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Abstract: - This study investigates the effects of slip conditions and magnetic effects on the oscillatory flow of 
a Jeffrey fluid within an elastic tube. The perturbation method is employed to derive analytical solutions for the 
flow characteristics, and Gill's fourth-order method is used to solve the differential equation for the pressure 
numerically along with the initial conditions. The graphs illustrate how the Womersley, slip velocity, elasticity, 
Jeffrey, and magnetic parameters affect the mean pressure drop and modulus of wall shear stress. The results 
reveal that increasing the magnetic field strength and Womersley parameter, the wall shear stress rises in rigid 
and elastic tubes. Additionally, the slip condition modifies the velocity profile, enhancing fluid motion near the 
walls. The findings provide insight into the complex interplay of rheology, geometry, and magnetic forces in 
physiological oscillatory flows. 
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1  Introduction 
The study of oscillatory fluid motion in elastic tubes 
has wide-ranging applications in biomedical 
engineering and fluid dynamics. In particular, the 
Jeffrey fluid model, which accounts for both viscous 
and elastic properties, is used to represent complex 
biological fluids such as blood. When blood flows 
through arteries, it undergoes pulsatile motion 
influenced by vessel elasticity, viscoelastic nature of 
the fluid, magnetic effects (such as those encountered 
in MRI diagnostics and magnetic drug targeting), and 
wall slip due to micro-scale blood–tissue 
interactions. 

This paper focuses on both the effects of slip 
velocity and magnetic fields on the oscillatory flow 
of Jeffrey fluid in an elastic tube. The interaction 
between the fluids viscoelastic properties, the 
elasticity of the tube and the external magnetic field, 
coupled with the impact of slip conditions, is 
analysed to gain insights into the resultant flow 
dynamics and wall shear stress variations. 
Recognizing the features of blood flow via the 
arteries is also beneficial. It is necessary to 
comprehend blood flow dynamics to diagnose and 
treat a variety of Cardiovascular and cerebrovascular 
diseases. The oscillatory flow of a Jeffrey fluid in an 
elastic tube with varying cross sections has attracted 
a lot of attention in the study of fluid mechanics. 

Several studies have explored various aspects of 
Jeffrey fluid flow in elastic or tapered tubes, with or 
without magnetic effects, [1], [2], [3], [4], [5], [6], 
[7], [8], [9]. However, most existing works have 
considered either rigid geometries, neglected slip 
effects, or evaluated magnetic or viscoelastic 
influences independently, [10], [11], [12], [13], [14]. 
Some authors explored various aspects of non-
Newtonian or Newtonian fluid flow in elastic or 
circular tube with suction/injection, [15], [16], [17]. 
The study of blood flow aims to determine the 
pressure and flow through the vessels [18], both of 
which are important to human health. Moreover, 
although perturbation methods have been widely 
used for analyzing oscillatory non-Newtonian fluid 
flows, previous literature has not adequately 
addressed the convergence criteria of perturbation 
assumptions in relation to physiological parameter 
selection, nor has it fully explored the combined 
impact of slip and magnetic fields in convergent and 
divergent arterial geometries. 

The present work provides a combined analytical 
and numerical investigation of the viscoelastic 
effects using the Jeffrey fluid model, slip boundary 
conditions at the arterial wall, magnetic influence 
under oscillatory pressure gradient, and elastic 
deformation of the tube in convergent and divergent 
geometries. Additionally, this analysis provides a 
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graphical representation of the impact of the elastic, 
Jeffrey, magnetic, Womersley, and wall velocity 
(because of slip) parameters on the modulus of wall 
shear stress and mean pressure drop at the tube wall. 
No prior study has simultaneously evaluated the 
coupled effects of slip, magnetic field, and wall 
elasticity on Jeffrey fluid oscillation in variable 
cross-sectional geometries, with graphical 
interpretation of flow behaviour through quantitative 
assessment of wall shear stress modulus and mean 
pressure drop.  

The present model treats blood as a Jeffrey fluid 
flowing through a deformable arterial tube with 
permeability effects. Analytical expressions are 
derived using the perturbation method, and Gill’s 
fourth-order numerical scheme is used for solving 
second-order differential equations with coefficients 
of complex-valued Bessel functions, [19]. 

Numerical simulations and graphical 
representations are used to investigate the effects of 
important dimensionless parameters on wall shear 
stress and mean pressure drop, such as the Jeffrey 
parameter, Womersley number, elasticity parameter, 
magnetic parameter, and slip velocity. The proposed 
analysis not only offers insight into the complex 
interaction of these physical factors but also 
contributes to the enhanced understanding of 
hemodynamic behavior in elastic arteries under 
oscillatory conditions. 
 
 
2  Problem Formulation 
We have examined the oscillatory motion of an 
incompressible Jeffrey fluid in an elastic tube with a 
circular cross-section and thin walls, taking into 
account the impact of slip at the tube wall. The 
elastic tube is assumed to be constrained against 
longitudinal displacements, as illustrated in Figure 1. 
The tube radius changes gradually along the axial 
direction. Here, we considered cylindrical polar 
coordinates(𝑥, 𝑟, Θ). 

The constitutive equation for Jeffrey fluid is 
expressed in Eq. (1), and r = a(x) is expressed in Eq. 
(2). 

𝑇̅= -𝑃̅𝐼 ̅+ 𝑠̅ = µ

1+ λ1
( 𝛾̇ + 𝜆2

̅̅ ̅𝛾̈)                 (1) 
 

a(x) = a0 S (𝜖𝑥

𝑎0
) with S(0) = 1                  (2) 

where 𝜖 =  
𝑎0

𝐿
 ≪ 1 

 
Here, 𝑇̅, 𝑠̅ are the Cauchy stress tensor and extra 

stress tensor. 𝑃 ̅̅ ̅ Is the pressure, 𝐼 ̅Is the identity 
tensor, 𝜆1is the ratio of relaxation to retardation 
times, 𝜆2 is the retardation time, 𝛾 is the shear rate, 

and dots over the quantities indicate differentiation 
with respect to time. 𝑎0 is the tube radius is at x = 0, 
and L  represents the characteristic length of the tube 
(Table 1, Appendix). The fluid in the tube with a 
uniform radius is represented by the 𝜖 = 0. 
 

 
Fig. 1: The Geometry of a Two-Dimensional Elastic 
Tube 
Source: Created by the authors 
 

An axisymmetric fluid flow is governed by the 
following fundamental equations of motion and 
continuity: 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑟
+

𝑣

𝑟
= 0                                                                                                        (3)

𝜕𝑢

𝜕𝑡
+ 𝑣

𝜕𝑢

𝜕𝑟
+ 𝑢

𝜕𝑢

𝜕𝑥
= −

1

𝜌

𝜕𝑝

𝜕𝑥
+ 𝜈 [

1

1 + 𝜆1

(
𝜕2𝑢

𝜕𝑟2
+

1

𝑟

𝜕𝑢

𝜕𝑟
) +

𝜕2𝑢

𝜕𝑥2
] −

𝜎0𝐵0
2𝑢

𝜌
  (4)

𝜕𝑣

𝜕𝑡
+ 𝑣

𝜕𝑣

𝜕𝑟
+ 𝑢

𝜕𝑣

𝜕𝑥
= −

1

𝜌

𝜕𝑝

𝜕𝑟
+ 𝜈 [

1

1 + 𝜆1

(
𝜕2𝑣

𝜕𝑟2
+

1

𝑟

𝜕𝑣

𝜕𝑟
−

𝑣

𝑟2
) +

𝜕2𝑣

𝜕𝑥2
]          (5)

 

 
where, u and v are the axial and radial components of 
the fluid's velocity. 𝜐 is the kinematic viscosity 
coefficient, 𝜌 is the constant fluid density, p is the 
pressure, t indicates the time variable, 𝜎0 is the 
electrical conductivity of the fluid, B0 the uniform 
applied magnetic field, and 𝜆1 is the Jeffrey 
parameter. 

 
In the case of longitudinal displacement, we 

assume that the elastic tube is connected. Due to this, 
the longitudinal displacement vanishes in the wall's 
shell equation. The governing equation of radial 
displacement 𝜉 is expressed as (15): 

𝜕2𝜉

𝜕𝑡2
=

1

ℎ𝜌0
(𝑝 − 2𝜈𝜌

𝜕𝑣

𝜕𝑟
)

𝑟=𝑎(𝑥)
− (

𝐵

𝜌0

𝜉

𝑎2(𝑥)
)   (6) 

 
where 𝜌0 and ℎ indicates the density and thickness of 
the material of the tube. 𝐵 =

𝐸

1−𝜎2 , 𝜎 Stands for 
Poisson's ratio, and 𝐸 corresponds to Young's 
modulus, [15]. 

 
The equation for the normal component of the 

fluid velocity at the tube wall is [16]: 

𝑣 −
𝑑𝑎

𝑑𝑥
𝑢 =

𝜕𝜉

𝜕𝑥
 at 𝑟 = 𝑎(𝑥)                        (7) 
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The tangential velocity at the wall is non-zero 
(slip condition), defined as [17]: 

𝑢 +
𝑑𝑎

𝑑𝑥
𝑣 = 𝑉𝑠̅ at 𝑟 = 𝑎(𝑥)                                 (8)  

 
Here 𝑉‾𝑠 = 𝑉𝑠𝑒𝑖 𝜔 𝑡 Represents the oscillatory fluid 

velocity that causes the slip effect at the boundary, 𝜔 
denotes the frequency of the oscillation, and 𝜕𝜉

𝜕𝑡
 Is the 

wall velocity at the tube wall, [17]. 
 
The axisymmetry of the flow is 

𝜕𝑢

𝜕𝑟
= 0  and 𝑣 = 0  at 𝑟 = 0                                      (9) 

 
At the tube's entrance cross section, the flow rate 
𝑄(𝑥) is defined as follows: 

𝑄 = ∫  
𝑎(𝑥)

0

2𝜋𝑟𝑢𝑑𝑟 = 𝑄0𝑒𝑖 ω 𝑡 at 𝑥 = 0    (10) 

where 𝑄0 is constant. 
 
2.1 Analysis 
The following dimensionless quantities are 
introduced for the Eqs. (2), (3), (4), (5), (6), (7), (8), 
(9), (10). 
 

𝑣∗ = 𝑣

𝜖𝑉0
, 𝑟∗ = 𝑟

𝑎0
, 𝑡∗ = 𝜔𝑡, 𝑞∗ = 𝑄

𝑄0
, 𝑢∗ = 𝑢

𝑉0
, 𝑉𝑠

∗ = 𝑉𝑠

𝑉0
, 𝑥∗ = 

𝜖𝑥

𝑎0
,  𝜉∗ = 𝜉

𝜖𝑎0
, 𝑝∗ = 𝜖𝑎0𝑃

𝜌𝜐𝑉0
, (𝑞, 𝑞0) = (𝑄,𝑄0)

2𝜋𝑎0
2𝑉0

, 𝑀2 =  
𝜎0

𝜇
𝐵0

2𝑎0
2             

(11)    
                 

Now the Eqs. (2), (3), (4), (5), (6), (7), (8), (9), 
(10) converted into the dimensionless form by using 
Eq. (11) and after removing stars are defined as: 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑟
+

𝑣

𝑟
= 0                                                                (12) 

𝛼2
𝜕𝑢

𝜕𝑡
+ 𝜖𝑅 [𝑣

𝜕𝑢

𝜕𝑟
+ 𝑢

𝜕𝑢

𝜕𝑥
]= −

𝜕𝑝

𝜕𝑥
+

1

1 + 𝜆1

[
𝜕2𝑢

𝜕𝑟2
+

1

𝑟

𝜕𝑢

𝜕𝑟
] + 𝜖2

𝜕2𝑢

𝜕𝑥2
− 𝑀2𝑢  (13)

𝜖2𝛼2
𝜕𝑣

𝜕𝑡
+ 𝜖3𝑅 [𝑣

𝜕𝑣

𝜕𝑟
+ 𝑢

𝜕𝑣

𝜕𝑥
]= −

𝜕𝑝

𝜕𝑟
+ 𝜖2

1

1 + 𝜆1

[
𝜕2𝑣

𝜕𝑟2
+

1

𝑟

𝜕𝑣

𝜕𝑟
−

𝑣

𝑟2
] + 𝜖4

𝜕2𝑣

𝜕𝑥2
  (14)

𝜖2𝐴
𝜕2𝜉

𝜕𝑡2
=

1

𝑅𝑆𝑡
2 [𝑝 − 2𝜖2

𝜕𝑣

𝜕𝑟
]

𝑟=𝑆(𝑥)

−
𝜉

𝜆2
2𝑆2

                       (15)

𝑣−𝑢
𝑑𝑆

𝑑𝑥
= 𝑆𝑡

𝜕𝜉

𝜕𝑡
 at 𝑟 = 𝑆(𝑥)                     (16)

𝑢 + 𝜖2
𝑑𝑆

𝑑𝑥
𝑣= 𝑉𝑠𝑒𝑖𝑡 at 𝑟 = 𝑆(𝑥)                                  (17)

𝜕𝑢

𝜕𝑟
= 0 and 𝑣 = 0 at 𝑟 = 0                           (18)

 

                                          𝑞 = 𝑒𝑖𝑡 at 𝑥 = 0                                  (19) 

where 𝛼2 =
𝑎0

2𝜔

𝜈
, 𝑆𝑡 =

𝜔𝑎0

𝑉0
, 𝑅 =

𝑉0𝑎0

𝜈
, 𝐴 =

𝜌0ℎ

𝜌𝑎0
 and 𝜆2

2 =
𝜌𝜔2𝐿2𝑎0

𝐵ℎ
. 

 
Here, 𝛼 is the Womersley parameter, 𝑆𝑡 Is the 

Strouhal number, 𝑅 is the Reynolds number, M is the 
Magnetic parameter, 𝐴 and 𝜆2

2 are the dimensionless 
numbers. 𝜆2 Denotes the elasticity parameter and 
𝜆2 = 0 plays the rigid case. 
 

2.1.1  Method of Solution 

Examine the flow variable solution by taking the 
assumption of steady oscillations with the following 
form: 

𝐹 = 𝑒𝑖𝑡[𝐹0 + 𝜖2𝐹2 + 𝑂(𝜖4)]              (20) 
 
where 𝐹(𝑥, 𝑟, 𝑡) is used for the flow variables 𝑢, 𝑣, 𝑝 
and 𝜉. When Eq. (20) is substituted into Eqs. 
(12),(13),(14),(15),(16),(17),(18),(19) and the 
coefficients of the powers of 𝜖0  and 𝜖2 are taken 
into account, the corresponding equations of zeroth 
and second order approximations provided with 
boundary conditions are defined as follows. 
 
𝝐𝟎Case: 

𝜕𝑢0

𝜕𝑥
+

𝜕𝑣0

𝜕𝑟
+

𝑣0

𝑟
= 0                                                                          (21)

𝜕2𝑢0

𝜕𝑟2
+

1

𝑟

𝜕𝑢0

𝜕𝑟
+ 𝛿2𝑢0 = (1 + 𝜆1)

𝜕𝑝0

𝜕𝑥
                                          (22)

𝜕𝑝0

𝜕𝑟
= 0                                                                                                (23)

𝜉0 =
𝜆2

2𝑆2

𝛼2𝑆𝑡

[𝑝0]𝑟=𝑆(𝑥)                                                                           (24)

𝑣0 − 𝑢0

𝑑𝑠

𝑑𝑥
= 𝑖𝑆𝑡𝜉0 and 𝑢0 = 𝑉𝑠 at 𝑟 = 𝑆(𝑥)                               (25)

𝜕𝑢0

𝜕𝑟
= 0 and 𝑣0 = 0 at 𝑟 = 0                                                            (26)

𝑞0 = 1 at 𝑥 = 0 where 𝛽2 = −𝑖𝛼2, 𝛿2 = (1 + 𝜆1)(𝛽2 − 𝑀2)   (27)

 

   𝝐𝟐Case: 
𝜕𝑢2

𝜕𝑥
+

𝜕𝑣2

𝜕𝑟
+

𝑣2

𝑟
= 0                                                                            (28)

𝜕2𝑢2

𝜕𝑟2
+

1

𝑟

𝜕𝑢2

𝜕𝑟
+ (1 + 𝜆1)

𝜕2𝑢0

𝜕𝑥2
+ 𝛿2𝑢2 = (1 + 𝜆1)

𝜕𝑝2

𝜕𝑥
             (29)

𝜕2𝑣0

𝜕𝑟2
+

1

𝑟

𝜕𝑣0

𝜕𝑟
−

𝑣0

𝑟2
+ (1 + 𝜆1)𝛽2𝑣0 = (1 + 𝜆1)

𝜕𝑝2

𝜕𝑟
                    (30)

𝜉2 =
𝜆2

2𝑆2

𝛼2𝑆𝑡

[𝑝2 − 2
𝜕𝑣0

𝜕𝑟
]

𝑟=𝑆(𝑥)

+ 𝐴𝜆2
2𝑆2𝜉0                                         (31)

 

𝑣2 − 𝑢2

𝑑𝑆

𝑑𝑥
= 𝑖𝑆𝑡𝜉2 and 𝑢2 + 𝑣0

𝑑𝑠

𝑑𝑥
= 0 at 𝑟 = 𝑆(𝑥)                    (32)

𝜕𝑢2

𝜕𝑟
= 0 and 𝑣2 = 0 at 𝑟 = 0                                                               (33)

𝑞2 = 0 at 𝑥 = 0                                                                                       (34)

 

 
By solving the Eqs. (21) - (23) with the boundary 

conditions Eqs. (24) - (27), we obtain the velocities 
of zeroth order of 𝑢0 and 𝑣0 are: 
𝑢0 = 𝑉𝑠 

𝐽0(𝛿𝑟)

𝐽0

+
1 + 𝜆1

𝛿2

𝑑𝑝0

𝑑𝑥
[1 −

𝐽0(𝛿𝑟)

𝐽0

]                                                (35)

𝑣0 =
1 + 𝜆1

𝛿2
[
𝑑2𝑝0

𝑑𝑥2
(

𝐽1(𝛿𝑟)

𝛿𝐽0

−
𝑟

2
)] + [

1 + 𝜆1

𝛿2

𝑑𝑝0

𝑑𝑥
− 𝑉𝑥]

𝐽1

𝐽0
2 𝐽1(𝛿𝑟)

𝑑𝑆

𝑑𝑥
   (36)

 

 
where 𝐽𝑚(𝛿𝑟) represents the Bessel function of 
order 𝑚 and 𝐽𝑚 ≡ 𝐽𝑚(𝛿𝑆). 
 
According to Eq. (35), the zeroth-order flux 𝑞0 is as 
follows: 

𝑞0 =
𝑉𝑠

𝐽0

𝑆𝐽1

𝛿
+

(1 + 𝜆1)𝑆2

2𝛿2

𝑑𝑝0

𝑑𝑥
−

1 + 𝜆1

𝛿3𝐽0

𝑑𝑝0

𝑑𝑥
𝑆𝐽1                                  (37) 

 
Using the expression Eq. (36) for 𝑣0 and 

integrating Eq. (30), we get 𝑝2: 

WSEAS TRANSACTIONS on FLUID MECHANICS 
DOI: 10.37394/232013.2025.20.4 A. Samatha, P. Muthu

E-ISSN: 2224-347X 29 Volume 21, 2026



𝑝2 =
𝐹(𝑥)

𝛿
(1 − 𝐽0(𝛿𝑟)) −

𝛽2𝑟2

4(𝛽2−𝑀2)

𝑑2𝑝0

𝑑𝑥2
+ 𝐺(𝑥)           (38) 

 
where 𝐹(𝑥) from Eq. (38) is: 

𝐹(𝑥) =
𝑑2𝑝0

𝑑𝑥2

𝑀2

𝛿𝐽0(𝛽2−𝑀2)
+ [

1+𝜆1

𝛿2

𝑑𝑝0

𝑑𝑥
− 𝑉𝑠]

𝐽1𝑀2

𝐽0
2

𝑑𝑆

𝑑𝑥
       (39) 

 
where 𝐺(𝑥) is unknown. By using the Eqs. (35), 
(36), and (38) by substituting the corresponding 
boundary conditions for solving the Eqs. (28) and 
(29), then we obtain 𝑢2 and 𝑣2 as: 

𝑢2 =
1 + 𝜆1

𝛿2
[
𝑑𝐺

𝑑𝑥
(1 −

𝐽0(𝛿𝑟)

𝐽0
)] + 𝑔1(𝑥)𝑟𝐽1(𝛿𝑟) + 𝑔2(𝑥)𝐽0(𝛿𝑟)

−(1 + 𝜆1) (
𝛽2𝑟2

4𝛿2(𝛽2 − 𝑀2)
+

(1 + 𝜆1)

𝛿4
)

𝑑3𝑝0

𝑑𝑥3

+
(1 + 𝜆1)𝐹′(𝑥)

𝛿3
                                                                                                           (40)

𝑣2 =
−1

𝛿
[
𝑑𝑔1

𝑑𝑥
𝑟𝐽2(𝛿𝑟) +

𝑑𝑔2

𝑑𝑥
𝐽1(𝛿𝑟)] +

𝑑4𝑝0

𝑑𝑥4
(1 + 𝜆1) [

𝛽2𝑟3

16𝛿2(𝛽2 − 𝑀2)
+

𝑟(1 + 𝜆1)

2𝛿4
]

+
1 + 𝜆1

𝛿2
[
𝑑2𝐺

𝑑𝑥2
(

𝐽1(𝛿𝑟)

𝛿𝐽0
−

𝑟

2
) +

𝑑𝑆

𝑑𝑥

𝐽1

𝐽0

𝑑𝐺

𝑑𝑥
𝐽1(𝛿𝑟)] −

(1 + 𝜆1)𝐹′′(𝑥)𝑟

2𝛿3                  (41)

 

 
where 𝑔1(𝑥), 𝑔2(𝑥), 𝑔3(𝑥) from Eqs. (40), (41) and 
(43) are: 

𝑔1(𝑥) =
(1 + 𝜆1)2

2𝛿3𝐽0

𝑑2𝑝0

𝑑𝑥3
+ (1 + 𝜆1)2

𝑑𝑆

𝑑𝑥

𝐽1

𝛿2𝐽0
2

𝑑2𝑝0

𝑑𝑥2
+

(1 + 𝜆1)2

2𝛿2𝐽0
2 𝑔3(𝑥)

𝑑𝑝0

𝑑𝑥

 −
(1 + 𝜆1)𝐽1

2𝐽0
2

𝑑2𝑆

𝑑𝑥2 𝑉𝑥 −
1 + 𝜆1

2

𝑑𝑆

𝑑𝑥

𝑑

𝑑𝑥
(

𝐽1

𝐽0
2) 𝑉𝑥

 +
𝑑𝑝1

𝑑𝑥

(1 + 𝜆1)2

2𝛿2 [
𝐽1

𝐽0
2

𝑑2𝑆

𝑑𝑥2 + (
𝑑𝑆

𝑑𝑥
)

2

(
𝐽1

′

𝐽0
2 +

2𝛿𝐽1
2

𝐽0
3 )]                                                          (42)

𝑔2(𝑥) =
1 + 𝜆1

𝛿2

𝑑2𝑝0

𝑑𝑥2
(

𝛽2𝑆2

4𝐽0(𝜎2 − 𝑀2)
−

(1 + 𝜆1)𝑆𝐽1

2𝛿𝐽0
2 +

(1 + 𝜆1)

𝛿2𝐽0
)

+
1 + 𝜆1

𝛿2

𝑑𝑆

𝑑𝑥

𝑑2𝑝0

𝑑𝑥2
(

𝑆

2𝐽0
−

𝐽1

𝛿𝐽0
2 − (1 + 𝜆1)

𝑆𝐽1
2

𝐽0
2 )

 −
(1 + 𝜆1)

𝛿2

𝑑𝑝0

𝑑𝑥
[(

𝑑𝑆

𝑑𝑥
)

2 𝐽1
2

𝐽0
2 +

(1 + 𝜆1)𝑆𝐽1

2𝐽0
3 𝑔3(𝑥)]

+𝑉𝑠 [
𝐽1

2

𝐽0
3 (

𝑑𝑆

𝑑𝑥
)

2

+
(1 + 𝜆1)𝑆𝐽1

2

2𝐽0
3

𝑑2𝑆

𝑑𝑥2 +
(1 + 𝜆1)𝑆𝐽1

2𝐽0

𝑑𝑆

𝑑𝑥

𝑑

𝑑𝑥
(

𝐽1

𝐽0
2)] −

1 + 𝜆1

𝛿3

𝐹2(𝑥)

𝐽0
   (43)

𝑔3(𝑥) = 𝐽1

𝑑2𝑆

𝑑𝑥2 + (
𝑑𝑆

𝑑𝑥
)

2

𝐽1
′ +

2𝛿𝐽1
2

𝐽0
(

𝑑𝑆

𝑑𝑥
)

2

                                                                     (44)

 

 
Using Eq. (40) for 𝑢2, we obtain the expression 

for 𝑞2 as, 
𝑞2 =

1 + 𝜆1

𝛿2
[−

𝑆2𝐽2

2𝐽0

𝑑𝐺

𝑑𝑥
+

𝐹′(𝑥)𝑆2

2𝛿
] +

𝑆2𝐽2

𝛿
𝑔1(𝑥) +

𝑆𝐽1

𝛿
𝑔2(𝑥)

−
1 + 𝜆1

𝛿2
(

𝛽2𝑆4

16(𝛽2 − 𝑀2)
+

(1 + 𝜆1)𝑆2

2𝛿2
)

𝑑3𝑝0

𝑑𝑥3
              (45)

 

 
Substituting 𝑝2, 𝑣0 and 𝜉0 In Eq. (32), we get 

𝜉2 as: 
𝜉2 =

𝜆2
2𝑆2

𝛼2𝑆1
[
𝐹(𝑥)

𝛿
(1 − 𝐽0) −

𝛽2𝑆2

4(𝛽2 − 𝑀2)

𝑑2𝑝0

𝑑𝑥2
+ 𝐺(𝑥) +

1 + 𝜆1

𝛿2

𝑑2𝑝0

𝑑𝑥2
+

2𝐽1𝐽1
′

𝐽0
𝑉𝑠

𝑑𝑆

𝑑𝑥

−
2(1 + 𝜆1)

𝛿2 𝐽1
′ (

1

𝛿𝐽0

𝑑2𝑝0

𝑑𝑥2 +
𝐽1

𝐽0
2

𝑑𝑆

𝑑𝑥

𝑑𝑝0

𝑑𝑥
) + 𝐴𝜆2

2𝑆2𝑝0]                       (46)

 

 
Use the conditions (24) and (25), the expressions 

for 𝑣0 and 𝜉0, we obtain the governing equation for 
pressure: 

𝑑2𝑝0

𝑑𝑥2 + 𝑎(𝛿𝑆)
𝑑𝑝0

𝑑𝑥
+ 𝑏(𝛿𝑆)𝑝0 = 𝑐(𝛿𝑆)         (47) 

 
where 𝑎(𝛿𝑆), 𝑏(𝛿𝑆), 𝑐(𝛿𝑆) from Eq. (47) are 

𝑎(𝛿𝑆) = 2
𝑑𝑆

𝑑𝑥

𝐽1
2

𝑆𝐽0𝐽2
, 𝑏(𝛿𝑆) =

−2𝑆𝜆2
2 𝐽0

𝐽2

𝛿2

(1+𝜆1)𝛽2  and 𝑐(𝛿𝑆) = 2𝛿2𝑉𝑠
(𝐽1

2+𝐽0
2)

𝑆𝐽0𝐽2(1+𝜆1)

𝑑𝑆

𝑑𝑥
. 

 
The initial conditions for 𝑝0 and from Eq. (27), 

Eq. (37), we can find the condition for 
𝑑𝑝0

𝑑𝑥
 are 

prescribed as: 
𝑝0 = 𝑝𝑖𝑛 = 1 and 

𝑑𝑝0

𝑑𝑥
= −

2𝛿

(1 + 𝜆1), 𝐽2

(𝛿𝐽0 − 𝐽1𝑉𝑠) at 𝑥 = 0  (48) 
 
Using the expressions (41) and (46) for 𝑣2 and 𝜉2 

along with the condition (32), gives the differential 
equation 𝐺(𝑥) as, 

𝑑2𝐺

𝑑𝑥2
+ 𝑎(𝛿𝑆)

𝑑𝐺

𝑑𝑥
+ 𝑏(𝛿𝑆)𝐺 = 𝑑(𝛿𝑆)                                (49) 

 
where 𝑑(𝛿𝑆) from Eq. (49) is: 

𝑑(𝛿𝑆) = 2𝑆𝜆2
2

𝛿2𝐽0

(1 + 𝜆1)𝛽2𝐽2
[
𝐹(𝑥)

𝛿
(1 − 𝐽0) +

𝑑2𝑝0

𝑑𝑥2
(

1 + 𝜆1

𝛿2
−

𝛽2𝑆2

4(𝛽2 − 𝑀2)
)

−
2(1 + 𝜆1)

𝛿2𝐽0
𝐽1

′ (
1

𝛿

𝑑2𝑝0

𝑑𝑥2
+

𝑑𝑆

𝑑𝑥

𝐽1

𝐽0

𝑑𝑝0

𝑑𝑥
) +

2𝐽1𝐽1

𝐽0
2 𝑉𝑥

𝑑𝑆

𝑑𝑥

+𝐴𝜆2
2𝑆2𝑝0] +

2𝛿𝐽0

(1 + 𝜆1)
[
𝑑𝑔1

𝑑𝑥
+

𝐽1

𝑆𝐽2

𝑑𝑔2

𝑑𝑥
]

− (
𝛽2𝑆2𝐽0

8(𝛽2 − 𝑀2)𝐽2
+

(1 + 𝜆1)𝐽0

𝛿2𝐽2
)

𝑑4𝑝0

𝑑𝑥4
+

𝐹′′(𝑥)𝐽0

𝛿𝐽2

+
𝛿2𝐽0

(1 + 𝜆1)𝑆𝐽2
(

𝑑𝑆

𝑑𝑥
)

2

[𝑉𝑥 + 𝑖
𝜆2

2𝑆2

𝛼2
𝑝0] +

2𝛿2𝐽0

(1 + 𝜆1)𝑆𝐽2

𝑑𝑆

𝑑𝑥

[𝑆𝐽1𝑔1 + 𝐽0𝑔2 − (1 + 𝜆1) (
1 + 𝜆1

𝛿4
+

𝛽2𝑆2

4𝛿2(𝛽2 − 𝑀2)
)

𝑑2𝑝0

𝑑𝑥3
+

(1 + 𝜆1)𝐹′(𝑥)

𝛿2 ]   (50)

 

 
The initial conditions for 𝐺 and 𝑑𝐺

𝑑𝑥
 are obtained 

from Eq. (38), Eq. (45) as: 
𝐺 =

𝛽2

4(𝛽2 − 𝑀2)

𝑑2𝑝0

𝑑𝑥2
−

𝐹(0)

𝛿
(1 − 𝐽0) and 

𝑑𝐺

𝑑𝑥
=

2𝛿𝐽0

(1 + 𝜆1)
(𝑔1(𝑥) +

𝐽1𝑔2(𝑥)

𝐽2

)

− (
(1 + 𝜆1)𝐽0

𝛿2𝐽2

+
𝛽2𝐽0

8(𝛽2 − 𝑀2)𝐽2

)
𝑑3𝑝0

𝑑𝑥3
+

𝐹′(𝑥)𝐽0

𝛿𝐽2

 at 𝑥 = 0           (51)

 

 
The Equations Eq. (47) and Eq. (49) were both 

numerically solved using Gill's method along with 
the corresponding initial conditions. Then the 
modulus of 𝑝mean  is defined as: 

|𝑝𝑚𝑒𝑎𝑛| = {[(𝑝0 + 𝜖2𝑝2)𝑟𝑒]2 + [(𝑝0 + 𝜖2𝑝2)𝑖𝑚]2}1/2    (52) 
 
The mean pressure drop is defined as: 

Δ𝑝 = 𝑝in − 𝑝mean                                                                        (53) 
 
The dimensionless wall shear stress 𝑇𝑤 Defined in 

[17] is: 
𝑇𝑤 =

𝑎0𝑇𝑤

𝜇𝑉0

                                                                                              (54)

= 𝑒𝑖𝑡 {
𝜕𝑢0

𝜕𝑟
+ 𝜖2 [

𝜕𝑢2

𝜕𝑟
− 2 (

𝑑𝑆

𝑑𝑥
)

2 𝜕𝑢0

𝜕𝑟
+

𝜕𝑢0

𝜕𝑥
−

2

𝑟

𝑑𝑆

𝑑𝑥
𝑣0 − 4

𝑑𝑆

𝑑𝑥

𝜕𝑢0

𝜕𝑥
]} + 𝑂(𝜖4)

= 𝑒𝑖𝑡[𝑇0𝑤 + 𝜖2𝑇2𝑤] + 𝑂(𝜖4)                                                             (55)

 

 
where 𝑇0𝑤, 𝑇2𝑤 from Eq. (55) are zeroth and second 
order wall shear stress obtained as:  
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𝑇0𝑤 = −
𝛿𝑉𝑠𝐽1

𝐽0

+
(1 + 𝜆1)𝐽1

𝛿𝐽0

𝑑𝑝0

𝑑𝑥
                                                  (56)

𝑇2𝑤 =
4(1 + 𝜆1)

𝛿
(

𝑑𝑆

𝑑𝑥
)

2 𝐽1

𝐽0

𝑑𝑝0

𝑑𝑥
−

2

𝑆

𝑑𝑆

𝑑𝑥
[𝑉𝑠

𝑑𝑠

𝑑𝑥
+ 𝑖

𝜆2
2𝑆2

𝛼2
𝑝0]

+
1 + 𝜆1

𝛿2
𝑔4(𝑥) + (1 + 𝜆1)𝐽1

𝑑𝑝0

𝑑𝑥
𝑔5(𝑥) − 𝑉𝑠𝐽1𝑔6(𝑥) +

(1 + 𝜆1)𝐽1

𝛿𝐽0

𝑑𝐺

𝑑𝑥

+𝛿𝑆𝐽0𝑔1(𝑥) − 𝛿𝐽1𝑔2(𝑥) −
(1 + 𝜆1)𝛽2𝑆

2𝛿2(𝛽2 − 𝑀2)

𝑑3𝑝0

𝑑𝑥3
− 2 (

𝑑𝑆

𝑑𝑥
)

2 𝛿𝐽1𝑉𝑠

𝐽0

    (57)

 

 
where 𝑔4(𝑥), 𝑔5(𝑥), 𝑔6(𝑥) from Eq. (57) are: 

𝑔4(𝑥) =
𝑆𝐽2

2𝐽0

𝑑3𝑝0

𝑑𝑥3
+ 2

𝑑𝑆

𝑑𝑥

𝐽1
2

𝐽0
2

𝑑2𝑝0

𝑑𝑥2
                                            (58)

𝑔5(𝑥) =
𝐽1

𝛿2𝐽0
2

𝑑2𝑆

𝑑𝑥2
+

𝑑𝑆

𝑑𝑥

1

𝛿2

𝑑

𝑑𝑥
(

𝐽1

𝐽0
2) −

2

𝛿𝐽0

(
𝑑𝑆

𝑑𝑥
)

2

                (59)

𝑔6(𝑥) =
𝐽1

𝐽0
2

𝑑2𝑆

𝑑𝑥2
+

𝑑𝑆

𝑑𝑥

𝑑

𝑑𝑥
(

𝐽1

𝐽0
2)                                                  (60)

 

|𝑇𝑤| = (𝑇𝑟𝑒
2 + 𝑇𝑖𝑚

2 )
1

2                                                                   (61) 
𝑇𝑟𝑒  and 𝑇im are Real and Imaginary part of  𝑇𝑤 . 

 
 
3   Results and Discussion 
Gill's method of order 4 [18], is used to numerically 
evaluate the modulus of wall shear stress |𝑇𝑤| and 
the mean pressure drop ∆𝑝 from Eq. (59), (52) with 
the corresponding initial conditions. The results are 
shown in the Appendix in Figure 2, Figure 3, Figure 
4, Figure 5, Figure 6, Figure 7 and Figure 8, and 
Figure 9, Figure 10, Figure 11 and Figure 12, and 
Figure 13 respectively. By taking 𝜖 = 0.1, A = 0.055, 
α = 3, 5, 𝜆1= 0.0, 0.1, 0.3, 0.5, M = 0, 0.5, 1.0, 1.5 
[10], 𝜆2= 0.0, 0.25, 0.5, and 𝑉𝑠 = 0.0, 0.2, 0.4 for the 
below tube geometries. These approximations are 
related to the medium-sized arteries. 
(i) Convergent tube: S(x) = 𝑒−0.1 𝑥 
(ii)         Divergent tube: S(x) = 𝑒0.1 𝑥  
 
3.1 Magnitude of Wall Shear Stress 
 

3.1.1 Convergent Tube 

Figure 2 and Figure 3 (Appendix) presents for a 
different values of M = 0.5, 1, 1.5 with α = 3, 5, 𝜆1 = 
0.1 includes three different cases of slip velocity 
(𝑉 𝑠= 0, 0.2, 0.4) and elasticity (𝜆2= 0, 0.25, 0.5). 

For a rigid tube wall, increasing M results in a 
higher wall shear stress across the axial domain. The 
effect of M is more pronounced at higher values of x, 
meaning that in a convergent tube, the influence of 
the magnetic field strengthens as the flow progresses 
downstream. The magnitude of wall shear stress is 
greater than it would be in the case of an elastic tube 
wall (𝜆2 = 0.25). When no slip (𝑉 𝑠 = 0), the velocity 
gradient at the wall is highest and for high slip (𝑉 𝑠 = 
0.4) reduces the wall shear stress significantly. 

Figure 6 and Figure 7 (Appendix) both illustrate 
the variation of |𝑇𝑤| along the axial direction in a 
convergent tube with different values of the Jeffrey 

parameter (𝜆1 = 0, 0.3, 0.5), elasticity (𝜆2 = 0, 0.25, 
0.5) and slip parameter (𝑉 𝑠 = 0, 0.2, 0.4). The 
difference between the two figures is the influence of 
the magnitude parameter M = 0, 1.5. 

In both figures, |𝑇𝑤| increases along X, which is 
expected in a convergent tube where the narrowing 
cross-section causes a rise in velocity gradients near 
the wall. However, the rate of increase of |𝑇𝑤|  is 
higher in Figure 7 (Appendix) (M = 1.5) compared to 
Figure 6 (Appendix) (M = 0.0), which indicates that 
the presence of a magnetic field enhances wall shear 
stress. 

The magnetic field dampens velocity fluctuations, 
leading to a steeper velocity gradient near the wall, 
which results in higher shear stress. 

As increase in 𝜆1 leads to an increase in |𝑇𝑤|, 
Jeffrey fluid's viscoelastic effects interact with the 
magnetic field, amplifying shear stress. As α increase 
the magnitude of wall shear stress rises. 
 
3.1.2 Divergent Tube 

For a divergent tube, |𝑇𝑤| is plotted in the Figure 4 
(Appendix) and in Figure 5 (Appendix) with 
different values of the Womersley parameter, the 
magnetic parameter, the slip parameter, the elasticity 
parameter, and the Jeffrey parameter 𝜆1 = 0.1. 

When M is increased, |𝑇𝑤| Increases and their 
overall magnitude decrease in comparison to the 
convergent case. The modulus of wall shear stress 
rises in rigid tubes as opposed to elastic tubes, and 
the effect of slip is less pronounced than in 
convergent tubes. When there is no slip in a rigid 
tube, the wall shear stress is the highest across the 
axial range, and in an elastic tube, the modulus of 
wall shear stress reduces, and slip significantly 
reduces shear resistance. 

Figure 8 and Figure 9 in Appendix both explain 
the variation of |𝑇𝑤| with different values of 𝜆1 = 0, 
0.3, 0.5, 𝜆2= 0, 0.25, 0.5 and 𝑉 𝑠 = 0, 0.2, 0.4. The 
two figures illustrate the difference between the 
magnitude parameter M = 0, 1.5. 

The wall shear stress decreases along x in both 
cases. Increasing the slip parameter, Jeffrey 
parameter, and elasticity results in increased shear 
stress, but they don't alter the overall decreasing 
trend. 

Increasing slip significantly reduces |𝑇𝑤| with the 
lowest values observed in Figure 9 (Appendix) and 
the Jeffrey parameter consistently increases|𝑇𝑤|, 
regardless of other parameters. 

The presence of a magnetic field with M= 1.5 
increases shear stress across all cases, but its effect is 
most pronounced in Figure 9 (where slip is absent) in 
Appendix. In Figure 9 (Appendix), the slip is 
highest. The magnetic effect is weaker due to 
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reduced velocity gradients at the wall. As increasing 
of Magnetic parameter increases, the modulus of 
wall shear stress increases in both rigid and elastic 
tubes. 
 
3.2 Mean Pressure Drop 
The mean pressure drop is plotted in the Figure 10, 
Figure 11, Figure 12 and Figure 13 (Appendix) for 
convergent and divergent tubes. Now the mean 
pressure drop is plotted versus x (in axial direction). 
In the Convergent tube, ∆𝑝 increases along x in all 
cases compared to the divergent tube. Increasing α = 
5 results in significantly larger pressure gradients 
compared to α = 3. 

Increasing slip reduces pressure gradient values, 
which slightly increases ∆𝑝 and the magnetic field 
enhances pressure gradients. Mean pressure drop is 
higher in all the cases, mainly for M = 1.5 comparing 
with the other magnetic parameter values. Mean 
pressure drop values increase continuously with all 
the magnetic parameter values, and it enhances at 
each cross-section as it moves from x = 0.0 to 1.0, in 
tube walls that are both elastic and rigid. 
 
 
4  Conclusion 
This study investigated the effects of slip velocity, 
magnetic fields, and other parameters on the 
oscillatory flow of a Jeffrey fluid in an elastic tube. 
The results demonstrate that an increase in the 
Womersley parameter enhances the pressure 
gradients in both geometries. The Jeffrey parameter 
characterizes the viscoelastic nature of the fluid, and 
as it increases, the modulus of wall shear stress rises 
with the effect of the magnetic field. The presence of 
slip velocity increases the wall shear stress. 

By the above analysis, it has been revealed that 
the rise or fall in the wall shear stress modulus is not 
only impacted by the parameters α, 𝜆1, 𝜆2 and M, but 
also by the geometry of the tube we are examining. 
Moreover, observed that the mean pressure drop for 
tubes with rigid and elastic walls in the magnetic 
effect enhances with a higher Womersley parameter 
and falls with a lower Magnetic parameter. 
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APPENDIX 
 
 

Table 1. Nomenclature 
𝑻̅ Cauchy stress tensor 𝑩𝟎 Uniform applied magnetic field 
𝒔̅ Extra stress tensor 𝝃 Radial displacement 
𝑷̅ Pressure 𝝈 Poisson’s ratio 
𝑰̅ Identity tensor E Young’s modulus 

𝝀𝟏 Jeffrey Parameter (ratio of relaxation to retardation time) 𝝆𝟎, 𝒉 Density, thickness of the material of the tube 
𝝀𝟐 Retardation time 𝑽𝒔 Slip Velocity 
𝜸 Shear rate 𝝎 Frequency of oscillation 

. Differentiation w. r. t time 𝝀𝟐 Elasticity parameter 
𝒂𝟎 Tube radius 𝜶 Womersley parameter 
L Characteristic length of the tube 𝑺𝒕 Strouhal number 
u Axial velocity R Reynolds number 
v Radial velocity M Magnetic parameter 
𝝊 Kinematic viscosity coefficient 𝝐 Variation parameter 
𝝆 Constant fluid density 𝑻𝒘 Wall shear stress 

t Time variable 𝚫𝒑 Pressure drop 
𝝈𝟎 Electrical conductivity of the fluid 𝑱𝒎(𝜹𝒓) Bessel function of order m 

Source: Created by the authors 
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Fig. 2: |Tw|Versus x for a convergent tube with α = 3, 

λ1 = 0.1 Source: Created by the authors. 
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Fig. 3: |Tw| Versus x for a convergent tube with α 

= 5, λ1=0.1 Source: Created by the authors. 
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Fig. 4: |Tw| Versus x for a divergent tube with α 
= 3, λ1 = 0.1 Source: Created by the authors. 
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Fig. 5: |Tw| Versus x for a divergent tube with α = 5, 

λ1 = 0.1 Source: Created by the authors. 
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Fig. 8: |Tw| Versus x for a divergent tube with α = 3, 

M = 0 Source: Created by the authors. 
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Fig. 9: |Tw| Versus x for a divergent tube with α = 3, 

M = 1.5 Source: Created by the authors. 
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Fig. 10: Δp Versus x for a convergent tube 
with α = 3, λ1 = 0.3 Source: Created by the 

authors. 
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Fig. 11: Δp Versus x for a convergent tube with α = 

5, λ1 = 0.3 Source: Created by the authors. 
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Fig. 12: Δp Versus x for a divergent tube with α = 3, 

λ1 = 0.3 Source: Created by the authors. 
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Fig. 13: Δp Versus x for a divergent tube with α 

= 5, λ1 = 0.3 Source: Created by the authors. 
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