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Abstract: - The paper explores the nonlinear dynamics of drill strings under stochastic factors and external
influences by providing its comprehensive analysis. These studies are motivated by the need to improve the
safety and efficiency of drilling operations in complicated conditions. The authors model the dynamics of drill
strings from the perspective of the randomness of the processes involved, enabling a broader range of
operational modes for drilling equipment to be considered, as well as enhancing the accuracy and efficiency of
optimal decision-making. The nonlinear dynamics of the drill string are examined under the influence of
random factors and environmental conditions. The mathematical model of the drill string describes its planar
vibrations accounting for the initial curvature of the string, external loads, fluid flow around the string, and
frictional forces against the wellbore walls. The randomness of the effects is taken into account through the
friction coefficient. Stochastic terms derived using the prior probability distribution, which allows the
application of Shannon’s maximum entropy principle, are employed in the study. A numerical experiment is
conducted to identify instability zones of the drill string motion. The study relies on the Galerkin method and
partial discretization method. The influence of random factors on the drill string stability is revealed.
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1 Introduction modeling is not limited to nonlinearities,
Drilling is a key stage in the oil and gas industry. discon-tinuities, an_d other chal.ler%ges. Dril}ing
This process involves complex dynamics, as it operatlops are subjecF to gncertalntl'es of _various
depends not only on the components of the nature llkp 1mp§rfect10ns in the §1r111 string, the
equipment but also on external factors such as rock complex interaction between the bit and the rock,
properties, the drilling fluid wused, wellbore borehole  wall  properties,  fluid-equipment

interactions, and more. To account for such

characteristics, etc. During the drilling of wells, the : ) Akt -
uncertain effects on the drill string, it is advisable to

drill string is subject to undesirable vibrations,

which can lead to reduced efficiency and, in employ stochastic analysis.
extreme cases, can compromise the integrity of the For instance, in [1], the coupled lateral and
drill string. torsional vibrations of the drill string taking into
One of the common methods to minimize account the interaction between the drill bit and the
vibrations is the proper selection of drilling rock, as well as the contact of the drill string and
parameters, such as rotational speed and bit load, drilling  fluid = with the borehole walls, are
along with the adjustment of drilling fluid investigated. Stochastic models were developed for
properties. This approach can be implemented the cases under consideration, and the results were
quickly and, in most cases, does not require compared with deterministic ones.
additional equipment. However, due to the Several studies utilize stochastic methods to
complexity of the drilling process, its mathematical optimize model parameters. The authors of [2] apply
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the Bayesian approach to the parameter estimation
and selection of an appropriate model for drill bit-
rock interaction in the case of torsional vibrations.
During the parameter estimation process,
randomness effects were also incorporated.
Moreover, the authors conducted the stability
analysis in the context of uncertainty. In [3], the
Bayesian approach was employed using the Markov
method to estimate the parameters of drill bit-rock
interaction. Gaussian noise was used to simulate
randomness. The reliability of the approach in the
context of drill string torsional vibrations was
demonstrated by comparison with pseudo-
experimental data. The application of the Gaussian
noise was also noted in studies [4], [5], [6]. The
results showed that the intensity of random
perturbations had a significant impact on the
system’s response. Increased noise led to vibrations
with larger amplitudes, underscoring the importance
of accounting for the randomness when modeling
drill string vibrations.

The nonlinear stochastic dynamics of horizontal
drill strings were examined in [7]. Based on the
beam theory, the authors developed a model that
accounted for rotational inertia, shear deformations,
friction forces, impact effects, and torque. In
addition to the mechanical analysis of the system,
the study formulated a methodology for addressing
uncertainties in dynamic systems. Stochastic
analysis of the system parameter randomness was
conducted using a probabilistic approach based on
the maximum entropy principle. Stochastic
modeling of vertical and inclined drilling was
investigated in [8]. The application of stochastic
analysis was justified by the spatial heterogeneity of
the mechanical properties of rock formations,
allowing for more accurate predictions of plastic
deformation zones around the wellbore and
assessments of the probability of the wellbore
collapse or drilling equipment sticking. The stick-
slip effect in systems with dry friction using a
stochastic model was explored in [9]. The authors
treated the duration and frequencies of stick-slip
events as stochastic variables, and their statistics
were estimated from the system dynamic equations.
Statistical analysis of stick-slip phenomena was also
conducted in [10]. Furthermore, this study focused
on modeling random disturbances during drill bit-
rock interaction. The proposed model treated
variations of the drill bit torque as a random process
dependent on the bit rotational speed, implemented
via the multiplicative Gaussian stochastic process
calibrated on real data. In [11], stochastic
disturbances in drill bit-rock interactions and their
impact on the performance of two vibration control
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controllers were studied. The model was calibrated
with field data, and an intensity map of torsional
vibrations was constructed. Uncertainties in drill bit-
rock interactions and applied maximum speeds were
analyzed in [12]. The random nature of these
interactions was further examined in [13], where the
authors developed a lumped-mass model to analyze
the torsional and axial vibrations of drill strings. The

study  demonstrated that high  formation
heterogeneity resulted in greater vibration
amplitudes.

The influence of rock strength variations in the
context of torsional vibrations was analyzed in [14].
The drill bit-rock interaction model considered the
coupling between axial and torsional dynamics,
while the stochastic dynamics was based on the It6
equation, which allowed the description of the
cutting component of the torque.

The stability analysis of the model considering
uncertainties, as well as the development of a
control methodology for drilling systems, was
presented in [15]. According to the study's findings,
variability in the drill bit-rock interaction,
implemented through random friction, significantly
influenced the stability and performance of the
drilling system.

The application of statistical and stochastic
methods to dynamic systems was discussed in [16].
The study examined linear dynamic systems subject
to random influences using the stochastic Galerkin
method. The formulation and solution of partial
differential equations considering uncertainties in
input data were presented in [17]. The authors
identified uncertainties arising from natural
randomness, which can be described by random
fields with covariance functions, as well as
uncertainties caused by a lack of knowledge about
input parameters. For the latter, an algorithm was
developed to improve the efficiency of the solution.
In [18], a methodology was proposed for reliability
assessment and design optimization of structures
considering uncertainties of both probabilistic and
interval nature. Moreover, the consideration of the
random factor goes beyond the study of drill strings,
thus demonstrating its versatility. For example, in
[19], stochastic modeling was used in the context of
ecological systems. The dynamics of the stochastic
Gilpin-Ayala model with a white noise overlay were
considered. In this way, fluctuations in the
concentration of the pollutant were taken into
account. In [20], a stochastic epidemiological
model, which accounts for the effects of
transportation movements, media exposure, and
time delays on the spread of infectious diseases, was
introduced. Random processes allowed a more
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realistic modeling of the influence of external
factors on the infection dynamics.

Thus, it can be noted that the rock formation
often serves as a source of uncertainty in the model.
In this study, this uncertainty is accounted for by the
application of a probabilistic model for the friction
coefficient. This approach is based on the fact that
real rock formations can be heterogeneous,
containing various types of inclusions, fractures, and
variations in mineral composition, which affect their
mechanical properties.

2 Deterministic Model

Based on the structural features of the drill string, it
is modeled as a rotating elastic isotropic rod. In
contrast to known models, in particular [21], only
lateral vibrations are considered as dominant.
Additionally, the imperfections of the drill string
such as its initial curvature, [22], along with external
loads and the influence of fluid flow, are taken into
account. In accordance with [12], the effect of
friction forces against the borehole walls is also
considered. The cross-section of the drill string is
assumed to be constant and symmetric.

o’V o'v o'v
(PA+P|A1)¥+ E'xa?—P e

+§(N(Z,t)6(v;vo)j_ EA 0 (avf )

z 1-»az\ oz
o°v
—(PA+ A )a)2V=—,upA¥,

, axial inertia

where E is Young’s modulus, |
moments, o the drill string density, 2/ Poisson’s
ratio, A the cross-sectional area of the drill string,
p; the fluid density, A; the internal cross-sectional

area of the drill string, 4 the friction coefficient.

Let us define the boundary and initial conditions
as follows:

2
v(z,t)=0, EIX%?[):O,

0z (2)
vz,0)=0, EI,YE0 1 o0 o),

The axial compressive load is of a conservative
nature and follows a periodic law:

N =N, + N, cosQt, (3)
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where N, and N, represent the constant and time-
varying components of the compressive load,

respectively; ()
influence.

is the frequency of external

To set the initial curvature, the following
expression is considered:

Vo (2)=f, sin[”l—zj. “4)

For further analysis, the model has to be
reduced to an equation with generalized parameters
using the Galerkin method. The displacement of the
drill string is expressed as a series:

v(z,t)=iz:fi (t)sin(iﬁsz. )

The basis functions sin(?}, i=1n fully

satisfy the boundary conditions (2).

For transition to the relative time variable, 7, a
nondimensionalization operation is performed with
respect to t:
r=1-Q,, (6)
where Q) is the natural vibration frequency of the
drill string.

Considering the lateral vibrations of the drill
string in its basic form of bending with respect to

the dimensionless function f(r), the equation in

generalized parameters takes the form:

2
c:i I +(1-2BcosQr) f +af’ =F +F cosQr, (7)
T
where
B Q a Fo.
ﬁ:;z’ QZQ—, QZE, F|=_I23 |=051!
1 0 0 0
2

4l s
| 7\
6 =5[pA(l+ﬂ)+p|A +p|x(|—j ]

3EAZ?

“TR1-2)rs,
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215, 215,

To analyze the stability of the dynamic system,
let us represent the function f(r) as the sum of

some periodic solution f (T) and a small

perturbation from the equilibrium state o f . We

exclude the main solution and the terms containing
the deviation from the solution to powers higher
than the first since this value is sufficiently small.
2
dd—aszr(y—Z,BcosQrJr3af02)5f =0. (8)
T

For  the of
fo =1 cos(Qz—¢,), the equation for the perturbed

state with respect to the small deviation takes the

form of the well-known Hill equation, [23], [24]:
d?of
—+(6, +6, Q

i (6, + 6, cosQr ©

+0,,5in2Q7 + 6, c0s2Q7) 5 f =0.

case main resonance

In this case, the stability of the system is
characterized by the behavior of the small deviation
of:

1) if of uncontrollably increases at 7 —> o0, then
the system is unstable;
2) if 0f remains bounded at 7 —oo, then the

system is stable. It corresponds to the Lyapunov
stability.

To determine the instability zones, according to
the Floquet theory, a particular solution of equation
(9) is sought in the form of a vibration spectrum:
st =e"> b cos(kQr -y, ),

2.0 ‘ (10)

k=1,3,5,...,0 or k=0,2,4,...,00.

Here 7 is the characteristic exponent, which
governs the behavior of the variation o f :
1) Re(n)<0: of >0 at 7—>00; hence, the
solution is stable;

2) Re(7)=0: the solution at the boundary of
stability zones.
3) Re(7)>0: &f —>o at 7—oo; then, the

solution is unstable.
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Let us focus on the first instability zone:

5t =e"b cos(Qr—y,). (11)

To obtain the equation describing the
boundaries of the first instability zone, the harmonic
balance method is applied.

The transition to the characteristic determinant
is performed as follows:

772—92+490+% 2nQ+%
A7) = , 5 |02
2nQ+ 22 046, -2
n ) n 0T,
To construct the boundaries of the first

instability zone the condition A(7=0)=0 is
introduced:

(A -2) +(B, +BQ)Z +Cyrt =0, (13)

27 ,

where Ay =y, B,=3ay, B =-3a, C, :Ea .

For a more detailed quantitative analysis of the
system's response, the partial discretization method
is applied. The idea of the partial discretization
method is to discretize the nonlinear terms of the
equation, which complicate the process of solving
the problem. Since the nonlinear term becomes
constant at each discretization step, it allows one to
obtain a quasi-analytical solution. Its general form is
given by:

n

F(Z):lZ(Zi + Zi+1)[F(Zi)5(Z -1z;)

23 (14)
—F (2”1)5(2 —Ziy ):|’

where F (Z) is the nonlinear function that must be
discretized, F (Zi) is the discrete form of the
function F(Z) at z=z, i =1,_n ; N is the number of
divisions of z, 5(2 - Zi) is the Dirac’s delta

function.

Applying the partial discretization method to
Eq. (7), one obtains:
d°5f 1
_+5;(fi +71)[ GO f ()5 (T -7)

dr?

—Ci 5f(ri+1)5(7 Ty )] =0,

(15)

where

Volume 20, 2025



WSEAS TRANSACTIONS on FLUID MECHANICS
DOI: 10.37394/232013.2025.20.7

C, =(6, + 6, cosQr; + 6,4 sin 2Q7; + 6, c0s2Q7; ).

Using the method of mathematical induction, a
recurrence formula is derived from the quasi-
analytical solution of Eq. (15):

of (rk)=—%[(rl +2'2)C(Z'1)5f (Tl)(Tk —T1)+

+5f,7, +5f,.

3 Uncertainty Modeling
The friction force is assumed to be of a random
nature. The influence of randomness is accounted
for through the friction coefficient, [12].

The random field {v(x):x<[0,L]} is defined as
a set of real-valued random variables over the
probability space (€,F ,P), where Q is the set of

elementary events, F is the c-algebra, and P is the
probability measure.

It is assumed that v is the stationary truncated
Gaussian random field on the interval [0, L] with the
exponential autocorrelation function:

% =X
B )- (17)

R(X\.X;) =0 exp(=
The stochastic field is transformed using the
Karunen-Loeve expansion, [25]:

N
V(%,E) = p(¥) + Y A Z ()@ (%) (18)
k=1

where U is the mean value of the friction

coefficient, 4, and ¢, are the k-th eigenvalue and

eigenvector of the autocorrelation function,
respectively, Z, are independent random variables

with the standard Gaussian distribution, N
determines the accuracy of the expansion (the larger
N, the more accurate the approximation).

4 Results and Discussions

Parameters used for numerical simulations are
presented in Table 1. To obtain statistically
significant results, 100 simulations were conducted
for each stochastic experiment. If the amplitude-
frequency characteristics fall within the instability
region for the given system parameters, the system
undergoes primary resonance, where the amplitude
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begins to increase uncontrollably. This can lead to
adverse consequences.

Table 1. Parameters of the drilling system.

System parameter Value

Drill string length, | 100m
Young’s modulus, E 2.1x10"Pa
Drill string density, p 7800kg/m’
Poisson’s ratio, 2 0.28

The outer diameter of the drill string, 02m

D
The inner diameter of the drill string, d | 0.12m

Longitudinal load, constant part, N, 1.7x10°N

Expected value of the friction

coefficient, u 0.4

As can be seen from the results obtained (Figure
1 and Figure 2), the instability zone is limited to the
average value of the friction coefficient. The
addition of stochastic influence causes the
expansion of the boundaries of the instability zones,
but no qualitative changes are observed. The same

can be said about instability zones at a)=5

(Figure 3 and Figure 4). Although there is a
significant difference between the shapes of the
zones at different values of angular velocity, no
qualitative difference between the deterministic and
stochastic models is observed.

| -

Fig. 1: The deterministic first instability zone at

10
—890 kg/m?, @=—.
e g 60
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Fig. 7: The deterministic unstable system
For better understanding of the effect of random =890 kg/m?, r, =0.1, Q=2.75.
friction, the results using the partial discretization
method are considered (Figure 5, Figure 6, Figure 7,
Figure 8, Figure 9 and Figure 10).
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system at

For the given system parameters, a good
agreement of the results was obtained. Namely, the
system with parameters outside the instability zone
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remains restricted, while parameters within the
instability zone result in the sharp growth of
perturbations. Stochastic effects cause an increase in
amplitude over specific intervals, indicating
significant quantitative changes.

When analyzing the displacements (Figure 11
and Figure 12), since the largest vibrations of the
rod are observed at the center and significantly
decrease toward the ends, the vibrations in the
cross-section Z =0.5l are considered, [26].

a2 1

ol

Q0 1

wo.sL Tl

-0.2 4

[} 2' ; L 8 I'D
T
Fig. 11: The deterministic system’s displacement

values
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Fig. 12: The stochastic system’s displacement
values

According to the results of the analysis, in the
case of random impact, the expansion of the
instability zones is observed, and the results of the
study using the Floquet theory are in good
agreement with those obtained by the partial
discretization method. In the case of the stochastic
model, the overall structure of the vibration remains
predictable. The increase in amplitude is due to the
proximity of the system to the resonant frequency
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zone, which requires careful consideration in design
and operation.

It should be noted that in the discretization case
considered here, the discrete model corresponds to
the studied processes, unlike the results of [27],
where a potential mismatch between dynamic
models after their discretization and re-continuation
occurs, which can lead to a radical change in their
behavior. The work presents examples of
deterministic ~ discretization and chaotic re-
continuation of dynamic systems. To preserve the
properties of the model, the authors adjusted the
dynamics of the phenomenon based on the
characteristic parameters of chaotic systems, such as
Lyapunov exponents and dimensions.

5 Conclusion

The findings confirmed the significant influence of
stochastic factors on the drill string behavior. By
accounting for random factors, in particular the
coefficient of friction, the study provided a deeper
understanding of the drill string behavior under
environmental uncertainty. Using the Galerkin
method, Floquet theory, and partial discretization
method, critical zones of instability were identified.

The results showed that the introduction of
stochastic effects led to a significant increase in the
range of critical values of the system parameters. No
structural changes in the dynamics were observed;
therefore, the behavior of the system remained
predictable.  These results emphasized the
importance of considering random factors when
modeling drilling processes.

Identification of instability zones is important
for the optimization of drilling processes, as it
allows determining in advance the operating modes
where potential risks of equipment failure may arise.
More accurate consideration of the random factors
reproduces the unpredictable dynamics of the real
process. Thus, based on the forecasts obtained on
the basis of the presented methodology, either
equipment operators can adjust the intensity of
work, or modifications can be introduced at the
stage of equipment design, thereby reducing the
risks of emergencies as well as financial and time
losses. In practice, this leads to safer, more efficient
drilling.

Moreover, the shown methodology can be
applied to a wide class of mechanical engineering
problems beyond the oil and gas industry and can be
adopted for the use of other similar numerical
methods, allowing for further flexibility in
application. Given the unpredictability inherent in
real systems, this approach allows for more accurate
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modeling and prediction of processes. Such methods
can be applied in aerospace, automotive, and
construction fields. This approach will improve
models of structural behavior by introducing factors
that are difficult to account for with traditional
methods.

Further development of the work is seen in the
development of models complicated by
uncertainties of other nature such as randomness of
initial curvature, random impact of gas or liquid
flows, and their subsequent solution by the partial
discretization and stability analysis. For each case, it
will be necessary to derive its own probability
distribution functions based on statistical data.

Declaration of Generative Al and Al-assisted
Technologies in the Writing Process

During the preparation of this work, the authors
used ChatGPT in order to improve the readability
and language of the manuscript. After using this
tool, the authors reviewed and edited the content as
needed and take full responsibility for the content of
the publication.

References:

[1] Volpi L.P, Lobo D.M., Ritto T.G., A
Stochastic Analysis of the Coupled Lateral—
Torsional Drill String Vibration, Nonlinear
Dynamics, Vol.103, 2021, pp. 49-62.
https://doi.org/10.1007/s11071-020-06099-z.
Castello D.A., Ritto T.G., ABC for Model
Selection and Parameter Estimation of Drill-
String Bit-Rock Interaction Models and
Stochastic Stability, Journal of Sound and
Vibration, Vol.547, 2023, p. 117537.
https://doi.org/10.1016/j.jsv.2022.117537.
Ritto T.G., Bayesian Approach to Identify the
Bit-Rock Interaction Parameters of a Drill-
String Dynamical Model, Journal of the
Brazilian Society of Mechanical Sciences and
Engineering, Vol.37, 2015, pp. 1173-1182.
https://doi.org/10.1007/s40430-014-0234-7.
Qiu H., Liu Y., Peng C. Shan Q.
Investigation on Random Vibration of a
Drillstring, Journal of Sound and Vibration,
Vo0l.406, 2017, Pp- 74-88.
https://doi.org/10.1016/1.jsv.2017.06.016.

Qiu H., Yang J., Butt S., Stick—Slip Analysis
of a Drill String Subjected to Deterministic
Excitation and Stochastic Excitation, Shock
and Vibration, Vol.2016, No.l, 2016, p.
9168747.
https://doi.org/10.1155/2016/9168747.

(2]

[3]

[3]

Volume 20, 2025


https://doi.org/10.1007/s11071-020-06099-z
https://doi.org/10.1016/j.jsv.2022.117537
https://doi.org/10.1007/s40430-014-0234-z
https://doi.org/10.1016/j.jsv.2017.06.016
https://doi.org/10.1155/2016/9168747

(6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

WSEAS TRANSACTIONS on FLUID MECHANICS

DOI: 10.37394/232013.2025.20.7

Qiu H., Yang J., Stochastic and Deterministic
Vibration Analysis on Drill-String with Finite

Element Method, ASME International
Mechanical Engineering Congress and
Exposition, Vo0l.56246, 2013, PP
V04AT04A004.
https://doi.org/10.1115/IMECE2013-62563.
Cunha A., Soize C., Sampaio R.,
Computational Modeling of the Nonlinear
Stochastic Dynamics of  Horizontal
Drillstrings, Computational Mechanics,
Vol.56, 2015, pp- 849-878.

https://doi.org/10.1007/s00466-015-1206-6.
Batalha N.A., Cunha A., Sampaio R., Ritto
T.G., Stability Analysis and Uncertainty
Modeling of Vertical and Inclined Wellbore
Drilling through Heterogeneous Field, Oil &
Gas Science and Technology—Revue d’IFP
Energies nouvelles, Vol.75, 2020, p. 14.
https://doi.org/10.2516/0gst/2020003.

Lima R., Sampaio R., Construction of a
Statistical Model for the Dynamics of a Base-
Driven  Stick-Slip  Oscillator, Mechanical
Systems and Signal Processing, Vol.91, 2017,
pp- 157-166.
https://doi.org/10.1016/j.ymssp.2016.12.038.
Real F.F., Sampaio R., Soize C., Desceliers
C., Stochastic Modeling for Hysteretic Bit—
Rock Interaction of a Drill String under
Torsional Vibrations, Journal of Vibration
and Control, Vol.25, No.10, 2019, pp. 1663—
1672.
https://doi.org/10.1177/1077546319828245.
Lobo D.M., Ritto T.G., Castello D.A., On the
Stochastic Bit—Rock Interaction Disturbances
and Its Effects on the Performance of Two
Commercial Control Strategies Used in Drill
Strings, Mechanical Systems and Signal
Processing, Vol.164, 2022, p. 108229.
https://doi.org/10.1016/j.ymssp.2021.108229.
Ritto T.G., Soize C., Sampaio R,
Probabilistic Model Identification of the Bit—
Rock—Interaction—-Model  Uncertainties in

Nonlinear ~ Dynamics of a Drill-
String, Mechanics Research Communications,
Vol.37, No.6, 2010, pp. 584-589.

https://doi.org/10.1016/j.mechrescom.2010.07
-004.

Chen J., Gong Z., Zhang J., Zhang X., A
Torsional-Axial Vibration Analysis of Drill
String Endowed with Kinematic Coupling and
Stochastic Approach, Journal of Petroleum
Science and Engineering, Vol.198, 2021, p.
108157.
https://doi.org/10.1016/].petrol.2020.108157.

E-ISSN: 2224-347X

71

[14]

[15]

[16]

[18]

[19]

[21]

L. A. Khajiyeva, S. Kh. Efendiyev,
A. K. Kudaibergenov, Sh. M. Gabayev

Lobo D.M., Ritto T.G., Castello D.A., A
Novel Stochastic Process to Model the
Variation of Rock Strength in Bit-Rock
Interaction for the Analysis of Drill-String
Vibration, Mechanical Systems and Signal
Processing, Vol.141, 2020, p. 106451.
https://doi.org/10.1016/].ymssp.2019.106451.
Trindade M.A., Robust Evaluation of Stability
Regions of Oil-Well Drilling Systems with

Uncertain Bit-Rock Nonlinear
Interaction, Journal of Sound and Vibration,
Vol.483, 2020, p. 115481.

https://doi.org/10.1016/1.1sv.2020.115481.

Pulch R., ter Maten E.J.W., Stochastic
Galerkin  Methods and Model Order
Reduction for Linear Dynamical
Systems, International Journal for
Uncertainty Quantification, Vol.5, No.3,
2015, pp. 255-273.

https://doi.org/10.1615/Int.J.UncertaintyQuant
ification.2015010171.

Ganesh M., Franca M., Nurbekyan S., Estep
D., Tavener S., Wildey T., A Stochastic
Domain Decomposition and Post-Processing
Algorithm  for  Epistemic  Uncertainty
Quantification, International  Journal  for
Uncertainty Quantification, Vol.13, No.5,
2023, pp- 1-22.
https://doi.org/10.1615/Int.J.UncertaintyQuant
ification.2023045687.

Guo S.X., Zhao Y., Wang J., Wang Y.S., Li
Z., A Unified Framework for Reliability
Assessment and Reliability-Based Design
Optimization of Structures with Probabilistic

and Nonprobabilistic Hybrid
Uncertainties, International  Journal  for
Uncertainty Quantification, Vol.6, No.5,

2016.
https://doi.org/10.1615/Int.J.UncertaintyQuant
ification.2016016979.

Brahim A.N., Harchaoui B., Boutouil S., El
Idrissi M., Aznague S., Settati A., El Jarroudi
M., Investigating Stochastic Dynamics of the
Gilpin-Ayala Model in Dispersed Polluted
Environments, WSEAS Transactions on
Mathematics, Vol.22, 2023, pp. 607-620.
https://doi.org/10.37394/23206.2023.22.67.
Yang R., Qiu H., A Valid Transport Related
SVEIHR Stochastic Epidemic Model with
Coverage and Time Delays, WSEAS
Transactions on Mathematics, Vol.23, 2024,
pp- 815-824.
https://doi.org/10.37394/23206.2024.23.84.
Zhu K., Chung J., Nonlinear lateral vibrations
of a deploying Euler-Bernoulli beam with a

Volume 20, 2025


https://doi.org/10.1115/IMECE2013-62563
https://doi.org/10.1007/s00466-015-1206-6
https://doi.org/10.2516/ogst/2020003
https://doi.org/10.1016/j.ymssp.2016.12.038
https://doi.org/10.1177/1077546319828245
https://doi.org/10.1016/j.ymssp.2021.108229
https://doi.org/10.1016/j.mechrescom.2010.07.004
https://doi.org/10.1016/j.mechrescom.2010.07.004
https://doi.org/10.1016/j.petrol.2020.108157
https://doi.org/10.1016/j.ymssp.2019.106451
https://doi.org/10.1016/j.jsv.2020.115481
https://doi.org/10.1615/Int.J.UncertaintyQuantification.2015010171
https://doi.org/10.1615/Int.J.UncertaintyQuantification.2015010171
https://doi.org/10.1615/Int.J.UncertaintyQuantification.2023045687
https://doi.org/10.1615/Int.J.UncertaintyQuantification.2023045687
https://doi.org/10.1615/Int.J.UncertaintyQuantification.2016016979
https://doi.org/10.1615/Int.J.UncertaintyQuantification.2016016979
https://doi.org/10.37394/23206.2023.22.67
https://doi.org/10.37394/23206.2024.23.84

[26]

WSEAS TRANSACTIONS on FLUID MECHANICS
DOI: 10.37394/232013.2025.20.7

spinning motion, International Journal of
Mechanical Sciences, Vo0l.90, 2015, pp. 200-
212.
https://doi.org/10.1016/j.ijmecsci.2014.11.009
Sergaliyev A.S., Khajiyeva L.A., Flat Flexural
Vibration of Drill-String with an Initial
Curvature, Proc. of the XII Int. Conf. on the
Theory of Machines and Mechanisms,
Liberec, Czech Republic, 2016,
In: Mechanisms and Machine Science, Vol.44,
2017, pp. 231-237.
https://doi.org/10.1007/978-3-319-44087 -
3_30.

Hayashi C., Nonlinear Oscillations in Physical
Systems, Princeton University Press, Vol.432,
2014.

Schmidt G., Tondl A., Non-linear vibrations,
Cambridge University Press, 2009.

Shannon C.E., A Mathematical Theory of
Communication, Bell ~ System  Technical
Journal, Vol.27, No.3, 1948, pp. 379-423.
https://doi.org/10.1002/1.1538-
7305.1948.tb01338.x.

Francisco-Fernandez M., Vilar-Fernandez
JM., Two Tests for Heteroscedasticity in
Nonparametric ~ Regression, Computational
Statistics, Vol.24, 2009, pp. 145-163.
https://doi.org/10.1007/s00180-008-0110-3.
Andrianov 1., Starushenko G., Kvitka S.,
Khajiyeva L. The Verhulst-like equations:
Integrable OAE and ODE with chaotic
behavior, Symmetry, Vol.11, No.12, 2019, p.
1446. https://doi.org/10.3390/sym11121446.

E-ISSN: 2224-347X

72

L. A. Khajiyeva, S. Kh. Efendiyev,
A. K. Kudaibergenov, Sh. M. Gabayev

Contribution of individual authors to the
creation of a scientific article (ghostwriting
policy)

- L.A. Khajiyeva was responsible for
conceptualization and methodology of the studied
problem.

- S.Kh. Efendiyev incorporated uncertainty in the
model, reduced the solution to a form ready for
numerical simulations.

- A.K. Kudaibergenov developed the nonlinear
mathematical model of the drill string vibrations.

- Sh.M. Gabayev done numerical experiments.

All the authors participated in the preparation of the
article.

Sources of funding for research presented in a
scientific article or scientific article itself

This research is funded by the Science Committee
of the Ministry of Science and Higher Education of
the Republic of Kazakhstan (Grant No.
AP23490543).

Conflict of Interest
The authors have no conflicts of interest to declare.

Creative Commons Attribution License 4.0
(Attribution 4.0 International, CC BY 4.0)

This article is published under the terms of the
Creative Commons Attribution License 4.0

https://creativecommons.org/licenses/by/4.0/deed.en
US

Volume 20, 2025


https://doi.org/10.1016/j.ijmecsci.2014.11.009
https://doi.org/10.1007/978-3-319-44087-3_30
https://doi.org/10.1007/978-3-319-44087-3_30
https://doi.org/10.1002/j.1538-7305.1948.tb01338.x
https://doi.org/10.1002/j.1538-7305.1948.tb01338.x
https://doi.org/10.1007/s00180-008-0110-3
https://doi.org/10.3390/sym11121446
https://creativecommons.org/licenses/by/4.0/deed.en_US
https://creativecommons.org/licenses/by/4.0/deed.en_US



