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Abstract: - The problem of unsteady MHD fluid flow past a moving vertical surface in a slip flow regime is
presented. The model is built on the assumption that the flow is naturally convective with oscillating time-
dependent and exponentially decaying suction and permeability, double-diffusion, viscous dissipation, and
temperature gradient-dependent heat source, and non-zero tangential velocity at the wall; the fluid is viscous,
incompressible, Newtonian, chemically reactive, and magnetically susceptible; the surface is porous, and
electrically conductive, and thermally radiative. The governing partial differential equations are highly coupled
and non-linear. For easy tractability, the equations are reduced to one-dimensional using the one-dimensional
unsteady flow theory. The resulting equations are non-dimensionalized and solved using the time-dependent
perturbation series solutions, and the Modified Homotopy Perturbation Method (MHPM). The solutions of the
concentration, temperature, velocity, rates of mass and heat diffusion, and wall shear stress are obtained,
computed, and presented graphically and quantitatively, and analyzed. The results among others, show that the
increase in the: Schmidt number increases the fluid concentration, velocity, the rate of heat transfer to the fluid,
and the stress on the wall, but decreases the rate of mass transfer to the fluid; Magnetic field parameter
decreases the fluid velocity and stress on the wall; Slip parameter increases the flow velocity, but decreases the
stress on the wall; Permeability parameter increases the flow velocity and the stress on the wall. These results
are benchmarked with the reports in existing literature and they agree.
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1 Introduction

Flow problems with the magnetic field, chemical cohesion. At the fluid-solid interface, the force of
reaction, and heat source/sink effects cut across attraction between the fluid particles and the solid
nature, science, and engineering. They have particles (adhesive force) is stronger than that
applications in the chemical and petroleum between the fluid particles (cohesive force). The
industries, cooling of nuclear reactors, catalytic force imbalance brings the fluid velocity to zero.
reactors, and the likes. The no-slip condition is a  universal

In fluid dynamics, the no-slip condition applies assertion\assumption or a mere ideology and does
to viscous fluids, and therein it is assumed that at not apply to inviscid flows, where the effect of the
solid boundaries the fluid velocity is equal to zero. boundary layer is neglected. However, for
The exertion is based on the fact that fluid particles engineering applications, the concept of no-slip
on the surface do not move along with the flow condition does not always hold. For example, at
when the force of adhesion is stronger than the very low pressure (at high altitude) some of the fluid
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particles near the solid surface move along with the
surface, thus bringing to bear the slip velocity
condition. Furthermore, at very high altitudes fluid
particles adjacent to the surfaces (of aircraft and
rockets, say) no longer take the velocity of the solid
surface but possess finite tangential velocities
known as the slip velocities (non-zero) with which
they slip along the surface. These slip velocities are
linearly proportional to the shear stress on the plate,
while the surface boundary with slip velocity
condition is the velocity-slip regime. The slip factor
is a function of mass flow rate, fluid entry condition,
working fluid viscosity, boundary layer growth,
flow separation, etc. A common approximation for
fluid slip ISU—=Uya( =a0U/0y where

a=2-m)/m the slip length, m is Maxwell’s

reflection  coefficient [1]. Importantly, the
Maxwell’s  reflection  coefficient/transmission
coefficient is a parameter that describes how the
wave is reflected by impedance discontinuity in the
transmission medium. It is the ratio of the amplitude
of the reflected wave/ transmitted wave to the
incident wave. The slip idealization was first
conceived and presented in [2], as a flow model
wherein the velocity normal to the boundary is set to
zero, while the velocity parallel to the boundary is
left free. Building on this, [3], formulated a slip
model, which has been used extensively by
researchers to date. Upon Maxwell’s model, a lot of
research has been carried out. For example, [4],
studied the slip flow at the entrance region of a
parallel plate channel; [5] considered the flow in
rectangular and annular ducts; [6] studied the MHD
steady flow in a channel with slip at the permeable
boundaries.

Specifically, concerning the flow past moving
vertical plates, [7] examined the MHD visco-elastic
flow with velocity slip when the plate is oscillating;
[8] investigated the transient flow under variable
suction, periodic temperature, and slip conditions;
[9] examined the effect of periodic heat and mass
transfer on the unsteady natural convective flow in
the slip-flow regime when the suction velocity
oscillates with time; [10] examined the flow under a
magnetic field influence when the plate is
oscillating in a slip velocity regime. Furthermore,
[11] studied the MHD flow under radiation and
temperature gradient-dependent heat source in a slip
flow regime; [12] looked into the slip boundary
layer of non-Newtonian fluid with convective
thermal boundary condition; [13] considered the
MHD convective heat and mass transfer in a
boundary layer slip flow over with thermal radiation
and chemical reaction; [14] looked at the transient
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MHD flow of a third-grade fluid when the plate is
insulated, and in the presence of thermo-diffusion,
time-dependent suction, heat source, mass transfer
and slip effects. [1], studied the unsteady MHD
natural convective flow over a porous vertical plate
in the presence of radiation and temperature
gradient-dependent heat source, exponentially
decaying suction and permeability in a slip flow
regime using time-dependent perturbation method
and numerical analysis, and observed that the
velocity increases with the increase in the slip
parameter and Grashof number, but decreases with
the increase in the magnetic field, heat source,
radiation, and chemical reaction rate parameters; the
temperature decreases with the increase in the
radiation and heat source parameters; the
concentration decreases with the increase in the
Schmidt number and chemical reaction rate
parameter. [15], studied the MHD natural
convective chemically reactive flow in the presence
of thermo-diffusion, fluctuating wall temperature
and concentration, thermal radiation, and free
stream and slip velocities; [16], considered the
MHD boundary layer flow with slip near a
stagnation point; [17], considered the flow in the
presence of heat generation/absorption, slip
velocity, and temperature jump. [18], investigated
thermal diffusion and chemical reaction effects on
an unsteady flow in the presence of temperature-
dependent heat source and velocity slip condition
using the method of exponentially increasing small
perturbation law, and saw that the velocity is
enhanced by the increase in the slip and
permeability parameters, and Grashof numbers; the
temperature increases with the increase in the
Prandtl number, but decreases with increase in the
heat source parameter; the concentration increases
with the increase in the Soret number, but decreases
with the increase in the permeability parameter and
Schmidt number. [19], examined the effects of
variable viscosity and periodic boundary conditions
on a free convective flow in a slip regime; [20],
examined the flow of a micro-polar fluid over a
radiating surface in the presence of variable
viscosity in a slip regime; [21], investigated the flow
under velocity slip and time-periodic boundary
effects; [22], examined numerically the higher-order
chemical reaction effects on MHD Nano-fluid flow
with velocity slip boundary condition. More so,
[23], considered the boundary layer flow in the
presence of cross-diffusion effect in a velocity slip
regime; [24], studied numerically the flow of a
Newtonian fluid in the presence of buoyancy, order
two thermal slip and entropy generation; [25],
looked into the transient slip flow with ramped plate
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temperature and concentration, thermal radiation
and buoyancy effects. Similarly, [26], considered
the transient MHD natural convective flow in a slip
regime with periodic movement, Hall currents, and
rotation effects; [27], gave a Reynolds analogy for
the flow at different regimes.

Other reports on the convective flow over a
vertical plate with slip velocity conditions are found
in [28], [29], [30], [31], [32], [33], [34], [35], [36],
[37].

More so, the interaction of electric and magnetic
fields in a flow system results in many factors that
influence the flow. By application, when a wire
carrying alternating current is applied to a non-zero
resistive plate/conductor a voltage difference is
created between the ends of the conductor in the
electric field. The electric field accelerates the
charge carriers (electrons, ions, and holes) on the
plate in the direction of the electric field to give
kinetic energy. At collision with each other on the
plate, the charged particles are
scattered/randomized. The scattering motions of the
charged particles cause the temperature of the
plate/conductor to rise. This thermal effect is called
the Joule/Ohmic heating. By this, electric energy is
converted into thermal energy. Also, as the fluid
flows past the plate a dissipating force that works
mechanically to heat the fluid is produced. It is
noteworthy that Joule heating is limited by
viscosity, electric conductivity, and fouling deposits
on the conductor. Furthermore, the varying
alternating currents lead to the heating of the plate
non-uniformly. Similarly, the heating of the plate to
a high-temperature regime leads to the emission of
thermal radiant rays. The effects of Joules/Ohmic
heating, magnetic field, and viscous dissipation in
the problem of convective heat and mass transfer on
the flow past vertical plates have been investigated.
For example, [38], examined the viscous and Joule
heating effects on the MHD free convection flow
with variable plate temperature; [39], studied the
MHD natural convective flow of a radioactive fluid
past an inclined plate in the presence of chemical
reaction, temperature-dependent heat source, and
Joule heating wusing the method of regular
perturbation, and noticed that an increase in the
magnetic field parameter decreases the velocity,
whereas an increase in the permeability parameter
increases it; the increase in the Prandtl and Schmidt
numbers, respectively, condense the thermal and
concentration boundary layers.

In highly interactive systems, where magnetic
flux, convection, and chemical reaction are
significant heat and mass transfer occur
simultaneously. The simultaneous effect on the
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system called double-diffusion induces buoyancy.
The differential in temperature produces Dufour
(thermo-diffusion), while the differential in
concentration produces Soret (diffusion-thermo).
The double-diffusion phenomena were developed
from the kinetic theory of gases, [40], [41]. They are
smaller than the Fourier and Ficks effects, [42]. For
their relevance, many reports bearing double-
diffusion effects exist in the literature. Specifically,
on the flow over vertical plates, [43], considered
natural convective and mass transfer effects on a
two-dimensional case using the similarity technique
and Runge-Kutta sixth-order approach; [44],
examined the effects of thermal radiation, Hall
currents, Dufour and Soret numbers on the MHD
mixed convective flow; [45] investigated the free
convective flow with double-diffusive convection
using the successive linearization method; [46]
studied a mixed convective heat and mass transfer
flow along a wavy surface in a Darcy porous
medium in the presence of cross-diffusion effects
using similarity transformation and numerical
scheme for aiding flow, opposing flow, and for both
aiding and opposing flows.

The problem of natural convective fluid flow
over a vertical plate with chemical reaction,
radiation, and temperature-dependent heat source in
a slip flow regime using the time-dependent and
exponentially decaying perturbation series solution
approach was examined by [1]. In their work, the
effects of thermo-diffusion and viscous dissipation
were neglected. As an extension of [1], this present
work investigates the flow problem in the presence
of the aforementioned parameters using the time-
dependent and exponentially decaying perturbation
series solutions and the Modified Homotopy
Perturbation Method.

This paper is presented in the following format:
Section 2 gives the problem formulation; Section 3
holds the problem Solution; Section 4 holds the
conclusion.

2 Problen;( Formulation

A

v fed vee
%

C
%
u < B,
%
>y

Fig. 1: The model of a vertically accelerating plate
in a fluid
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The transient MHD natural convective flow past
a moving vertical surface in a slip flow regime is
investigated. The schematic of the flow is shown in
Figure 1. The model formulation is based on the
assumptions that: the fluid is Newtonian, thermally
radiating, chemically reacting and electrically
conducting; the physical properties of the fluid such
as the specific heat at constant pressure, thermal
conductivity, and density remain constant
throughout the fluid; the fluid is mixed with a
chemical species at a higher concentration to initiate
a chemical reaction; the plate is porous, its
permeability and suction at the wall are oscillating,
time-dependent and exponentially decaying; the
plate is connected to a wire carrying an alternating
current, which produces a voltage between the ends,
and which in turn energizes the ions, electrons and
holes on the plate to generate a Joule/Ohmic heating
that produces a mechanical force/viscous
dissipation; a magnetic field force of uniform
strength and negligible induction effect is applied
transversely to the plate; there is a convective
temperature gradient between the bottom and upper
surfaces of the plate with a heat source at the bottom
and sink at the top; the plate is heated to a high
temperature regime such that thermal rays are
emitted into the fluid; the flow is naturally
convective. In this model, the x-axis is taken to be in
the vertical direction of the plate and the y-axis is
normal to it. Therefore, if (u,v)are the velocity

components in the spatial (X,y,t) coordinates; Ty
and Cyy are the temperature and concentration at the

wall; vis the velocity along the y-axis and the
suction at the wall; Ty, andC,, are the fluid

equilibrium temperature and concentration, T and
C are the fluid temperature and concentration.
Then, using the unsteady one-dimensional flow
theory and Boussinesq’s approximations the
governing equations of continuity, momentum,
energy, and mass diffusion are:
a\/'

—=0=V, (1)
oy o
ou'  ,ou' 62u' L
WJFVW_Uergﬂt(T Too)
2

e~ \_|oeBo” v, 2
+9fc(C—Coo) [—pm +K]u @
oLk T 1 Ay
o oy pCpay2 pCp O

E-ISSN: 2224-347X

102

Ighoroje W. A. Okuyade, Tamunoimi M. Abbey

2 2
Q' 8( , v (6u'} Dk; o-C'

= (M Tt | o | —— =2 (3

,DCp oy Cp oy pCpCS ay'z
oc' aC' . a%C ,
with the boundary condition:
U(t.0)=a S0 =0 TE.0=Tw,
C'(t,0)=Cwaty'=0 (%)
u'(t',e0)=0,v'(t',00)=0,T'(t',0) > Too,
C'(t',00) >Cepat y'—>0 (6)

v 1s the kinematic viscosity; p is the density; g is
the acceleration due to gravity; f is the coefficient
of volumetric expansion due to temperature; fe is

the coefficient of volumetric expansion due to
concentration; k is the thermal conductivity of the
fluid; g4y, 1s the magnetic field permittivity; Q' is

the heat source/sink; o is the electrical

conductivity of the fluid; Bg is the magnetic field
ﬂux;Cp is the specific heat capacity at constant

pressure; Cg is the concentration susceptibility; k¢ is

the thermal diffusivity ratio; D is the coefficient of
mass transfer/ mass diffusion coefficient; x is the
permittivity of the porous plate; ky is the chemical

reaction term of the species.

Assuming the suction at the wall and
permeability of the medium are oscillating, time-
dependent, and exponentially decaying, then:

(7
®)

v=—vo(1+e Mt

xk=ko(l+ 5e_m't')

wherem' is a positive constant, Vgis the steady
suction at the wall. Suction is a criterion for
determining certain flow situations. For example,
for v<0 suction (the fluid moves towards the
plate), v>0 injection (the fluid moves from the
plate), andv=0 the plate is impermeable. Similarly,
kois the steady permeability of the wall

Permeability is Darcian for xg<1,and non-Darcian
for xg>1. While porosity is a measure of the voids

in a material, permeability is a measure of the ease
of flow of a fluid through a porous solid. In other
words, porosity determines the number, sizes, and
inter-connectedness of the voids in a solid material,
while permeability determines the ease of fluid flow
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through the voids. Both porosity and permeability
are related to the number, size, and connections of
openings in solid materials, hence many a time they
are used interchangeably.

More so, radiation is seen as a heat transfer
from a high-temperature regime. In effect, it is
comparable to convective heat transfer. It is
described in terms of optical depths: depths at which
photons travel/penetrate fluids. Optical depths can
be thin or thick. A fluid is optically thin/transparent
when its density is relatively low, and the depth of
penetration/distance it allows long photon travel in
it is far less than unity (a<<1). Examples of
optically thin environments include the non-
participating media in which energy is emitted from
the fluid but is not absorbed, as in gray gas. Also, a
fluid is optically thick/non-transparent when its
density is high enough to allow short photon travel
in it. The optically thick fluid emits and absorbs
radiation at the boundaries. The analysis of radiation
is based on the optic limits: thin or thick.
Importantly, the radiative heat flux is approximated
by the Roseland diffusion approximations. Now, on
the assumption that the fluid here is optically thin,
we adopt the Roseland approximation:

) 0
ar'=3ay0r 4oy 2 (T4-Td)

such that
' 2
aq_r:—4gala_a-4 T (9)
ay 8y'2

Taking the temperature difference within the
flow to be sufficiently small such that(T —Ty)=¢&,

and £ is a non-constant small temperature correction

factor, then T 4 can be expressed as a linear function
of the temperature in the Taylor series about T,

T4=413T 373
with the higher-order terms neglected.

Substituting this into equation (9) gives:
3 ava

10
oy (10)

and by equations (7), (8) and (10), equations (2) -
(4) become:

ou' _mvt|
——Vo(l+e&e —= —+ T
o Vol )ay o2 9B (TToo)
82 1))
+09f3c(C—Coo)-| T80+ oA
c(C=Car) PHN  ko(l+eeMT)
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o “mthoT'_ k 84T 1 ogp
Py Vo(l+e&e )8y o ay'2 pCp 3
Q dqig _(a_uJ _ Dk o
,DCp ay( OO)+Cp ayv ,OCpCS ay'z
(12)
. , 2
%C,—vo(uee_mt)W_Dgy—c—kr(C‘—Coo) (13)

Making the problem independent of particular
units of measurement and geometry, and generating
the necessary parameters that control the flow, we

introduce the following non-dimensionalized
quantities:
240 .
_ Vol VoY 4om' T'Too
Ta0 Y T T M O T
qb C COO Gr—gﬂt(TW TOO)U
ce= WeCw=Co)v /4 _ UeBoU -
2 b b 0 K'
Vo /lmVo
krv Q'
pr=Y,sc=Y, rY N=
=k %= =D Nkt v
2 3
v 160aT,
Ec= 0 Ra Zl
p(TW T v°k
Dk (Cyy—Cs) 14)
kCo(Ty —T.
where® and @ are the non-dimensionalized

temperature and concentration, respectively; N is the
heat generation/absorption parameter; Gris the
Grashof number due to temperature difference; Gc
is the Grashof number due to concentration
difference; M is the magnetic field force; y is the
porosity parameter; Pr is the Prandtl number; Dr
is the Dufour number; Sc is the Schmidt number; §

is the chemical reaction rate) into equations (11) —
(13), (5) and (6), we have:

1ou —-mt, 0 azu
1o —(1+e&e )ay 8y'2+Gr®+GC(D
1

- M+—t— u 15
[ K0(1+6e_m )J ( )
100 “mt\p..00 020 00

1+ee P—_/I— PrN—
S VA A
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2 2
+PrEc{a—u] _prd® (16)
oy 8y'2
2
L0014 e MtygcOP 0P _gesy (17)
ot oy 8y2
where 1 =1+Ra
and the boundary conditions
ou
u=a—,0=1,0=laty=0 (18)
oy y
u=0,0=0,0=0aty=c (19)

Other factors influencing the flow are the
Nusselt number (or thermal conductivity of the
fluid), Sherwood number (or species conductivity of
the fluid), and wall shear stress (the force the fluid
exerts on the wall), and these are prescribed non-
dimensionally as:

Nu=-0'()g (20)
Sh=-®'(y)ly_g 1)
Cf =i'(y)y—g (22)

3 Problem Solution

3.1 Method of Solution

Equations (15) - (17) are reduced to ordinary
differential equations and solved using time-
dependent perturbation series solutions of the form,

[11]:

u(y.t =uo(y)+au; (y)e Mt+0(2) (23)
A(y,) =Op(y)+£0;(y)e M +0(£2) (24)
D(y,t) =Do(y) +eDy(y)e M +0(s2) (25)

Substituting these into equations (15) - (19)
appropriately, collecting and equating the cefficient
of the powers ¢, we have:

for the zeroth order

2
d 20 2o _ 1,4y = -Grey - Gowg (26)
dy dy
2 2 o
23 G;O +y%=—PrEc(%J _pr—20
dy dy dy oy2
(27)
2
Ao | 5cd%P0 _ge5p, -0 28)
dy? dy
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with the boundary conditions

uo=a%°,®o=1,d>o=1aty=0 (29)
Uo —)0,@0—)0,@0 —)Oaty:oo (30)
and for the first order
d2u, du d
— 1 Myu =—S%0 _Gre, -Ged 31)
d2@, de 40
— 1y, lipMe —_p &
A dy2 +y dy +Pr4®1 Pr dy
2
d o0“®
—2PrEc{%L;d_L;1]— Dr—21 (32)
ayl
d’o,  do, 0D,
—2+Sc——1,ufD1 =-Sc—
dy dy dy (33)
with the boundary conditions
ouy
oy aty="0 (34)
U —>0,0,->0,0, >0,y—>x (35)
1 I m
where M, =M +’<o sMy=M +K_0_Z,

W=[8c5—%J,/1:1—Ra,y=Pr(l+N)

Equations (26), (27), (31), and (32) are still
highly coupled. A second perturbation becomes
necessary. We resort to using the Modified
Homotopy Perturbation Method (MHPM) of
solutions.

The analysis associated with the Homotopy
Perturbation Method is as follows:
Consider the nonlinear equation

L)+ N(V)= f(r), r2q (36)
with the boundary condition
ou
Bl u,— [=0,r=r (37
»5)

where L is a linear operator, N is a nonlinear
operator, B is a boundary operator, " is the boundary
of the domain Q_ f(r)is a known analytic function.
For a Homotopy Perturbation technique, He (a
Chinese) constructed a homotopy:

v(r, p)=0,1] >R
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which satisfies

H(v, p)=(1- pILY)- Lo+ PLLW)+N(v)- f (r)]=0
(38)

where pE[0,1]is an impending parameter, Ugis an
initial approximation that satisfies the boundary
conditions. Clearly, from equation (38), we have:
H(v,0)=[L(v)-L(ug)=0,

H(v,1)=[L(v)+N(v)-f(r)]=0

Importantly, the process of changing p from
zero to unity v(r,p) is like that of changing from

Ug(r) to u(r), and this is called a deformation in
Topology; the [L(v)-L(up)=0 and
[L(v)+ N(v)— f(r)]=0 are called homotopic.

Here, the basic assumption is that the solution of
equation (38) can be expressed as a power series in
p:

V=Vo+py + pzv2 +...

and the approximate solution of equation (36) is
obtained as, [47]; [48]:
U=limv=vg+V]+V,+...

p—1

The difference between HPM and MHPM is
seen in their use of boundary conditions. In HPM,
order zero takes the boundary conditions at t<0,
order one takes the boundary conditions at t>0 for
y=0, and order two takes that at t>0 for y=co, while
in MHPM all the orders use the boundary conditions
at t>0: y=0 and y=o0 but with little modifications, as
we shall see below.

Based on the given analysis, writing equations (26) -
(35) in MHPM form, we have

For the Zeroth Order
(1= p)ug"'= p[-Up"—Up'+MUg —GrOg —GcdPg] (39)

(1- P)ABq"= P[~100"—1®0+ PrEC(Up")2 — Drdg"]

(40)
(1= p)®o"= p[-Pp"-ScPp'-SciPo] (41)
such that
Up''= p[—UO'-FMlUO —Gr@o —GC(Do] 42)
J@0"= p[~100'+PrEC(Ug")? — Drdg"'] (43)
CDOHZ p[—SCCDd—SC&Do] (44)

Expanding the dependent variables in terms of p, we
have:
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for the zeroth order:

Up =Ugy+ Pl + p2u02+.. (45)
®0 =0+ PO+ POy +- (46)
Do =Dy + PPy + P2y +.. (47)
and for the first order

Up=U o+ Pu 1+ p2u12+.. (48)
©,=0;(+ POy |+ P?O| 5+ (49)
@, =Dy o+ PPy + PPDy 5+ (50)

Substituting equations (45)-(47) into equations (42)-
(44) and (29) and (30), gives:

—(Upgg+PUpy’
+ p2u02')

+ Ml(u00+ pu
01+ PUg2)

" A 2 "
u +pu +pP“u =
00 Pl P02 =P @y, + poy,

+p20,,)
—Gc(CDOO+ pCD()l

+ p26D02)
(51

— 7/(600’4‘ p@O 1"‘1‘
p2®02')

+PrEC[(Uy")?

+ p(U()l")2
+p2(Ugy"?]
~Dr(®,"

+ pCDOI”+

p2®02|1)

Il
°

" ", 2 "

(52)
=Sc(®@g¢'
+pDg '+

" " 2 "__ 2 L
D" +PP) PR, = Py PP ")
—~SCS(D g+
D+ pPDy)
(53)

Collecting the coefficients of the of the powers of p
in each case, we have:
Upg"=0 (54)
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ﬂ@oo”z 0 (55)
CDOO": 0 (56)
UO 1”:—UOO'+MIUOO—Gr®00—GCCDOO (57)
i@o 1”:—7@00'—PI'EC(U00”)2 - qu)OO” (58)
CDO 1”: —SCCDOO'—SC&DOO (59)
UOZHZ—UO 1'+M1U01—Gr®01—GC(D01 (60)
ﬂ@oz":—}@o 1'—PrEC(UO 1”)2 - DF(DO 1" (61)
q)02": —SC(DO 1'—SC&)O 1 (62)
with the boundary conditions
9]
“00:0‘%’(900:1"1’00:1“3/:0 (63)
UOOZO,GOOZO,(DOOZOaty=OO (64)
U01:0‘au01’®01:0"D01=0aty:0 (65)
u01:0’®OIZO’(D01:0aty=OO (66)
0
“022“%@02:0»@02:0”3’:0 (67)

The First Order

Similarly, by expressing equations (31)-(35) in
MHPM form, we substitute equations (48)-(50) into
them, and collecting and equating the coefficients of
the powers of p in the resulting equations to zero,
we obtain:

Uy "=0 (69)
16, ('=0 (70)
®o'=0 (71)
U1"= U0 +Mal g =Upg GO g ~Gedyg - (72)
"__ ' Prm ]
A011"= 1010510~ PO00
~2PrEc(Uy 'l )% — Drady " (73)
"= =S0Py g1y g~ SCPy (74)
u,"'=—-U,"+Mu;, —u,,'-Gre,, -Ged,, (75)
"__ \J Prm |l
A0)"=—0 =501~ P16y
—2PI'EC[(UOOVUI 1')+(UO 1‘U1 0')]— qu)l O” (76)
(I)l 2”:—ch)1 1'+l//(D1 I—SC&DOI (77)
with the boundary conditions,
ou

oy
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Uy =08 =0,0; (=02t y=u (79)
ullza%@“:o,@“:oatyzo (80)
Uy 1=0,0; | =0,0; =0aty=oo (81)
2= 812,01 0=0.0, -0ty =0 (82)
Uj5=0,0,,=0,0;,=0aty =00 (83)

Equations (54)-(68) and (69)-(83) are solved
using the Mathematica 11.2 computational software,
and their solutions are found in the Appendices.

3.2 Results and Discussion

The solutions of the concentration, temperature,
velocity, Nusselt number, Sherwood number, and
wall shear stress are computed and presented
quantitatively and graphically. The effects of the
rate of chemical reaction, Schmidt number, Grashof
number, slip, magnetic field, and permeability
parameters are considered. For physically realistic
constant values of Ec=0.1,Dr=0.01,Pr=0.7,
Ra=3,Gc=3,N=3,£6=0.01,p=0.1,t=1,m=0.5
and varied values of J,Sc,Gr,a,M ,K()> We obtained

the figures and table below.

®(y) against y for 6=0.1,0.5,1.0,1.5,2.0
D(y)

10

6=0.1,05101520

08 -

06 -

04 -

02

I I I I I
05 10 15 20 25 30 Y

Fig. 2: Concentration-Chemical Reaction Rate
Profiles

u(y) against y for 6=0.1,0.5,1.0,1.5,2.0

6=0.105,101520

! ! ! ! !
y
05 10 15 20 25 30

Fig. 3: Velocity-Chemical Reaction Rate Profiles
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Table 1. Some Parameters-Sherwood Number,
Nusselt Number, and Wall Shear Stress Relations

Parameters  — @'(0) —-0'(0) u'(0)

)

0.1 0.294755 0.327439 0.256117
0.5 0.267821 0.327442 0.260611
1.0 0.233099 0.327447 0.266285
1.5 0.197205 0.327451 0.271934
Sc

0.1 0.323176 0.327744 0.250048
0.5 0.280969 0.327446 0.258193
1.0 0.224703 0.327449 0.268373
1.5 0.164533 0.327451 0.278554
M

0.1 0.293304
0.5 0.260064
1.0 0.220136
1.5 0.179636
(24

0.1 0.509107
0.5 0.382889
1.0 0.260636
L5 0.165565
ko

0.1 0.152264
0.5 0.260631
1.0 0.341636
1.5 0.368636

The effects of the chemical reaction rate on the
flow are seen in Figure 2, Figure 3 and Table 1.
They show that the increase in the rate of chemical
reaction increases the fluid concentration, velocity,
the rate of heat transfer to the fluid, the force
exerted on the wall, and the rate of mass transfer to
the fluid. A chemical reaction may lead an increase
in the interaction of fluid particles, and the
production of new species. More so, a chemical
reaction may be exothermic or endothermic, and
therein heat is generated or absorbed.
Phenomenally, this ought to increase the velocity,
thus accounting for what is seen in Figure 2, Figure
3 and Table 1.

d(y) against y for S.=0.1,0.5,1.0,1.5,2.0

Sc=0.1,05,10,1520

02

y

I I I I I
05 10 15 20 25 30

Fig. 4: Concentration-Schmidt Number Profiles
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u(y) against y for S.=0.1,0.5,1.0,1.5,2.0

03[ Sc=0105101520

02+

01

05 10 15 20 25 30

Fig. 5: Velocity-Schmidt number Profiles

The effects of Schmidt number on the flow are
shown in Figure 4, Figure 5 and Table 1. They
depict that the increase in the Schmidt number
increases the fluid concentration, velocity, the rate
of heat transfer to the fluid, and stress on the wall,
but decreases the rate of mass transfer to the fluid.
Schmidt number is the ratio of momentum diffusion
to mass diffusion. When the mass diffusion
increases the concentration increases. Similarly,
when the momentum diffusion dominates the
system, the velocity increases. More so, with the
increase in the concentration, the velocity, as a
function of concentration increases.

u(y) against y for G,=0.1,0.5,1.0,1.5,2.0

04

03

)

02 -
Gr=0.1,05,10,1520

01r

05 10 15 20 25 30

Fig. 6: Velocity-Grashof Number Profiles

u(y) against y for @=0.1,0.5,1.0,1.5,2.0

@=0.1,0510,1520

04 -

02 -

! ! ! ! !
05 10 15 20 25 30 Y

Fig. 7: Velocity-Slip Parameter Profiles
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Furthermore, the effect of the Grashof number
on the flow is shown in Figure 6. It depicts that the
increase in the Grashof number increases the
velocity of the flow. When the temperature at the
plate/environmental temperature is higher than that
of the fluid at equilibrium heat is transferred from
the plate to the fluid. Now, a differential exists
between the temperature at the plate and that of the
fluid at equilibrium. In the presence of volumetric
expansion due to heat exchange and gravity,
convection currents are generated. The convection
currents induce a buoyancy force which reduces the
fluid viscosity, thus enhancing the fluid velocity; as
seen in Figure 6. This result aligns with [1] and [18].

Additionally, the effects of the slip velocity
parameter on the flow are shown in Figure 7 and
Table 1. They show that the increase in the slip
parameter increases the flow velocity, but decreases
the stress on the wall. The slip length is a function
of Maxwell’s reflection/transmission coefficient,
which describes the way wave
reflection/transmission affects the flow velocity. A
higher reflection/transmission increases the slip
length, and vice versa. Therefore, an increase in the
wave reflection/transmission increases the fluid
velocity. This result is in agreement with [1] and
[18].

u(y) against y for M=0.1,0.5,1.0,1.5,2.0

M=0.1,051.01520

01

I I I I I
05 10 15 20 25 30

Fig. 8: Velocity-Magnetic Field Profiles

u(y) against y for k,=0.3,0.5,1.0,1.5,2.0

x0=03,05,10,15,20

01

I I I I I
05 10 15 20 25 30

Fig. 9: Velocity-Permeability Profiles
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Similarly, the effects of the magnetic field on the
flow are shown in Figure 8 and Table 1. They show
that the increase in the magnetic field parameter
decreases the fluid velocity and the stress on the
wall. The particles of a chemically reactive fluid
exist as charges or ions and generate electric
currents in the presence of an applied magnetic
force. Again, the interaction of the electric currents
with the magnetic field force produces a mechanical

force called the Lorentz force (F =In BO, where |
is the electric current density, and B, is the magnetic
field flux). The Lorentz force has the potency of
freezing up the flow velocity. More so, the decrease
in the velocity must decrease the stress on the wall.
The results are in consonant with [1].

Also, the effects of permeability/porosity are
shown in Figure 9 and Table 1. They show that the
increase in the permeability factor of the porous
media increases the flow velocity and the stress on
the wall. In addition to the hydraulic conductivity
effect of the porous plate, the permeability factor
determines the ease of flow of a fluid passing
through a porous medium. The higher the
permeability parameter the easier the fluid flows
through the medium. Therefore, the velocity will
increase with the increase in the permeability
parameter. This result aligns with [18].

4 Conclusion

Transient MHD fluid flow past a moving vertical
surface in a slip flow regime is investigated. The
analysis of results shows that the increase in the:

e rate of chemical reaction increases the fluid
concentration, velocity, rate of heat transfer
to the fluid, and stress on the wall, but
decreases the rate of mass transfer to the
fluid.

e Schmidt number increases the fluid
concentration, velocity, rate of heat transfer
to the fluid, stress on the wall, and the rate
of mass transfer to the fluid.

e Grashof number increases
velocity.

e magnetic field parameter decreases the
fluid velocity and stress on the wall.

e slip parameter increases the flow velocity,
but decreases the stress on the wall

e porosity parameter increases the
velocity and stress on the wall.

These results are benchmarked with some reports in
existing literature, and they are in consonance.

the fluid

flow

Volume 19, 2024



WSEAS TRANSACTIONS on FLUID MECHANICS
DOI: 10.37394/232013.2024.19.10

References:

[1]

[2]
[3]

[4]

[7]

[8]

[9]

[10]

Rao, B.M., Reddy, G.V., Raju, M.C., &
Varim, S.V.K., MHD transient free
convective and chemically reactive flow past
a porous vertical plate with radiation and
temperature gradient-dependent heat source
in a slip-flow regime. IOSR Journal of
Applied Physics, Vol. 3, No. 6, 2013, pp. 22-
32.

Navier, C.L.M.H, Memoirs. Academy Science
Institute, France, Vol. 1, 1823, pp. 414-416.
Maxwell, J.C., On stresses in rarefied gases
arising from inequalities of temperature.
Philosophy  Transaction Royal Society,
London, Vol. 170, 1879, pp. 231-256.
Sparrow, E.M., Lundgren, T. S., & Lin, S.H.,
Slip flow in the entrance region of a parallel
plate channel, In Proceeding of the Heat
Transfer and Fluid Mechanics, Institute,
Stanford University Press, 1962, pp. 223-238.
Ebert, W.A., & Sparrow, E.M., Slip flow in
rectangular and annular ducts. Journal of
Basic Engineering, Vol. 87, 1965, pp. 1018-
1024.

Makinde, D.O., & Osalusi, E.O., MHD steady
flow in a channel with slip at the permeable
boundary. Romania Journal of Physics, Vol.
51, No. (4-5), 2005, pp. 319-328.

Singh N.P., Singh. R.V., & Singh, Atul
Kumar, The flow of a visco-elastic fluid
through a porous medium near an oscillating
plate in a slip flow regime in the presence of
the electromagnetic field. Industrial Journal
of Theoretical Physics, Vol. 47, 1999, pp.
203-209.

Sharma, P.K., & Chaudhary, R.C., Effect of
variable suction on transient free convection
on a viscous incompressible flow past a
vertical plate with periodic temperature
variation in the slip-flow regime. Emirates
Journal of Engineering Research, Vol. 8,
2003, pp. 33-38.

Sharma, P.K., Fluctuating thermal and mass
diffusion on unsteady free convective flow
past a vertical plate in the slip-flow regime.
Latin American Applied Research, Vol. 35,
2005, pp. 313-319.

Singh, P., & Gupta, C.B., MHD free
convective flow of viscous fluid through a
porous medium bounded by an oscillating
porous plate in a slip flow regime with mass
transfer. Indian Journal of Theoretical
Physics, Vol. 53, 2005, pp. 111-120.

Singh, N.P, Kumar, A., Singh, A.K., & Singh
Aul K., MHD Free convective flow of

E-ISSN: 2224-347X

[12]

[13]

[14]

[15]

[16]

[17]

[18]

Ighoroje W. A. Okuyade, Tamunoimi M. Abbey

viscous fluid past a porous vertical plate
through a non-homogeneous porous medium
with radiation and temperature gradient-
dependent heat source in the slip-flow regime.
Ultra Science, Vol. 18, 2006, pp. 3.

Ajadi, S.O., Adegoke, A., & Aziz, A., Slip
boundary layer flow of a non-Newtonian fluid
over a vertical plate with convective thermal
boundary condition. International Journal of
Nonlinear Science, Vol. 8, No. 3, 2009, pp.
300-306.

Pal, D., & Talukdar, B., Perturbation analysis
of unsteady magneto-hydrodynamic
convective heat and mass transfer in a
boundary layer slip flow past a vertical
permeable plate with thermal radiation and
chemical reaction. Communications in
Nonlinear Science and Numerical Simulation,
Vol. 15, 2010,  pp. 1813-1830.
https://dx.doi.org/10.1016/j.cnsns.2009.07.01
1.

Devi, S.P.A., & Raj, JW.S., Thermo-
diffusion effects on unsteady hydro-magnetic
free convection flow with heat transfer past a
moving vertical plate with time-dependent
suction and heat source in a slip flow regime.
International Journal of Applied Mathematics
and Mechanics, Vol. 7, 2011, pp. 20-51.
Sengupta, S., & Ahmed, N., MHD free
convective chemically reacting flow of a
dissipative fluid with thermal radiation,
fluctuating wall temperature, and
concentration in velocity slip regime.
International Journal of Applied Mathematics
and Mechanics, Vol. 10, No. 4, 2014, pp. 27-
54.

Seini, Y.I., & Makinde, O.D., The boundary
layer flows near a stagnation point on a
vertical surface with a slip in the presence of
a magnetic field. International Journal of
Numerical Methods for Heat and Fluid Flow.
Vol. 24, No.1, 2014, pp. 643-653.

Adesanya, S.0O., Free convective flow of a
heat-generating/absorbing  fluid  through
vertical channels with velocity slip and
temperature jump. Ain Shams Engineering
Journal, Vol. 6, No. 3, 2015, pp. 1045-1052.
Kumar, N.S., Kumar, R., & Kumar, A.G.V.,
Thermal diffusion and chemical reaction
effects on unsteady flow past a vertical
porous plate with heat source dependent in
slip flow regime. Journal of Naval
Architecture and Marine Engineering, Vol.
13,2016, pp. 51-62

Volume 19, 2024


https://dx.doi.org/10.1016/j.cnsns.2009.07.011
https://dx.doi.org/10.1016/j.cnsns.2009.07.011

WSEAS TRANSACTIONS on FLUID MECHANICS
DOI: 10.37394/232013.2024.19.10

[19] Ojeagbase, P.O., & Ajibade, A.O., Effects of

[20]

[22]

[24]

[25]

[26]

[27]

variable viscosity and periodic boundary
conditions on natural convection double-
diffusive flow past a vertical plate in a slip
regime. Proceedings of the Institute of
Mechanical Engineering, Part E: Journal of
Mechanical Engineering, Vol. 231, No. 5,
2016.
https://doi.org/10.1177/0954408916649214.
Sharma, B.K., Tailor, V., & Goyal M., Role
of Slip velocity in a magneto-micro-polar
fluid flow from a radiative surface with
variable permeability: A numerical study.
International Journal of Applied Mechanics
and Engineering, Vol. 22, No. 3, 2017, pp.
637 -651.

Adesanya, S.O., Rundora, L., Lebelo, R.S., &
Moloi, K.C., MHD natural convection slip
flow through vertical porous plates with time-
periodic boundary conditions. Defect and
Diffusion J8, Vol. 388, 2018, pp. 135-145.
Kharabela, S., Sampada, K.P., & Gouranga,
C.D., Higher order chemical reaction on
MHD Nanofluid flow with slip boundary
conditions: a numerical approach.
Mathematical Modeling of Engineering
Problems, Vol. 6, No. 2, 2019, pp. 93-99.
Reddy, B.S., & Saritha K., Boundary layer
slip flows over a flat plate with Soret and
Dufour effects. Application and Applied
Mathematics. Special issue, Vol. 4, 2019, pp.
31-43.

Ganesh, N.V., Al-Ndallal & Chamkha Q.M.,
A numerical investigation of Newtonian flow
with buoyancy thermal slip of order two and
entropy generation. Case Studies in Thermal
Engineering, Vol. 13, 2019, pp. 100376.
Maitti, D.K., & Mandal,H., Unsteady slip
flows past an infinite vertical plate with
ramped temperature and concentration in the
presence of thermal radiation and buoyancy.
Journal of Thermophysics, Vol. 28, 2019, pp.
431-451.

Nandi, S., & Kumbhaka, B., Unsteady MHD
free convective flow past a permeable vertical
plate with periodic movement and slippage in
the presence of Hall currents and rotation.
Thermal Science and Engineering Process,
Vol. 100561, 2020.
https://doi.org/10.1016/j.tsep.2020.100561.
Abramov, A.A., & Bulkovskii A.V.,
Reynolds analogy for fluid flow past a flat
plate at different regimes... Physics of Fluids,
Vol. 23, 2021,
https://doi.org/10.1063/5.0032143

E-ISSN: 2224-347X

110

[28]

[30]

[32]

[33]

[34]

[35]

Ighoroje W. A. Okuyade, Tamunoimi M. Abbey

Pal, D., Veerabhadraiah, R., Shiva Kumar,
P.N., & Rudraiah, N., Longitudinal dispersion
of tracer particles in a channel bounded by
porous media using slip condition.
International Journal of Mathematics and
Mathematical Sciences, Vol. 7, 1984, pp.
755.

Kumar, K., Varshney, M., & Varshney, C.L.,
Elastico-viscous stratified fluctuating
Hartmann flow through a porous medium past
an infinite rigid plane in slip regime, IMACT,
Vol. 20, 1987, pp. 65-71

Rao, L1.J., & Rajagapa L.K.R., Effects of the
slip boundary condition on the flow of fluid
in a channel. Acta Mechanica, Vol. 135,
1999, pp. 113-126

Singh, Atul Kumar, Singh, P.N., & Singh,
R.V., MHD flow of a dusty viscoelastic liquid
(Rivlin-Ericksen) through a porous medium
bounded by an oscillating porous plate in a
slip flow regime. The Mathematics
Education, Vol. 34, 2000, pp. 53-55.

Hamad, M. A.A., Uddin, M.J., & Ismail,
A.LM., Investigation of combined heat and
mass transfer by lie group analysis with
variable diffusivity taking into account
hydrodynamic slip and thermal convective
boundary conditions. International Journal of
Heat and Mass Transfer, Vol. 55, No.4, 2002,
pp- 1355-1362.

Srinivas, S., & Muthuraj, R., MHD flow with
slip effects and temperature-dependent heat
source in a vertical wavy porous space.
Chemical Engineering Communications, Vol.
197,2010, pp. 1387-140

Reddy, Sudhakar T., Raju, M.C., & Varma,
S.V.K., Effects of slip condition, Radiation
and chemical reaction and chemical reaction
on unsteady MHD periodic flow of a viscous
fluid through a saturated porous medium in a
planar channel. Journal of Mathematics, Vol.
1,2012.

Venkteswara, Parandham A., Raju, M.C., &
Babu, K.R., Unsteady MHD free convection
flow of radiating and reacting Jeffery fluid
past a vertical plate in slip-flow regime with a
heat source. Frontiers in Heat and Mass
Transfer, Vol. 10, 2018, pp. 10-25

Nasrin, Sonia, Mohammed R. Islam, & Alam,
M., Hall and ion-slip current effect on steady
MHD fluid flow along a vertical porous plate
in a rotating system. AIP conference
proceeding Vol. 212, No. 1, 030024, 2019, 8"
BSME International Conference on Thermal
Engineering. Doi: 10.1063/1.5115869.

Volume 19, 2024


https://doi.org/10.1177/0954408916649214
https://doi.org/10.1016/j.tsep.2020.100561

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

WSEAS TRANSACTIONS on FLUID MECHANICS
DOI: 10.37394/232013.2024.19.10

Singh, K., & Marroj Kumar, Slip flow of
micro-polar fluid through a permeable wedge
due to the effects of chemical reaction and
heat source/sink with Hall and ion-slip: An
analytic approach. Propulsion and Power
Research, Vol. 9, No. 3, 2020, pp. 289-303.
Hossain, M.A., Viscous and Joule heating
effects on MHD free convection flow with
variable plate Temperature. International
Journal of Heat and Mass Transfer, Vol. 35
No. 12, 1992, pp. 3485-3487.

Veeresh C., Varma, S.V.K., & Praveena, D.,
Heat and mass transfer in MHD free
convection chemically reactive and radiative
flow in a moving inclined porous plate with
temperature-dependent heat source and Joule
heating. International Journal of
Management, Information, Technology and
Engineering, Vol. 3, No. 11, 2015, pp. 63-74.
Chapman, S., & Cowling, T.G., The
Mathematical Theory of Non-uniform gas,
Cambridge University Press, UK, 1952
Hirshfelder, J.O., & Curtis, C.F., Bird, R.B.,
Molecular Theory of Gases and Liquids,
Wiley, New York, 1954.

Sarma Sreedhar, G., Govardhan, K., Thermo-
diffusion and diffusion-thermo effects on free
convection heat and mass transfer from the
vertical surface in a porous medium with
viscous dissipation in the presence of thermal
radiation, Archives of Current Research
International, Vol. 3, No. 1, 2016, pp. 1-11.
Alam, M.S., Ferdows, M., & Ota, M., Dufour
and Soret effects on unsteady free convective
and mass transfer past a semi-infinite vertical
porous plate in a porous medium.
International Journal of Applied Mechanical
Engineering, Vol. 11, No. 3, 2006, pp. 535—
545.

Shateyi, S., Motsa, S.S., & Sibanda, P., The
effects of thermal radiation, Hall currents,
Soret, Dufour, and MHD flow by mixed
convection over a vertical surface in porous
media. Mathematical Problems in
Engineering, 2010, PP- 1-12,
https://doi.org/10.1155/2010/627475.

Awad, F.G., Sibanda, P., Narayana, M., &
Motsa, S.S., Convection from a semi-finite
plate in a fluid-saturated porous medium with
cross-diffusion and radiative heat transfer.
International Journal of Physical Sciences,
Vol. 6, No. 21, 2011, pp. 4910-4923,
https://doi.org/10.5897/1JPS11.295.
Srinivasacharya, D., Mallikarjuna, B., &
Bhuvanavijaya, R., Soret and Dufour effects

E-ISSN: 2224-347X

111

Ighoroje W. A. Okuyade, Tamunoimi M. Abbey

on mixed convection along a vertical wavy
surface in a porous medium with variable
properties, Ain Shams Engineering. Journal,
Vol. 6, No. 2, 2015, pp. 553564,
https://doi.org/10.1016/].asej.2014.11.007.
Momani, S., Erjace, G.H., & Alnasr, M.H.,
The modified homotopy perturbation method
for solving strong nonlinear oscillators.
Computers and Mathematics with
Applications, Vol. 58, 2009, pp. 2209- 2220.
Hemeda, A.A., Homotopy Perturbation
method for solving systems of non-linear
coupled equations. Applied Mathematical
Sciences, Vol. 6, No. 96, 2012, pp. 4787-
4800.

[47]

APPENDICES
DQoo(y) = (A-y)/A
Ooi(y) = (B AySc3y*SA2 A2y 8 S-3Ay S
Scty® 8 So)/(6 A)

D(y) =(30 A’y 90 Ay> +60y’ +30A%y3d

60 A’y*d +8A'yd 20A%y S +15Ay!
5 3y 5 (360 A)
®io(y) =0

Dii(y) = (2 A2y 5 Se-3 A y2 8 Sc+y? 8 S)/(6 A)
Oia(y) = 1/(360 A L) (-15 A>y vy y+30 A y° y y-15
y'y w30 A%y 7 Sc-90 A y? ¥ Sc+60 y° v Sc+15 Ay
A -30Ay3A +I15y*3A +8A'y& A -20
A’y &N +HISAY' &L 3y &L )

Buo(y) = (A-y)/A

©01(y) = -(((-A y+y») /(2 A L))

On(y) = 1/(12 A2 22) (A’ y -3 A2 y2 y12 A
Y3 A*yLE. P-6A2y*AE. P4 Ay AE:
Pey*LE.  PrA6 A’y A EGe G P12 A’ y2 A EGe
G P8 A y° A EGe Gr Pi-2 y* & EcGe G; P43 Al y A
E. P-6A2y’AE. PH4Ay AE. Pey*AE
P-6 A2y A D; Sct+6 A y2 % Dy Se-d A® y 8 & D; Sct+6
A2y2 573D, Se-2 A y3 8% DiSe)

O1(y) =0

On(y) = -(((-A y+y*) /(2 AL))

On(y) = 1/(96 A %) (8 A%y y>-24 A y* y*+16 y° v*-
A’my +2Amy’ -my* -32 A’y 3 LD, S+48
Ay*3AD;Sc-16 y* A Dy Sc+8 A? y A Py Sc-24 A y?
AP, Sct16 y3 A Py Sctd Ay 5 APy Se-16 A2 y2 5 A Py
Sc+16 A y3 8% P; Se-d v 5 A PiSe)

uoo(y) =0

wn(y) = (2 A y Ge-3 A? y2GetA 33 G2 A a Ge3
A ¥ o Gety® o G2 A’y G-3 A? v’ GitA y° G2
A’ a0 G-3 A y? o Gety? o G/(6 A (A+a));

un(y) = 1/(360 A (A+a) 1) (15 A*y A Ge-60 A% y2 4
Get60 A2 y3 & Ge-15 A y* & Ged5 A3y 0 A Get60 A
v ol Ge-15 v a A Get15 A*y v G-30 A? yP y

Volume 19, 2024


http://refhub.elsevier.com/S1110-0168(18)30180-7/h0045
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0045
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0050
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0050
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0050
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0050
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0050
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0050
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0040
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0040
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0040
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0040
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0040
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0040
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0040
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0040
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0040
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0040
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0040
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0120
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0120
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0120
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0120
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0120
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0120
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0120
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0120
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0120
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0120
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0120
http://refhub.elsevier.com/S1110-0168(18)30180-7/h0120
https://doi.org/10.1155/2010/627475
https://doi.org/10.5897/IJPS11.295
https://doi.org/10.1016/j.asej.2014.11.007

WSEAS TRANSACTIONS on FLUID MECHANICS
DOI: 10.37394/232013.2024.19.10

GHI5A Yy yGHI5 A yay G-30 Ay ay G+15
ytay G115 A*y A G-60 A3 y? A G460 A? y* A G-
I5Ay*AG-45 A%y ah GH60 Ay ad G-15 y* a
% G-8 A%y & Ge M1 +20 A% y2 A Ge Mi-15 A2 y* 4 Ge
Mi+3 Ay A Ge Mi-48 A*y a A Ge M+60 A® y2 o
GeMi-15 Ay aAGe Mi+3 y° a X Ge M-8 Ay A
Gy M+20 A3 y3 %, G, Mi-15 A2 y* & G; Mi+3 A y° A
G: M1-48 A*y o & Gr Mi+60 A% y2 @ A G; My-15 A
ytad G M3y ah G M+15 A* y A Ge Se-30 A?
¥ L Ge Se+15 A v & Ge Se+15 A% y o % Ge Se-30 A
¥ 0 A Ge Sct15 y40 & Ge Sc+8 A5y & A Ge Se-20 A
¥ 8% Ge St15 A2 y* 8 & Ge Se-3 A y° 8 A Ge Se+8
A*y a8 A GeSc-20 A2y 008 A Ge Set15 Ayt o d A
Ge Se-3 y° a8 A GSo)

ui(y) =0

un(y)=0

un(y) = /(360 A (A+a)) (15 A5 y Ge-60 A* y2
Get60 A% 3 Ge-15 A2 y* Getl5 A5 0 Ged5 A%y o
Ge-60 A% v2 0 G120 A2y Ge30 A y* o Ge-45
A* 02 G+60 A v a2 Ge-15 y* o2 Get15 AS y G160
A*y? G, +60 AS ¥ G-15 A2 y* G+15 A® o G, 45
A*ya G -60 Ay 0 G, +120 A2y* 0 G-30 A y* a
Gr-45 A* 0 G, +60 A y* 02 G-15 y* 0> G+8 A%y &
Ge Se-20 A*y3 § Ge Set15 A? y* 8 Ge Se-3 A2y § Ge
Sc+8 A% 18 Ge Set8 A5y 1 8 Ge Se-40 A% y* 0 8 Ge
Set30 A2 y* 0.8 Ge Se-6 A y® 0 8 Ge Sc+8 AS 02 § Ge
Se-20 A2 v2 02 8 Ge Set15 A v* o2 8 Ge Se-3 y° o2 B
GeSe)
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