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Abstract. - The problem is solved with the help of a modified Prandtl equation applied to the case under study.
This is a two-dimensional problem of flowing around a flat body when the essential factor is to take into account
the limitation of its dimensions in the longitudinal and transverse directions. Thanks to the above Prandtl equation
it was possible to reduce the problem to a self-similar equation. An analytical solution has been found. Thanks
to this solution the shape of the body is analytically determined when the resistance is at its lowest. An analysis
of the solution of the problem for different Reynolds numbers is carried out. The resulting equation is solved
numerically for different values of its included parameters. With the help of a graphic illustration the different

shapes of such contours are shown.
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1 Introduction

This article is devoted to the issue related to the
analytical determination of the shape of bodies with
the least resistance force.

As itis known, [1], [2], [3], [4], [5], [6], [7], [8],
[9], [10], [11], [12], [13], [14], [15], [16], [17], [18],
[19], [20], [21], [22], [23], [24], [25], the shape of a
raindrop also belongs to such bodies. This is quite
understandable because due to the lack of turbulence
in its tail section, the resistance force is greatly
reduced. At the same time, we are not aware of any
work where the drop shape would be described
analytically.

In this regard, we have set ourselves another task
namely to find a body shape for which the resistance
force will be significantly less compared to other
bodies. As follows from this statement this is about
the application of methods of the variational
calculus. At the same time, the question comes to the
fore: what should be chosen as the functional
extremum we must findThe answer is obvious since
the role of the desired function must be assigned to
the resistance force. Let us start with its calculation.
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2 The Function of the Resistance Force
We will represent the shape of the body in the form
of a flat two-dimensional figure of finite thickness
h which corresponds to the longitudinal section of
the spatial body similar to the task of N.E.
Zhukovskiy on calculating the lift on the wing.

To find the full resistance force value that it
experiences the resistance force not only on the end
part of the body must be taken into account but also
on both side surfaces. Considering the body
symmetrical concerning the direction of the
streamline flow let us use a general expression for
the resistance force which we will write in the form,

[1]:
F :J o-ikdsk )

S

where S — is the body's total surface, o, — is

the viscous stress tensor.

Having expanded the integral we have

F =

J o, ds“ = J GidedZ-I-J 0,,ds" .
25,45, 25, 5,

Projecting this force onto the axis X along
which the flow is directed we will get
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F.= | oydxdz+ | 0,,ds" =

X
25, S,

an(x)dx+hfo,dl
2 rt

X

= 4_[% -
X

where I'" — is the flow contour. Or

LR/ (X)dX
=5
b (1)

. J1+7"? (x)dx.

where the components of the viscous resistance
tensor are

F = —4]l Oy

—Zh]l O,
X

o - 8VX+5Vy _ 0V, @
o - ov, N ov, 3)
Xxn /’l 6Xn ax

where f/— is the dynamic viscosity.

Note that a quite obvious condition was taken
into account [1] in formula (2) v, LV, oxa
The second inequality means that the typical
variation range of the velocity argument along the
axis Y should be of the order ¢ and along the axis
Z it is the order of the average linear size of the

body /ab .

The normal derivative can be calculated as
follows

ov, Ov, .
OX

X

= SIno —

o P cosa 4

n

Therefore we get the following from the
expression (3)
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+(v,cosa+v,sina)a’ }

z=n(x)
4
Considering that
cosa = ! ,sina = ] ,
h+7712 1+7712
(sina)l - - ,(cosa)l S/ - =,
(1+77l2 )5 (1+77!2 )E
(%)
the functional (1) can be rewritten as follows:
1ov
FC=—4,uj X p(x)dx -
W Yyt
h ov ov, Ov
2uh|||2—=n"— Ly—Ll+v 7" dx
H IH ox (az axJ Vxﬂﬂ
% 1=
(6)

To calculate the velocity distributions appearing
in (6) we can use the modified Prandtl equation.

Indeed, near the flow surface, the Navier—Stokes
equation taking into account the finite dimensions of
the body can be brought to the following equation
(for a detailed analysis, [1])

ov, ov, 1 oP o’v, 0v,
' +v,—L=———+v -+ —"

OX oz p OX OX oz
(7

where v — is the kinematic viscosity, P — is
the pressure, p — is the fluid density.

Equation (7) is valid if v, > v, .

It should be emphasized that equation (7)
describes the flow around the end part of the body
the thickness of which is h. The longitudinal
dimensions of the body are finite and that is why
both second-order partial derivatives had to be taken
into account in the Laplace operator in contrast to
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the equation solved by Blasius, [1], who considered
the body semi-infinite.

Further, it will be seen that it is the account of
the two-dimensionality of the Laplace operator that
allows us to find a self-similar solution that differs
significantly from the solution found by Blasius.

If we use the Bernoulli's principle

2 2
pL PV _PY
2 2

®)

and consider the velocity U to be constant,
equation (7) will be simplified, and using the
continuity equation we come to the following

ov, o’v, 0°v,
g e T )
5 ©)
Ve 4 ov, =0.
ox o0z

We will look for the solution of the continuity
equation in the following form

(10)

_oy
’ ox

where the function y = l//(X, Z) is to be found.

Both velocity components in (10) must satisfy
two conditions

—u, (11)
v, =>0. (12)

If we now substitute formula (10) into the upper
equation of system (9) we get

2 2 2
(8 .0 Ja_ha_w@_w:o 13

V —_— —_—
ox* o0z ) oz ox ozt

With the introduction of a dimensionless
function

(14)

equation (13) is brought to the form:

E-ISSN: 2224-347X

S. O. Gladkov, N. S. Nagibin

(15)

0> 0 \op _ 0pdp
(y azz]—“‘——zo

ot ez ox 0z°

uv/ab

14

where R = is the Reynolds number.

It is easy to see that equation (15) admits a self-
similar solution. Indeed, if a new argument is
entered

g=2 (16)
X

then equation (15) is brought to the following
equation

(52 + l)go'" +4Lp" +2¢0'-R@'9p" =0

(17)
According to (10) we have as a result
( Jab ,J
v,=ull+——¢' |,
X
(18)
uvab&
= » ®.

If a notation that reduces the order of the
equation is entered

G=¢ (19)
we will get

(& +1)G"+4£G'+2G-RGG' =0
(20
Or

[(52 +1)G] ~RGG'=0.
The first integral is
' R
[(52 +1)G] = EG2 +C @
where C, — is the constant of integration.

Assuming C, =0 we come to Bernoulli's
equation the solution of which can be represented as
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1
G(&)= (22)
C, (& +1)—%[§+(§2 +1)arctgé |

where C, — is another dimensionless constant
of integration.

Thus the wvelocity distribution for arbitrary

values of the Reynolds number according to (10) and
(22) can be represented as follows

AT

X

=u 1+@ !

X ¢, (& +1)—{§+(§ +1)arctg§}
_uvab¢ o

_ uvabé 1
X c(& +1)—%[§+(§2 +1)arctg§}

z

< | N

(23)

Taking into account solutions (23) functional (6)
eventually becomes as follows

tov,
F =—4 JE‘ hT](X)dX+

a9+ ee)r

X

+2yhuJ__j[

X

[g) 0906+ o) -
5o,

By introducing an abbreviated notation for the

24)

second integral F,, we obtain the following for it as

a result of simple transformations
F,, = 2uhu+/ab [ Hdx, (25)
Xo

where the sub-integral function is
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2
H =i{ (2@&6'};4@'(1—’7—2}—
X X X
2
—2—"G—X—[l+ﬁejn" }
X a X

And thus for functional (25) the Euler-Poisson
equation (see [21]) has the form:

(26)

z=n(x)

d d?
H ——H, +—5H,.=0 (7
dx "+dx @7

leads us to the equation

’ " 2 "
nn_z[zﬂG_jﬁ_ﬂ_l 2|8
X x G’ X X X ]G’

=0

(28)

The solution of equation (28) allows us to find
out the shape of the contour 7 (X) we are interested

n.

3 The Solution of Equation (28)

With the accordance decision (22) at R <1 we
have

1

SO E

It means that equation (28) is somewhat
simplified and brought to the following

(29)

where it is taken into account that
G" _x x> 377
G’ n x> + 77
Due to substitution
f=2 (30)
X

equation (29) 1is transformed into the
following
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f'x2(1+ f2)+ fk(3f2—1)+w=0-

f
€2))

Its stationary solution ( f'= f"=0) leads to
four "fixed points":

f—ZZSi\/ﬁ
4 2

(32)

The numerical solution of equation (31)
according to (30) is shown in Fig. 1-3.

0.1

Fig. 1: The contour shape for the case
5-17
f, (O, 01) =
4
Fig. 2: The -contour shape for the case
5-17
f,(0,01)= but on a larger scale

4
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Fig. 3: The flow contour shape in the case when

5+«/ﬁ

L(0.00)=\—,

As can be seen in these figures the shape of a fish is
one of the possible well-streamlined bodies.

4 Arbitrary Reynolds numbers
In this case, solution (22) and equation (28) can be
written as a system

1
6(e)- ’
(32(1+§2)—%[§+(1+§2)arctg§}
77!! i 2+QG_" +3_77_l 1_% G =0
xG'la | x* xU x* )G 7
(33)
Where
, dG _, d°G
G :d_a = d 2 "
g g

And new argument & = 1 . After differentiation
X

of the function G we find the following expression

G" _q4;-2q,

p(R’é:):Gr qq
12

, (34
where the functions are
q, =C, (fz +1)—%[§+(§2 +1)arctg§},

R
q,=0q = 202§—E(l+§arctg§).
(35)
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Therefore the lower equation in system (33)
according to the replacement 7 =&X is brought to
the form

EX —EEXp(R,E)+&E-(1-& ) p(R.€) =0
: (36)

where p(R,§ ) is given by formulas (34), (35).

The asymptotic behaviour of the function
p(R,f) is the following.

Ifitis X —0 then it is hInB =-3 and if it
X—0 X
) .. 4. P Db
is X — oo then it is hm; = — where
X—>0 77
R*-4C?
b=—-2% (37)
C,R

The numerical solution of equation (36) is
shown in Fig. 4-7. The boundary conditions were
assumed as follows

G(0)=1, G'(0)=0 (38)

0 01 02 03 04 05 06

Fig. 4: The contour shape for arbitrary Reynolds
numbers and in the case when

5+\/ﬁ
4

(small scale)

f,(0,01)=
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0.104

0

0 01 02 03 04 03 06 07

Fig. 5: The same as in Fig. 8 that is, with

5+«/ﬁ
4

coordinates of the abscissa

but in a more distant

f,(0,01)=

0

Fig. 6: The flow contour shape for the case

5-N17

4

f,(0,01)=

Fig. 7: The count shape for f, (0,01) =

with the abscissa axis prolongation
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5 Conclusion

1. A mathematical model is described that allows
analytically determining the most optimal type of
contour of a well-streamlined body;

2. A numerical solution of the problem for arbitrary
Reynolds numbers is obtained.

3. In the next paper we will considering in more
detail the influence of the Prandtl number.
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