 
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From (33) it follows that the function ),,(0 tyxV  
now depends on one unknown - ),(0 tyv . Let’s 
integrate the main equation (5) with respect to x : 
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Now, owing to the boundary conditions (6) and (9), 
and the formula (33), equation for the right part of 
the wall results in  
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Integrating (72), the boundary condition for (35) 
becomes 
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For 1D initial condition we take (15) and integrate it 
with respect to x : 
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3.2.2 The Left Part of the Wall 
We are still left with finding the unknown functions 

),(0 tyg  and ),(0 tyv  for the temperature in the 
left part of the base. To get those we are going to 
use the conjugation conditions (12) and (13). From 
the first condition and the expression (17) for 

),,( tyxV  we get that 
),0(),(0 tvtyg = . 

But ),(0 tyv  is found solving 1D equation (34) that 
is modified for the left part of the base. As the 
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functions ),,(0 tyxV , ),,( tyxV  satisfy (13) at 
0=x , from (13) and (21) it follows that 
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In addition we have a boundary condition that we 
get from (71): 
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and initial condition (37). 
For simplicity we assume the function ),(0 tyQ  is 
constant, that is, 00 ),( QtyQ = . 

3.2.3 Difference Scheme for the Right Part of the 
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When approximating the boundary condition (36), 
we have 
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On carrying through the similar analysis as for the 
fin, the difference scheme for the right part of the 
wall can be expressed as 
 n

j
kn

jj
kn

j vv 1,2
,1

,01,2
,1
1,0 +

+
+

+
+ += ης , 1,..,0 −= MMj ,(41) 

with 

1,2,2 ϖς =M , nn
M 2,2,2 ϖη = , 
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2
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=

j
j BC

A
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+

+
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+
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j

n
j

n
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j BC
FB

ς
η

η  

for 1,..,1 0 +−= MMj . 

3.2.4 Difference Scheme for the Left Part of the 
Wall 
The scheme for (39) is extended in this way to give 
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τ  (42) 

It depends on the values of knv ,1
0
+  and knv ,1

1
+ . The 

latter can be computed from (26): 
 1,1

1
,1

0
1,1

1
,1

1
−++−++ += knknknkn vv ης . (43) 
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Substituting (43) into (42), the difference scheme 
results in 

=++− +−++
+

++
−

knknkn
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The boundary condition (40) has the following finite 
difference representation: 

( )
1,

0,01,0
1

1,

,1
0,0

,1
1,0

1 1
y

nn

y

knkn

h
vv

h
vv −

−+
− ++

σσ  

( )
( ) ( )

.0
2~2

1

~

2

)1(

2

0
1,

2
0

0,0
,1

0,01,

0
2

,1
0

11,1
0

2

2
0

0
,1

0

01
,1

0
,1

1

1,

=+
−

−























































−+

+

−

−

−
−+

−

+

+

+−−+

+

++

dQ
h

a
vvh

v

vv

a
vv

h

h
vv

h
vv

h
d

y
nkn

y

mn

knmkn

nkn

x

x

nn

x

knkn

y

τ

λσ

σλ

τ

σσ

 

Which allows to be rewritten as 
1,

1
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0
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After some substitutions and algebraic 
manipulations the difference scheme (44) for 
equation (39) becomes 
 1,

1
,1

0
1,1

1
,1
1,01

,1
,0

−
+

+−+
+

+
++

+ +−= kn
j

knkn
j

kn
jj

kn
j vvv χψξ  (45) 

for 0,..,10 −= Mj , with coefficients 

1,11 ϖξ = , 1,1
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1,1
1
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1
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1
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11
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j
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11
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11
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1 −

+
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−−
−
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for 1..1 0 −= Mj . 

3.3 Conjugation of Solutions 
We see that the schemes (26), (41) and (45) can 
only be used once the values of knv ,1

0
+  and kn

Mv ,1
,0 0

+  are 
found. They could be obtained using these 
requirements: 
 ),,0(),,0( 0 tbVtbV r= , (46) 

 
by

r

by

l

y
v

y
v

==
∂
∂

=
∂
∂ 00 , (47) 

that state that the temperatures ),,(0 tyxV , 
),,( tyxV  must coincide at the contact point 
byx == ,0  between the fin and the right part of 

the wall. 
So, from (17) and (33) it follows that 
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),0(),,0( tvtbV = , 

00000 ),(),,0( QbtbvatbV rr += , 
and (46) becomes 
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According to formulas (26), (41) and (45) when 
0=i , 0Mj =  and 10 −= Mj , respectively, 
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Let us insert these into (49) and thereafter compute 
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It is easy to eliminate knv ,1
0
+  from (50) and (48): 

1,
100

1,1
1

,1
,00

1,1
1

,1
,01 00

−−++−++ −−=+ knknkn
M

knkn
M GQbJvaJvH . 

Solving this equation for kn
Mv ,1

,0 0

+ , we get 
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1,1
100

1,
1,1

,0 0 −+

−+−
+

+
+
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knkn
kn

M JaH
JQbGv . (51) 

Substitution into the expression (48) for knv ,1
0
+  then 

gives 

 001,1
101

1,1
100

1,
1

0
,1

0 Qb
JaH

JQbGav kn

knkn
kn +

+
+

−= −+

−+−
+ . (52) 

Then given the resulting values (51) and (52) for 
knv ,1

0
+  and kn

Mv ,1
,0 0

+ , equations (26), (41), (45) together 
with approximations of the initial conditions (20), 
(37) that give the values for all nodes at the first 
time level, 

00
ii uv = , Ni ,..,0= , 
0
,0

0
,0 jj uv = , Mj ,..,0= , 

constitute the approximate solution of the given 
system in 1D. 

4 Numerical Results 
To get some kind of notion if this model could 
describe the actual situation in computer cooling 
systems for L-shaped micro elements, we used the 
following geometrical parameters: 
 mµδ 5= , 
 ml µ1= , 
 mb µ2105 −⋅= , 
 ml µ1

0 101 −⋅= . 
But for the termophysical properties we chose: 
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 127
1 1048.4 −−−⋅= KmWh µ  

 114
0 10412.1 −−−⋅= KmWk µ  (for silicon) 

 1
0 10 −= mKQ µ  

 11
0 700 −−= KJkgc  (for silicon) 

 315
0 1033.2~ −−⋅= mkgµρ  (for silicon) 

  Cxv °= 25)0,( , 0 ( ,0) 35 , 8 .v y C T s°= =  
 The temperature distributions are calculated 
for both transient and stationary problem with linear 
3rd type boundary conditions. 

x\y 0 0.01 0.02 0.03 0.04 0.05 
1 9.80 9.80 9.80 9.79 9.79 9.78 

0.9 9.98 9.98 9.98 9.97 9.97 9.96 

0.8 10.34 10.34 10.34 10.33 10.33 10.32 

0.7 10.88 10.88 10.88 10.87 10.87 10.86 

0.6 11.60 11.60 11.60 11.59 11.59 11.58 

0.5 12.50 12.50 12.50 12.49 12.49 12.48 

0.4 13.58 13.58 13.58 13.57 13.57 13.56 

0.3 14.84 14.84 14.84 14.84 14.83 14.82 

0.2 16.29 16.29 16.29 16.28 16.28 16.27 

0.1 17.92 17.92 17.92 17.91 17.91 17.90 

0 19.73 19.73 19.73 19.73 19.72 19.71 

Table 1. Temperature distribution in the fin, in C°; 
transient case 

x\y 0 0.01 0.02 0.03 0.04 0.05 

0 19.73 19.73 19.73 19.73 19.72 19.71 

-0.5 20.37 20.37 20.37 20.37 20.37 20.36 
-1 21.39 21.39 21.39 21.38 21.38 21.38 

-1.5 22.78 22.78 22.78 22.78 22.78 22.78 
-2 24.57 24.57 24.57 24.57 24.57 24.57 

-2.5 26.78 26.78 26.78 26.78 26.78 26.78 
-3 29.42 29.42 29.42 29.42 29.43 29.43 

-3.5 32.53 32.53 32.53 32.53 32.53 32.54 
-4 36.12 36.12 36.13 36.13 36.13 36.14 

-4.5 40.25 40.25 40.25 40.26 40.26 40.27 
-5 44.95 44.95 44.95 44.96 44.96 44.96 

Table 2. Temperature distribution in the left part of the 
base, in C°; transient case 

x\y 0.05 0.06 0.07 0.08 0.09 0.1 

0 19.71 19.71 19.71 19.71 19.71 19.71 

-0.5 20.36 20.36 20.36 20.36 20.36 20.36 
-1 21.38 21.38 21.38 21.38 21.38 21.38 

-1.5 22.78 22.78 22.78 22.78 22.78 22.78 
-2 24.57 24.58 24.58 24.58 24.58 24.58 

-2.5 26.78 26.79 26.79 26.79 26.79 26.79 
-3 29.43 29.43 29.43 29.43 29.43 29.43 

-3.5 32.54 32.54 32.54 32.54 32.54 32.54 
-4 36.14 36.14 36.14 36.14 36.14 36.14 

-4.5 40.27 40.27 40.27 40.27 40.27 40.27 
-5 44.96 44.97 44.97 44.97 44.97 44.97 

Table 3. Temperature distribution in the right part of the 
base, in C°; transient case 

x\y 0 0.01 0.02 0.03 0.04 0.05 
1 9.81 9.80 9.80 9.80 9.79 9.78 

0.9 9.99 9.98 9.98 9.98 9.97 9.96 

0.8 10.34 10.34 10.34 10.34 10.33 10.32 

0.7 10.88 10.88 10.88 10.88 10.87 10.86 

0.6 11.60 11.60 11.60 11.60 11.59 11.58 

0.5 12.50 12.50 12.50 12.50 12.49 12.48 

0.4 13.58 13.58 13.58 13.58 13.57 13.56 

0.3 14.85 14.85 14.84 14.84 14.83 14.83 

0.2 16.29 16.29 16.29 16.29 16.28 16.27 

0.1 17.92 17.92 17.92 17.92 17.91 17.90 

0 19.74 19.74 19.73 19.73 19.72 19.72 

Table 4. Temperature distribution in the fin, in C°; 
stationary case 

x\y 0 0.01 0.02 0.03 0.04 0.05 

0 19.74 19.74 19.73 19.73 19.72 19.72 

-0.5 20.38 20.38 20.38 20.37 20.37 20.36 
-1 21.39 21.39 21.39 21.39 21.39 21.38 

-1.5 22.79 22.79 22.79 22.79 22.78 22.78 
-2 24.58 24.58 24.58 24.58 24.58 24.58 

-2.5 26.78 26.78 26.78 26.79 26.79 26.79 
-3 29.43 29.43 29.43 29.43 29.43 29.43 

-3.5 32.53 32.53 32.53 32.53 32.54 32.54 
-4 36.13 36.13 36.13 36.13 36.14 36.14 

-4.5 40.26 40.26 40.26 40.26 40.26 40.27 
-5 44.96 44.96 44.96 44.96 44.96 44.97 

Table 5. Temperature distribution in the left part of the 
base, in C°; stationary case 

x\y 0.05 0.06 0.07 0.08 0.09 0.1 

0 19.72 19.72 19.72 19.72 19.72 19.72 

-0.5 20.36 20.36 20.37 20.37 20.37 20.37 
-1 21.38 21.38 21.38 21.38 21.39 21.39 

-1.5 22.78 22.78 22.78 22.79 22.79 22.79 
-2 24.58 24.58 24.58 24.58 24.58 24.58 

-2.5 26.79 26.79 26.79 26.79 26.79 26.79 
-3 29.43 29.43 29.43 29.44 29.44 29.44 

-3.5 32.54 32.54 32.54 32.54 32.54 32.54 
-4 36.14 36.14 36.14 36.14 36.14 36.14 

-4.5 40.27 40.27 40.27 40.27 40.27 40.27 
-5 44.97 44.97 44.97 44.97 44.97 44.97 

Table 6. Temperature distribution in the right part of the 
base, in C°; stationary case 

From the tables we can conclude that at the end of 
the process there isn’t much difference between the 
two cases. So, the transient temperature tends to the 
stationary one. 

5 Conclusion 
Here in the paper we have formulated a transient 
heat conduction problem for double wall with 
double fins in 2D when partial boiling is present. 

WSEAS TRANSACTIONS on HEAT and MASS TRANSFER
Tabita Bobinska, Margarita Buike, 
Andris Buikis, Hyung Hee Cho

E-ISSN: 2224-3461 119 Volume 9, 2014



Conservative averaging method and finite difference 
method is used to construct numerical solution. 
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