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Abstract: - Convective heat transfer improvement from wavy surfaces presents a new solution in industrial 
engineering for composite materials, including porous medium, and nanofluids to address the wavy irregular 
surfaces in heat transfer devices such as a wavy solar collector, energy absorption and filtration, thermal 
insulation, and geothermal power plants. This technique enables the performance of engineering applications. 
The numerical study is performed to examine the effects of a wavy interface separating two layers in the 
enclosure on heat exchange rates. This paper investigates numerically the natural convection flow in a square 
cavity partially filled with nanofluid-porous layers separated by a wavy horizontal interface. The left and right 
walls of the cavity are maintained at constant hot and cold temperatures, whereas the other walls are adiabatic. 
The Buongiorno model is used to describe nanofluid motion, taking into account the brownian and 
thermophoresis effects in the cavity. The Galerkin finite element method was applied to solve the differential 
governing equations. The dynamic, thermal field and heat transfer have been analyzed for various parameters 
such as Rayleigh number (103 ≤ Ra ≤ 106), the amplitude of interface (0 ≤ A ≤ 0.1), and undulation number (0 ≤ 
n ≤ 9). The results reveal that the flow intensity induced by buoyancy forces is more significant in the nanofluid 
layer than in the porous layer, since the heat transfer is enhanced while the flow is not sensitive to variations in 
amplitude and number undulation, and accordingly, the decline of average Nusselt and Sherwood numbers is 
insignificant. The effects of controlled parameters on the structure of nanofluid flow, heat, and mass transfer 
rate are insignificant. 
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1   Introduction 
To improve the thermal conductivity of fluids, 
scientific research has multiplied in recent years and 
has made it possible to synthesize nano-sized 
particles dispersed in the base fluid, which 
constitute nanofluids used in several fields such as 
biochemistry and the oil industry.  

The applications of nanofluids in thermal 
systems filled with porous medium and of different 
geometries, flow regimes, boundary conditions, and 
different types of nanofluids and thermophysical 
properties. Many researchers have investigated the 
nanofluids used in porous media due to their thermal 
characteristics. 

The addition of nanoparticles to the pure fluid 
enhances considerably the heat transfer in the 
enclosure, [1], [2], [3], [4], [5], [6]. 

Also, the authors of [7], [8], [9], [10], [11], [12], 
[13], [14], [15], use hybrid nanofluids, which 
significantly improve the dynamic viscosity and 
thermal conductivity of the base fluid. 

The horizontal and vertical orientation of the 
porous layer in the enclosure was reported, [16], 
[17], [18], [19]. 

The natural convection in the wavy cavity-
saturated Cu-water nanofluid has been studied by 
some authors, [20], [21], they examined the effect of 
the Rayleigh number, the wave amplitude, and the 
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undulations number on the heat transfer rate, the 
amplitude ratio was found to be significant in the 
rise of the heat transfer in a porous cavity with 
sinusoidal heating on both sidewalls, [22], therefore 
the convective flow is attenuated with growth of 
undulation under the effect of thermal dispersion 
[23], while the wave number can control the free 
convective motion and heat transport within the 
wavy cavity, [24]. Thus, the heat transfer rates were 
sensitive to the variation of undulation property, 
convection intensity, [25]. 

The choice of different fluids has been the 
subject of some authors. The paper [26] investigates 
the effect of the sinusoidal interface on the heat and 
mass transfer of laminar clear fluid and porous 
medium. 

 The nanofluid is modeled using Buongiorno’s 
model, incorporating thermophoresis and Brownian 
motion effects, [27]. We cite in the literature a 
numerical study of natural convection inside a 
porous, wavy cavity filled with a nanofluid using 
the Forchheimer-Buongiorno approach, [23]. 

Laminar natural-convective flow in a square 
composite vertically layered enclosure consisting of 
porous and nanofluid layers separated by a 
sinusoidal corrugated interface has been reported by 
[28], they found that the increase in Darcy's number 
of porous media with a low value of the non-
uniform porous layer thickness enhances the 
convective heat transfer in the cavity. On the other 
hand, a decrease in the Darcy parameter brings a big 
resistance force for the fluid flow and an increase in 
heat transfer by conduction, [29], [30]. 

The heat transfer increases with the increase of 
modified Rayleigh number, volume fraction, and 
amplitude in a porous square cavity saturated by a 
nanofluid (Al2O3-Water) in the presence of a 
corrugated heat source, [31]. 

In addition, the heat transfer rates through the 
nanofluid and solid phases are found to be better for 
high values of the undulation amplitude, [32]. 

The impacts of various effective parameters, 
which include nanoparticle volume fraction, Darcy 
number, modified conductivity ratio, the number of 
undulations, and the amplitude, on the heat transfer 
rate in a wavy-walled porous enclosure are being 
analyzed, [33]. 

The study of natural convection in a two-
dimensional enclosure with horizontal wavy walls 
layered by a porous medium, saturated by Cu-
Al2O3/water hybrid nanofluid has been performed 
in [34]. 

The increase in porous layer width leads to a 
decline in the average Nusselt and Sherwood 
numbers in a square cavity filled with power-law 

fluid and porous media separated by a wavy 
interface, [35]. The studies of [36], [37], [38] 
reported the natural convection in a square 
enclosure divided by a corrugated porous partition, 
either horizontally or vertically, in porous and fluid 
regions and a porous cavity filled with a hybrid 
nanofluid and non-newtonian layers. Higher 
amplitude and the undulation number of the 
sinusoidal interface between the nanofluid and 
porous medium layer lead to a decrease in the 
average Nusselt number of natural convection in a 
square cavity filled by a nanofluid (Cu-water) 
/porous-medium, [39]. 

In this paper, a numerical investigation of the 
natural convection in a square cavity partially filled 
with porous and nanofluid separated by wavy was 
performed. The effects of amplitude, undulation 
number of the interface on the dynamic and thermal 
fields, heat, and mass transfer rate are analyzed for 
various values. 

In reviewing the literature, we found no 
published work for composite porous cavities 
saturated with nanofluid flow modeled using the 
Buongiorno model. 

This work provides an original contribution: to 
develop high-performance materials with minimum 
power consumption for future industrial 
applications. 

 
 

2 Physical Model 
The configuration considered in the present study is 
shown in Figure 1. The physical domain consists of 
a 2D square cavity heated from the left vertical wall 
and cold from the right wall at constant 
temperatures Th and Tc, respectively. The horizontal 
walls are considered adiabatic. This cavity is filled 
with a nanofluid and porous layer separated by a 
horizontal, wavy interface. The nanofluid occupies 
the lower part, and the porous medium is placed 
above the mid-plane of the cavity. 

- H is the height of the cavity. 
- H/2 is the width of the porous and nanofluid 

layers. 
- The fluid flow is considered to be laminar 

and incompressible, and the porous medium 
is assumed to be homogenous and isotropic. 

- The constant thermophysical properties of 
water and nanofluids at 25oC are given 
in Table 1. 
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Fig. 1: Physical model 
 
Table 1. Thermophysical properties of water 

 
 

 

 
 

 
 
2.1 Mathematic Model 
The two-dimensional equations governing the 
stationary flow of nanofluid in natural convection 
inside a square cavity using the Buongiorno 
mathematical model are described as follows: 

                                                  (1) 

 
           (2)   

                                                       
          (3) 

 
                      

 

               (4) 

 

        (5) 
 

                                                      (6)                                        

                                                      (7) 

 

The continuity, momentum, and energy 
equations can be written in dimensionless form as 
follows by introducing dimensionless variables: 
The flow is assumed to be stationary and 
incompressible. 
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                                                                  (9) 
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New parameters appear in the dimensionless 
equations: Prandtl number, Darcy number, Rayleigh 
number, buoyancy ratio, Brownian motion, 
thermophoresis and Lewis number. 

                                                (14) 

2H

K
Da                                                  (15) 
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                                                    (20) 

 
The physical quantities of heat transfer are 

local, average Nusselt and Sherwood numbers 
respectively Nu loc, Sh loc, Nu avg, Sh avg are defined 
as below: 
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Physical property Water 
Cp (J/kg K) 4179 
ρ (kg /m3) 997.1 
k (W/m .K) 0.613 
Β (K-1) 21e-5 
μ (kg/m s) 8.55e-4 
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                                  (21) 

               (22) 

 

2.2  Boundary Conditions 
The proposed problem provides a boundary 
condition in the dimensionless form of the cavity 
walls:  
At X = 0, 0 ≤ Y ≤ 1      U, V = 0  𝜃 = 𝜑 = 1  and 
𝑁𝑡

𝜕𝜃

𝜕𝑋
+ 𝑁𝑏

𝜕𝜑

𝜕𝑋
= 0 

At X = 1, 0 ≤ Y ≤ 1      U, V = 0  𝜃 = 𝜑 = 0 and 
 𝑁𝑡

𝜕𝜃

𝜕𝑋
+ 𝑁𝑏

𝜕𝜑

𝜕𝑋
= 0 

At Y = 0, 1 and 0 ≤  Y ≤ 1   U = V = 0 ,  𝜕𝜃

𝜕𝑌
 = 0 , 𝜕𝜑

𝜕𝑌
 = 0 

 
The continuity conditions at the sinusoidal 

horizontal interface are described as follows:  
 

 

 

 

3  Numerical Method and Validation 
The finite element method is applied to discretize 
the dimensionless partial differential equations 
provided in Eqs. (9) to (13) that are associated with 
the boundary conditions based on the Galerkin 
scheme. The convergence criterion is 1e-6 for each 
variable. 
 
3.1 Grid Independence Test Mesh  
A 2D triangular mesh was generated to cover the 
computational domain of the considered 
configuration with 82268 elements. 

A grid independence test series was proposed in 
this study to select the optimum grid size with the 
following number of elements: 51104, 55786, 
62634, 82268, and 111136 to determine the 
appropriate study mesh size (Table 2). 

Figures 2 (a) and (b) show the meshes of the 
studied configuration; the interface line between the 
porous and nanofluid layers was refined to capture 
the flow behaviors. 
 
 

 
 

         
(a)  (b)  

 
Fig. 2: Computational mesh of the physical domain 
(a), (b) refined mesh of the interface line 

 
Table 2. Independence test of mesh 

E Nr 51104 55786 62634 82268 111136 
Time 31608 s 30276 s 2686 s 9435 s 44345 s 
ѱ 𝒎𝒂𝒙 5.17445 5.17570 5.17647 5.17727 5.17761 
𝛉𝐚𝐯𝐠 0.59358 0.59360 0.59361 0.59362 0.59362 
𝛗𝐚𝐯𝐠 1.02117 0.98350 0.97116 0.95820 0.95366 

Nu avg 3.54361 3.54496 3.54575 3.54652 3.54687 
Sh avg 3.54363 3.54497 3.54575 3.54652 3.54688 

 
Five numbers of elements are compared to check 

the mesh independence at Ra = 105, Da = 10-3, Pr 
=5.82, A = 0.05, n = 9, and Le = Nt = Nb = Nr = 
0.1. The deviations of Nu avg and Sh avg between the 
grids G4 and G5 are very small. The gird G4 seems 
to be the most suitable for this study. 

 
3.2 Validation  
The results of the present study for average Nusselt 
number variation with volume fraction Al2O3 
nanoparticles are compared with those of [40], 
investigating heat transfer convective in a square 
cavity . 

The validation plot (Figure 3) was completed 
under identical conditions, and both the previous 
studies' findings are in good agreement. The error of 
the average Nusselt number value is estimated at 
2.03% for the Darcy number value 10-3 as shown in 
Table 3. 
 

 
Fig. 3: Comparison of the present result with the 
numerical results of [40] 
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Table 3. Validation of average Nusselt number 
values 

 Da  
Hea
d 

Ra Sheikhzadeh et al (2013) 
(2013) 

Present study  Error % 
10-3 10-5 7.25 7.40 2.03 

 
 
4   Results and Discussions 
The main interest in this study is focused on the 
effect of the horizontal wavy interface on the 
structure of the flow in the partially filled cavity 
with nanofluid and porous medium. The results of 
the different numerical simulations are presented by 
streamlines, isotherms, and iso-concentration 
contours, as well as local, average Nusselt and 
Sherwood numbers. 

The simulations are performed for the fixed 
values of Rayleigh number Ra = 105, Darcy number 
Da = 10−3, the dimensionless amplitude of interface 
A = 0.05, undulation number n = 9, Lewis number 
Le, buoyancy ratio Nr, brownian motion Nb, 
thermophoresis parameter Nt and Le = Nt = Nb = 
Nr = 0.1. 

The results will consecutively present the effect 
of various values of the Rayleigh number (103 ≤ Ra 
≤ 106), the dimensionless amplitude (0 ≤ A ≤ 0.1), 
and the undulations number (0 ≤ n ≤ 9). 
 
4.1 Effect of Rayleigh Number 
Figure 4 represents the distribution of streamlines, 
isotherms, and iso-concentrations for various values 
of the Rayleigh number (103 ≤ Ra ≤ 106). 

For a low Rayleigh number (Ra = 103), the main 
cell circulation is located on the nanofluid portion of 
the cavity and rotates clockwise;the flow is 
immobile in the porous portion. 

In the porous layer, temperature and 
concentration gradients are weak, indicating a 
conductive flow [30]. 

The cell circulation is intensified by increasing 
the Rayleigh number from Ra = 104 to 105.  

The cell circulation is elongated horizontally 
and is still located on the nanofluid layer, It is 
noticed that at Ra = 106, the infiltration of nanofluid 
is detected in the porous layer « By increasing 
the Ra number, remarkable penetration in the 
direction of the porous layer is detected, due to the 
elongation of the main vortex » [35]. 

Streamline intensity indicates that a high-
temperature gradient contributes to enhancing heat 
transfer and the dominance of convective heat 
transfer« Streamlines shown at Ra = 105 and 107 
indicate that the fluid circulation strength becomes 
higher when the mode of heat transfer is transferred 

from conduction to convection with more vortices 
and distortion in the flow pattern [36]. 

The isotherms and iso-concentrations are 
parallel to the vertical wall at Ra = 103, denoting the 
conductive heat transfer in the porous and nanofluid 
layers. 
By increasing Rayleigh's number from Ra = 104 to 
106, isotherm lines become horizontal and very 
dense close to the left hot wall into the nanofluid 
layer. In the porous layer, they remain diagonal. 
A high-temperature gradient was observed due to 
the convective heat exchange. The flow passes from 
a conductive to a convective regime by 
increasing the Ra number [30]. 

Iso concentrations are modified to a horizontal 
shape by increasing Ra =105 in both layers. At Ra 
=106, an important nanoparticle concentration is 
observed near the hot left wall, signifying important 
convective heat transfer. 

The distribution of streamlines, isotherms, and 
iso-concentrations confirms that the strength of flow 
is more significant in the nanofluid layer than in the 
porous layer« The intensity of circulation is always 
much stronger in the fluid region than in the porous 
region. The magnitude of penetration of flow from 
the fluid region to the porous region is substantially 
influenced by the Rayleigh number » [37].  

High buoyancy forces reinforce nanofluid 
circulation in the cavity and consequently, 
convective transfer is enhanced.  
 
4.2  Effect of Dimensionless Amplitude 
Figure 5 shows the effect of the various values of 
dimensionless amplitude (0 ≤ A ≤ 0.1) on the 
streamlines, isotherms, and iso-concentrations 
contours. 

By increasing the amplitude of interface A from 
0 to 0.05, the cell circulation intensity does not 
change; the flow is located in the nanofluid layer, 
while the flow in the porous region is immobile; 
indeed, the convection dominates the flow. The 
streamline intensity decreases slightly from A = 
0.075 to 0.1. The flow is not sensitive to variations 
in dimensionless amplitude. 

Isotherms are horizontal in the nanofluid layer 
due to the dominance of convection mode; in the 
porous layer, their shape is diagonal. 

Iso-concentrations are completely stratified at the 
bottom cavity; we explain this phenomenon by 
nanoparticle concentrations due to the 
thermophoretic force effect. 

The dimensionless amplitude effect is not 
significant for nanofluid circulation, temperature, or 
concentration of nanoparticles. 
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Fig. 4: Variation of Ra on streamlines, isotherms and iso-concentrations, A = 0.05, n = 0.9,  Da = 10-3, 
Le = Nr = Nb = Nt = 0.1 
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Fig. 5:  Variation of A on streamlines, isotherms and iso-concentrations ,  Ra =105, Da = 10-3, n = 0.9 ,   
Da = 10-3, Le = Nr = Nb = Nt = 0.1 
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Fig. 6: Variation of n on streamlines, isotherms and iso-concentrations  Ra =105, Da = 10-3, A = 0.05, 
Da = 10-3, Le = Nr = Nb = Nt = 0.1 
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4.3 Effect of the Undulation Number 
Figure 6 represents the distribution of the 
streamlines, the isotherms, and the iso-
concentrations for various values of the undulation 
number (0 ≤ n ≤ 9). 

It is observed that the intensity of the cell 
circulation does not change, whatever the increase 
in the undulation number. The heat transfer is 
convective.  

The isotherm lines are diagonal in the porous 
layer, while in the nanofluid layer, the isotherms are 
horizontal to the left hot wall and become denser, 
indicating the convection mode. 

The iso-concentration stratification zone was 
detected in the nanofluid layer, which means a high 
nanoparticle concentration near the hot left wall due 
to the thermophoresis effect. 

The undulation number doesn’t influence the 
dynamic and thermal fields. 
 
4.4 Compute of local, Average Nusselt and 

Sherwood numbers 
Figure 7, Figure 8, Figure 9, Figure 10, Figure 11 
and Figure 12 represent the evolution of the local, 
average Nusselt and Sherwood d numbers along the 
left hot wall as a function of Y coordinate for 
various values of Rayleigh number (103 ≤ Ra ≤ 106), 
dimensionless amplitude (0 ≤ A ≤ 0.1) and 
undulation number (0 ≤ n ≤ 9). 
 
4.4.1 Impact of the Rayleigh number 

Figure 7 represents the variation of the local Nusselt 
Nu loc (a) and Sherwood Sh loc (b) numbers for 
various values of the Rayleigh number (103 ≤ Ra ≤ 
106). 

In Figure 7 (a) and (b), it is observed that the 
high values of local Nusselt and Sherwood numbers 
are obtained at the bottom of  the hot left wall (Y = 
0) and decrease by moving along the height of the 
hot left wall at Y = 1. 

A high increase in local Nusselt and Sherwood 
numbers from Ra = 105 to 106 was marked « It is 
noticeable that the local Nu intensifies significantly 
from Ra = 105 to 106» [38]; this increase is less 
important from Ra = 103 to104 due to the lower heat 
and mass exchange between the porous and 
nanofluid layers, where conduction dominates in the 
cavity. 

Figure 8 shows the variation of average Nusselt 
and Sherwood numbers with Rayleigh number from 
Ra = 103 to 106. At low Rayleigh number Ra = 103 
to 104, an insignificant increase in Nu avg and Sh avg 
was noticed due to the conductive regime, while for 
higher Rayleigh number from 105 to 106, this 
increase is more significant. 

Higher values of average Nusselt and Sherwood 
numbers are interpreted by the dominance of 
convection.  

A significant heat and mass transfer occurred due 
to increasing buoyancy forces. 

Variations in Rayleigh number values indicate 
the same heat and mass transfer rate. 

 
4.4.2 Impact of Dimensionless Amplitude 

Figure 10 (a) and (b) illustrate the evolution of the 
local Nusselt and Sherwood numbers according to 
the value of the dimensionless amplitude (0 ≤ A ≤ 
0.1). 

It is clear that the increase in amplitude A does 
not influence the local Nusselt and Sherwood 
numbers curves in the porous layer, however a 
slight decline was observed in the nanofluid layer 
when A increased for the two numbers. 
Figure 9 shows the evolution of the average Nusselt 
and Sherwood numbers as a function of amplitude 
A. It is noticed that Nu avg and Sh avg decrease 
linearly as the amplitude increases « higher 
amplitude and the undulation number of the 
sinusoidal interface between the nanofluid and 
porous medium layer lead to a decrease in the 
average Nusselt number», [39]. 

The decrease of Nu avg and Sh avg is not 
significant, which is reflected in a low rate of heat 
and mass transfer. 

Heat and mass transfer are not sensitive to the 
change in amplitude. 
     The amplitude of wavy interface variation 
provides the same rate of heat and mass transfer. 
 
4.4.3 Impact of the Undulation Number 

Figure 11 (a) and (b) demonstrate the variation of 
local Nusselt and Sherwood numbers for various 
undulation numbers (0 ≤ n ≤ 9). 
In Figure 11 (a) and (b), the Nu loc and Sh loc 
decrease slightly by increasing the undulation 
number n in the nanofluid layer «The average 
Nusselt number decreases by increasing the 
undulation number» [34], while in the porous layer, 
the increase of n does not change the value of the 
Nu loc and Sh loc. 

Undulation number increase has no impact on 
local Nusselt and Sherwood numbers variation. 

Figure 12 shows the evolution of the average 
Nusselt and Sherwood numbers with undulation 
number n.  

By increasing the undulation number n from 0 
to 3, a slight increase in average Nusselt and 
Sherwood numbers was noticed. At n = 3 to 9, the 
numbers’ Nu avg and Sh avg decrease with undulation 
numbers n. 
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The maximum value of Nu avg and Sh avg is 
reached at n = 3, while the minimum value is at n = 
9 for the two numbers. 

The variation of undulation number n does not 
affect heat and mass exchange rates. 

The heat and mass transfer rates have the same 
value by increasing the undulation number of the 
wavy horizontal interface. 

 
 

5   Conclusion 
Numerical investigation of bi-dimensional laminar 
natural convection in a square cavity partially filled 
with nanofluid and porous medium separated by a 
wavy interface using the Buongiorno model to 
resolve differential governing equations based on 
the Galerkin finite element method was studied. The 
effects of the Rayleigh number, the amplitude, and 
the undulation number of the interface on the 
dynamic and thermal fields reveal that the flow 
intensity is more significant in the nanofluid layer 
than in the porous layer by increasing buoyancy 
forces, which contribute to reinforcing nanofluid 
circulation in the cavity and enhancing convective 
heat transfer.  

Temperature and concentration nanoparticle 
distributions are not affected by varying amplitude 
and undulation number values. 

The decline of local, average Nusselt, 
and Sherwood numbers is not important by 
increasing amplitude and undulation number values, 
from which we conclude that the flow is not 
sensitive to the variation in amplitude and 
undulation number of the wavy interface. 

The present configuration allows for reducing 
the product development time and costs. And 
achieving engineering-accurate performance 
predictions of a specific geometry  

This study can be extended to 3-D and 
incorporate an anisotropic porous medium with 
variable porosity, hybrid nanofluid, or two- phase 
fluide using the Buongiorno model. 
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Nomenclature 

 

 

 
Subscripts 
 c                        cold    
 h                        hot 
np                       nanoparticles 
 p                         porous medium 
 
 

 

B thermal expansion coefficient                                     
C concentration dimensionnel                                        
DB Brownian diffusion coefficient                                   
DT thermodiffusion coefficient                                         
CP specific heat capacity 
Da Darcy number                                                             
g gravitational acceleration 
h heat transfer coefficient 
H height dimensionless 
k thermal conductivity 
K Permeability 
L characteristic length 
Le Lewis number 
Nb  Brownian number 
Nr buoyancy ratio 
Nt thermophoresis 

parameter 
Nu avg        average Nusselt 

number 
Nu loc        local Nusselt number        
p pressure 
P Dimensionless 

pressure 
Pr Prandtl number 

Ra Rayleigh number 
Sh avg average Sherwood 

number 
Sh loc local Sherwood 

number 
T dimensional temperature 

 u, v dimensional velocity components 
U, V dimensionless velocity components 
W heat flux density 
x, y dimensional space coordinates 
X, Y dimensionless space 

coordinates 
Greek symbol 

ν   kinematic viscosity 
Ρ pressure 

𝛼 thermal diffusivity 
θ dimensionless temperature 
𝜙 volume fraction 

nanoparticle 
φ dimensionless concentration 
ѱ 𝑚𝑎𝑥  stream function 
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APPENDIX 

  

(a) (b) 
Fig. 7:  Local Nusselt and Sherwood numbers as a function of Ra 

 

  
Fig.  8: Average Nusselt and Sherwood numbers as a 

function of Ra 
 

Fig.  9: Average Nusselt and Sherwood numbers as a 
function of A 

  
(a) (b) 

Fig. 10:  Local Nusselt and Sherwood numbers as a function of A 
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(a) (b) 

Fig. 11:  Local Nusselt and Sherwood numbers as a function of n 
 

 

 

Fig. 12: Average Nusselt and Sherwood numbers as a function of n 
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