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Abstract: Discovered experimentally by Russell and described theoretically by Korteweg and de Vries, KdV equa-
tion has been a nonlinear evolution equation describing the propagation of weakly dispersive and weakly nonlinear
waves. This equation received a lot of attention from mathematical and physical communities as an integrable
equation. The objectives of this paper are: first, providing a rigorous mathematical derivation of an extended KdV
equations, one on the velocity, other on the surface elevation, next, solving explicitly the one on the velocity. In
order to derive rigorously these equations, we will refer to the definition of consistency, and to find an explicit
solution for this equation, we will use the sine-cosine method. As a result of this work, a rigorous justification of

theextendedKdvequationoffifthorderwillbedone,andanexplicitsolutionofthisequationwillbederived.
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. a sketch of the historical development of the modeli-
1 Introduction

sation of water waves problems, assume that the do-

The topic of water waves is an old one, more main occupied by the fluid at time ¢ is denoted by
than half a century has passed and the study of ocean Q, ={(x,z) e RxR;—hy+b < z< (¢} where the sur-
surface waves has greatly advanced. Shallow water face of the fluid is a graph parametrized by ¢ and
waves are studied because of their impacts on coasts, its bottom is parametrized by —hg + b, with hg is the
the economy, recreation and defense. Although there reference depth. Under the following definitions of:
is still interest in shallow water waves as a source a as the amplitude of the wave, 1 the wavelength
of pollution-free renewable energy. The water waves of the wave; let us intreduce the following parame-
problem has attracted physicians and mathematicians ters: p = h/Olz and € = ;:0 , the former parameter char-
because of its extremely rich structure. In order to give acterizes the shallowness of the wave, whereas the lat-
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ter characterizes its nonlinearity. The first mathemati-
cal description of the motion of an homogeneous, in-
viscid, incompressible and irrotational fluid was pro-
vided by Euler model, where the driving force is due
to gravity g, and the effect of the surface tension is

neglected for the sake of simplicity:

(1)
OV+(V-Vy )V=-ge” =V, P in (x,2)€Q,,
divV =0 in (x,2)€Qt>0,
curlV =0 in (x,z7)€Qt>0,
P=P,. at z=/C0(t,x),t >0,
0,8 =1+ (0c0)*V.ny at z=1/{(t,x),t>0,
V=0 at z=-ho+b(x),t>0,
lim |Z(¢,x)|+|V]=0 in (x,2)€Qt>0,
|(x,2)| 00

with V is the fluid velocity, P is the fluid pressure,

—
Z

are the outward and inward normal vectors respec-

e;” 1s a unit vector in vertical direction, n_ and n,
tively.

These fluid equations expressed the mass and momen-
tum conservation, where every physical assumption
was stated by an equation.

From the equations mentioned above, Bernoulli equa-
tions for traveling water waves was obtained by em-
ploying two key reductions: the traveling wave as-
sumption and the introduction of a velocity poten-
tial. The assumption of irrotationality is equivalent
to assuming thee existence of a velocity potential ¢ :
Ri xR xR — Rsuch that Vg represents the fluid ve-
locity vector, thereby, another formulation of the free

surface Euler equations:

)

6)3804‘3390:0 at —ho+b(x)<z</(
Ocp=0ib-0xL =0 at z=—ho+b(x)
0+ 0900 —0,0=0 at z=¢
O+ 3 ((0x9)* +(0.0)") =—g¢  at z=¢

Toward the dimensionalization of Bernoulli’s equa-

tions, use the following relations

x=Ax' z=ho7 {=al’
a A
©=—A\ghoy' b = byb’ t= t’
ho Vgho
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The governing equations of the water waves problem

in terms of the dimensionless variables become

3)

u@ftp+8§go=0 at —-1+pb<z<el
0,0 — uB0xb-0,¢ =0 at z=-1+pb
0+ 0xp-0x0—0,0=0 at z=¢&(
6t¢+%((8x¢)2+(6ch)2)+§=0 at z=g&l

where [ = Z—g

represents the topography parameter.
A popular form of the water waves system is given by
the Zakharov/Craig-Sulem formulation. This is an el-
egant formulation of the water waves equations where
all the unknowns are evaluated at the free surface only.
Following Zakharov, introduce the trace of the poten-
tial on the free surface Y (t,x) = @(t,x,&{) = ¢|;=¢¢.
Craig and Sulem observed that one can form a system
of two evolution equations for ¢ and . To do so,
they introduced the Dirichlet-Neumann operator G,
that relates i to the normal derivative d,¢ of the

potential by

Gy[gg’ﬁb]Qb = —pedy{ - ax‘)DIZ:gg +az‘70|z:€§

= Wﬁnwkﬂiﬁ

with ¢ solving the boundary value problem:

u(9)%<,0+622‘p:0 at —-1+pBb<z<el
) a"‘pz:—l+,8b =0
"D|Z=1~:Zj = '7[’

Benefiting from the definition of G, and (4) and
doing some calculations we get:
(&)

9, — 5 Guled, Bbly =0

(£ Gulel Bbly+£0x-0x)
5zl/f+§+§(5x'ﬁ)2—#8 £ 200+2u(8x &)%) =0

Considering long waves propagation in shallow water

but without assuming small amplitudes (u << l,& =
O(1)), Green and Naghdi derived a new improved
model of equations describing significant dispersive
effects of water waves phenomena. To derive these
equations, let us inroduce the depth averaged horizon-

tal velocity

1 rE6x)
u(t,x) = —/ Oxp(t, x,7)dz
h J_11b(x)
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Also, we are going to use the Taylor expansion of ¢:
N
Papp = Zﬂ'l ®j
=0

Since we are seeking to find these equations up to
O(1%), we need to find ¢, @1, and ;.

After a long calculations and brainwork we get the
one dimensional Green-Naghdi system of equations,

for uneven bottom:

(6)
O + 0 (hu) =0,
(h+ uT [h, Bb] + > I [h, Bb))Ou + ho L + ehuuy
+peQ1 [Ulu+ pefBi[Ulu + pef> Bo[Uu

+u2eQa[Ulu+ u?&BB3[Ulu+ 2 feB4[Ulu = O(1),

where U = (£,u)’ and denoting by h = h(t,x) =
1 +&l(t,x)— Bb(x) the total non-dimensional height
of the liquid, with

T [h, Bbu = —%ax(/ﬁaxu) + 'g[(')x(hszu) — W?byuy]

+ B2hbtu,

1
—02(h°0%u)

I[hBblu= ~75
+ 21000 (h b)) + G210 b)) ~ boDu( 520

2

+ 5 (20 (B3 D2 8xu) + O (W3 by by xt) + 2b, D (WP b Byu1)]

BZ

+_
12

b Oy (I byxut),

where the non-topographical terms are represented by

01Ul =500 (W —1),

0,[Uu = —%&x (ax(hS(uuxxx —Suiy,)) - 3h5(uxx)2)

while the purely-topographical terms are introduced
by

1
Bi[U]u = z[ax(hszxuz) + ax(hszuux)]

1
- Ehz(uuxx - ”i)bx’

B [Ulu = h(bxxu2 + byuity )by,
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1
B3[U]u = ﬁaﬁ (h4(bxxxu2 — by Uty — 8bxui))

1 1
- Zh4bxxuxuxx + ﬁax(hélbxuuxx)
5
24

By[Ulu = %ax (h3(bxxxbxu2 + 202t + 10bxbxxuux))
+ %ax (h3(2b§u§ + 3b§xu2))
+ %}ﬁ(bxxu + 2Dty )byl
+ %bxax (h3(bxxxu2 +2b iy, — 6bxu§)).

In as mush as this water waves problem is a difficult
nonlinear problem to solve, approximate theories have
been developed. Under the KdV regime & = O(u),
Boussinsq model of equations for flat bottom (b = 0)

can be derived:
oL +[(1+e0)ul, =0
.y 1.2, 1
U+ {x + EUUY = FUxxr — HE [i”x + §uuxx]x

2
+ %a)% (uxxt)

(N

A large body of literature has been dedicated to the de-
velopment of efficient techniques to solve these equa-
tions. An innovative technique was the derivation of
consistent asymptotic models with the main models,
like Camassa-Holm and KdV equations.
The most renowned KdV equation is [5]:

3
U + Uy + Esuux + Euxxx =0

6

that was originally derived for flat bottom. What at-
tracted the focus of scientists in this equation, was
its integrability property, and thus its solitons (solitary
waves) solutions. Since the derivation of the equation
mentioned before, several methods have been used to
derive new extended KdV equations, with different
ocean conditions and properties. General derivations
of this equation were justified with bottom, and with
non constant coefficients, with topography (called
KdV-top equation) [5,6]. A formal derivation of KdV
equation was provided using Whitham method, in the
presence of surface tension [2], all these previous
works were done up to O(u?). Also, using some

physical principles, an extended KdV equation was
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formally derived up to O(y) [8]. Characterized with
its integrable property, KdV equation catch the atten-
tion of scientists, since it was solved using some suc-
cessive integrations by parts. With the extension of
this equation, more nonlinear terms appeared, causing
difficulties in finding its explicit solution. Therefore,
scientists tried to use new techniques for solving ex-
plicitly these extended equations. In [9], an explicit
solution for a generalized KdV equation of third order
was derived using sine-cosine method.
In the paper at hand, we deal with an irrotational, in-
compressible, inviscid fluid with a free surface, and
constant density, acted on only by gravity. Knowing
that a is the amplitude of the wave, A is the wave-
length of the wave, kg is the reference depth, denote
by Q; ={(x,z) e RXR;—hg+b < z <} the domain
of the fluid for each time ¢ where the surface of the
fluid is a graph parametrized by ¢ and its bottom is
parametrized by —hg + b.
In this paper we consider the extended Boussinesq
system of equations 7, describing the motion of an
incompressible, irrotational, inviscid fluid with free
surface, under the influence of gravity. Recall that
the KdV scaling is € = O(u), with 0 <& <1 and
0 < u < 1. The organization of this paper is as fol-
lows: in the secind section, a derivation of the ex-
tended KdV equation will be done, in the first subsec-
tion 2.1, we will derive rigorously an extended KdV
equation on the velocity u. In the second subsection
2.2, a rigorous mathematical derivation of extended
KdV equation on the surface elevation ¢ will be pro-
vided, and hence a rigorous verification of this im-
posed equation in [8]. In the third section, we will
use the sine-cosine method to find an explicit solution
for the derived extended KdV equation on the velocity.
The aim of this paper is to give a rigorous mathemat-
ical derivation of the extended KdV equations, up to
12, and solve it explicitly. Concerning the method-
olgy, after the examination of some previous works,
we will proceed as in [1], so we will use the definition
of consistency to provide these rigorous derivations,

which guarantee the relevance of these equations with
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(7), and serve in the construction of approximate solu-
tions of Boussinesq equations. Also, we will apply a
new technique called sine-cosine method to solve ex-

plicitly the one on the velocity.

2 Derivation of the new extended KDV
Equations

The main goal of this section is to find extended
KdV equations on velocity and on surface elevation.
The new derived KdV equation on the velocity will
be:

®)
Up + Uy + —EUUY + Euxxx
2 6
21 11
+ue Eu”xxx + ﬂuxuxx " %“zag(uxxx) =0(1)

And one on the surface elevation will be:

9)
gt + (x + ggggx - %82§2§x + ggxxt

23 ,

5
Eévéuxx + _éx

19 292 _ 3
28|+ 355092 ) = OGL)

THe 360

2.1 Equation on the velocity.

In order to get (8), we will introduce the following

equation on u

U + Uy + Esuux + UQ Uy

(10)
= He [ﬁuuxxx + yuxuxx] + ﬂzéa)%(uxxx)

where «, B, v, O

Next, we need to find the values of parameters men-

are parameters in R.

tioned above, that will be done in three steps.

e Stepl:
From (10) we get:

3
Uy = —Us — Esuux — UQUxxx +O(&, 1)

3
Uxxx = —Uxxt — Esag(uux) - ,uaa)%(uxxx) + 0(8, ,u)
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Substitute the expression of u,,, in (10) to get:

3¢ , 3a
Up + Uy + ZEUUY — UQUxx; — HE | —— Uy + — Ullxx
2 2 2 .

- ﬂzag%(uxxx) = HE [,Buuxxx + )/uxuxx]
+ (2602 (txnx) + O(12)

But

Buthyxx +Yilxlxx
= Bttty xx + Py ilxx — Blxlyx +Ylxlxx
B Y

= Buttyx)x — E(u)zc)x + E(ui)x
Y-8
2

2
Uy

= [,Bux Uxx +

X

Then
3

U + Uy + Esuux — UQUxxt

A I 3a+y=p) o
e (5 o (52|

+ 1 (Ozz + 6) 02 (txxx) + O(1)

One can get
(11)
3 2
U+ Uy + ESWX — UQUyx; = UE [auuxx + bux]x
+ ﬂzca;%(uxxx) + O(ﬂ3)
where
3 3 -
a=7a+,8; b:%yﬂ; c=6+a’.

To find another equation on a,b,c and a we
need to use the equations of (7).
In the next step, the second equation of (7) we

will be used.

Step2:
Let v be a smooth enough function such that
{ =u+ev. Then (7), becomes

U +uy +(8V)x + UL, = guxxt — ue

1, 1
El/{x + §Mlzixx

2
+ j—sa)%(uxm)
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We know from (11) that

Up + Uy + Esuux — UQUxxt — us[auuxx + bui]x

_:uzca)%(”xxx) = 0(/13)
Then

3 2
(ev)x +us +uy + Esuux — UQUxx; — HE [auuxx + bux]x
- Mzca)%(uxxx)
e

=ur +uy+(ev)y +euuy, + Euux — UQUyxt
— ue [auuxx + bui]x —uzca)%(uxxx)

So we can deduce up to O(1%)

£ 1
(Sv)x = E’/“/bc‘*'/l g_a' Uxxt

1 1
(a+ §) Uy y + (b+ E)uiL

1
+ ﬂ2 (E - C) a;%(uxxx) + 0(#3)

Hence

(12)

4

1 1
(a+ 5) Uy + (b+ E) ui]

Now, we will use the first equation of (7).

o)
ev=—-u"+pu 5—04 Uyt — UE

1
+ /J2 (E - C) ax(uxxx)

Step3:
Put {=u+ev in (7); thatis

Up + Uy +2euuy + (ev); + sz(uv)x =0
From (11) we have

U = —uy+0(g,
(13) t (&, 1)
Uyr = —Uyxx + O(g, 1)

Multiply (12) by eu, derive with respectto x

and use (13) to get

2 & 3 1 3
euv="ru +u£(§—a)uux,+0(ﬂ )

1
X (uv)y = 282u2ux + ue (5 —a/) (uttxy)x + O(12°)

32

1
= 15 uzux —He (§ _a) (Uttxx)x + 0(/13)
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Next, deriving (12) with repect to ¢ one can

get

£ 1
(ev); = E’/mt tu (§ - CY) Uxrt

1 1\ ,
(a+§)uuxx+ (b+ 5) ux}t

1
+ 1“2 (E - C) a)%z(uxxx) + O(lu3)

From (11) we get
Uy = —lhx — 5 EUilx + UQUyx + O(g, 1)

wn=—wn—§&%mmﬂ+mﬁmwm0+0@w)
teat =t = 00t + ) + O, o)
Remark that

Ot (txxt) = 05 (ttxxx) + O(e, 1)

Oxt(txxx) = =33 (txax) + O, 1)
Also we have
a)%t(uux) = —Ox(usttx + utty)

= —8x(u)zc + Ullyy) = —Bﬁ(uux) +O0(g, 1)

Then
3

_ 2
Uxtr = —Uxxt + =& [ux +uuxx]x

2
+ /Ja’a)%(uxxx) + 0(& /J)

Gathering all the computations done above one
can get

g 3,5, a
(ev); = —Euu)C ——&uuy +,ue§uuxx,

4
1
—H g_a Uxxt

3/(1
+,us§ (§ —a/) [ui + uuxx]x

3
1 1
(a+ 5) Ullyx + (b+ E) ui]x

2 (% - ) 82 (tre) + O(L)

1
+ ,uza' (_ - a’) a)%(uxxx)

+ ue
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But

a a
,ugiuuxxt = _,ugauuxxx + 0(/13)

a 1
=-pey [uuxx - Eui ) +0(1)
So
> 3 1
(ev), = _zuux - Zgzuzux —HM (g _Q) Uxxt
5 5
+ue|la—-2a+ = | unyy + 1+b——a/ ui
6 4 .

+/12 (a/ (% —CY) +c— %) a)%(”xxx)+0(ﬂ3)

Substitute &*(uv), and (sv); in (7); to get

(14)

3 1
Up+ Uy + 5 Eultx +u (a— g) Uxxt

1 5
:us[(a—a—z) uuxx+(—l -b+ Ta{)ui]x

+,Lt2 (—a (% —0!) —C+ %) a)%(uxxx)'i' 0(ﬂ3)

Compare the equations (11) and (14) to deduce

—1'—1'b— 9 1
“Te T e T T4 T 360
Doing some calculations one can get

g 5., 2
B ~ 360

12° 24°

2.2 Equation on the surface elevation.

In this subsection, we are going to derive the ex-
tended KdV equation on the surface elevation ¢ asa
rigorous verification of a previous work [8], where it
was imposed formally.

For this purpose, let us introduce the following equa-
tion
(15)
3 3,0
S+ i+ Egév(x - gs 78+ palixx
= HE[BL Laxx + 7 Lxlx] + 1280 (Lxr) + O

B v, 0
will be determined next.

where a, are parameters in R, and
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Stepl:

From (15) one can get

3 3
fe === 5808+ 28 L= padens + 0o, )
3 3
(xxx = _gxxt - 58(9)%(543) + §823§(§2§x)
- ﬂa'aff(é/xxx) + 0(87 ,u)

Substitute yxx in (15) to get
R T
- Sapedies) - a0 )
= u& [BE Loxx + ¥ Lcliox] + 12007 Lixx)
+0(1r)

Use the fact that
Y-B

BLlxxx ¥ ¥ lxx = | BLLaxx + )

22
To get the following equation
(16)
3 3,5
G+ix+ Egggx - ga 7 x — palxxe
= pe|al fox +bT| |+ H 07 (Laxx) + O(1r)

where

3 3a+y—
a:;+,8; P 27 ﬁ; c=6+a’.
* Step2:
Let w be a smooth enough function such that
u={_+ew.
Compute

(A+eu=0+e0)l+ew) =+l +(1+&0)(ew)
Then the first equation of (7) gives
G+ Lo+ 2808 +[(1+£0)(eW)] =0
Use (16) to compute
[(1+ 00w, + & + ot L= 3620
— palxt — pe[al Lo +00F] | — 1202 (Lxx)
= G+ Lo+ 260G+ [+ 80w, - S0
- %szﬁx — p@lixt — pe|al Lox + | — PO Lexx)

+0(1)
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Then

[+ o0 ew], = =506~ 36208 paten
—ne|al Lo+ bE] — 1Pe0i (Lo
+0(1)

Hence

a7)

(1+e)ew) = =202 260 ~
— pe[ad Lux + b7 | = 1203 (Lixx)

Step3:

Here we will use the second equation of (7).

Since we need to keep the terms ¢, and ¢, and
since the latter derived term is (1 +&{)(ew) and

not ew, we will multiply the second equation of
(7) by (1+&). Hence, one can get

(18)
M+ ed)us + & + €l + (1 + £0)euuy
_Hh e
= 3{xxt + 3(3W)xxt+ 3 {xxt

1, 1
—US+ = Ul

2
2 X 3 + _a)%(§XXt) + 0(#3)

. 45

For the right hand side of (18):

to (04
o Slew)= 50— W5l +OG)
E o
g(sw)xxt = _lf_zaxxt(gz) - :uzgaxxt({xt) + O(ﬂ3)

Recall that (16) gives:

{t = _{x + 0(8’ /'l)
orr = —Caxe + 0(8’ :u)

Also

Oxxt (Z:xt) = 8)%({)6)()6) + 0(8, /1)

Therefore

g(sw)xxt = % [{% + g{xx]x - ﬂzga)%(gxxx) + 0(/13)
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Now, use

gxxt = _{xxx + 0(‘97 :u)

to get

i /;jggxxt = _%ggxxx +0(#3)

e 1
=L\ it -522| +our)
3 270,
Obviously, one gets
1 1 1 1
ne Eu)zc + g”uxx]x = He [ng + §{§xx N + 0(ﬂ3)
Using the identity

a)%(gxxt) = _a)%(évxxx) + 0(& /J)

one can deduces

/12 2 .Uz 2 3
Eax(gxxl) = _Eax(é“xxx)"'o(ﬂ )

Gathering all the informations found above in the
right hand side of (18) we get

(19)

1 1
ggxxt + g(‘gw)xxt + ?ggxxt —HE [Eui + guuxx}x

2 1 1
+ Z_Sa,%(gxxt) = ggxxt —HE [Eggxx + ggi]x
—H (g"'%)ax({xxx)"'o(,u )

For the left hand side of (18):

o suuy =ellc+[(eW)(E))], +O()
(1+&0)(euuy) = el &x + [(ew) ()] + 202 + O(1)

We have
2
(ew)(e0) = =78 = peau + O(2)
3 2
[(Ew)(e)], = == £ = peal G+ O(K)

3 2
= —%gzéx + ﬂga(ggxx)x + 0(ﬂ3)
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2
(1+ 80 Euy) = 608 + = L4+ psa(¢ fu) + ()

Next,

o (1+&du, =+l +(ew))
=+ (ew) + L8 +€X0w,
= G+ell +[(1+e)ew)], - 24w
= G+elg +[(1+e)ew)], +&2Low
+0(1)

Multiply (17) by &, to get
2 & 2 3
g 0w= _Zg O — pea(fxlxr) +O(u)
2
= -t peS (8], 0
Also
& 3 5.0
04+ (4 ed)(ew)], = 504 -3°00

- ,ua'{xtt —HE [aggxx + béﬁ] t :u2caxt(§xxx)
+0(i%)

Recall that

3
G=—4— zgggx + Uit + 0(5’ /1)

To compute

6xt (gxxx) = _6£(§xxx) + 0(8’ ,u)
axz(gxxt) = a)%(gxxx) + 0(87 ,u)
0xt(£4x) = 047 + L] = = [ L3 + L], + O(En )

And
e = ~Eons = 30(E5) + D Euns) + Ol )

= o+ 5[+ C0] o) + Ol )
Therefore
64 +1(1+ )W), =~ 506~ 3620+ patin
+ o= { ot - us[%“{f . %ggxx]x

+ue [aégxx + b{)%]x
+ ,u2(c - az)a;%(gxxx) + 0(/~‘3)
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Hence
(1+ed)us + &+l 8 + (1 + £0)euuy

3 3 5.0
:§t+§x+§3§{x_§5 {7 x + padx

(20)
+ ue

(a—a>§4xx+(b—%“)§,%

+ 2 (c - az) 5§(§xxx) +0(1)

Eventually, gathering (20) and (19) we get the

equation
21

G+ Lt oLl 28O0 pla- )
t X 2 X 8 xTH 3 XXt

1 3a 1\ ,
o e (5 -0-Je]

a 1
+/12 (az —C— 5 - E) a%(gxxx)+0(ﬂ3)

Comparing (16) and (21) one gets

1 1 1 1
: a=-——, = ——: cC=—-——.
40

"6 6 48’
Do some calculations to deduce

5 23 19

IB:—E; y:—ﬁ; 6=_ﬁ'

3 An explicit solution of the extended

KdV equation

We will use the sine-cosine method to solve the

latter equation explicitly. It will need 3 steps.

» Stepl: Use the traveling wave transformation

6 = x—ct. Then
’
Uy = —Ccu
’
Uy = U
uxx — M”
Then we get

5 . 21 ]
—uu +—uu

3 ”
(1—c)u’+§suu'+ﬁu + ue B 7

6

11 2 (5) _ 3
T =0(y)
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Integrate with respectto 6 to get

(22)
3 ” 5 ” 11
(1—c)u+Zau2+§u + ue o +&(u')2}
Iy @ 3
il = o)

* Step2: Suppose that the solution of the equation

1S:

u(@) = pcos(q)*

where p#0, ¢g#0, s#0,and |9|S%.

Differentiate with respect to 6

u’(6) = —pgssin(g6)cos(gh)* !
u’ (0) = pg*s(s — 1)cos(q0)* 2 — pg*s*cos(qh)®
u’ (0) = —pgs(s — 1)(s — 2)sin(¢gB)cos(g0)* >
+ pg’ssin(g)cos(qh)* !
u®(0) = pg*s*cos(qh)*
+pg*s(s—1)(s —2)(s —3)cos(¢gh)*
—2pg*s(s — 1)(s* = 25 +2)cos(gh)*

o Step3: Put u,u’,u’,u® in (22) to get

3
(1 —c)pcos(gh)® + Zepzcos(qe)zs

+ %pqzs(s —1)cos(¢h) > - gpqzszcos(qe)s

5 : ,
+ — uepcos(gh)® [pqzs(s —1)cos(q0)* 2 —pqzszcos(qe)“]

12

11
+ &,uspzq2s2sin(qé?)zcos(qw)z“‘_2 360

1 ‘
+ 35t P s(s = 1)(s = 2)(s = 3)cos(q0)"™

11
- @pq“s(s —1)(s*> =25 +2)cos(¢gh)* 2

=0(1)
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Use sin(¢g6)* = 1 —cos(¢gf)* to get
3
(1-c)pcos(g0)® + Zspzcos(qé)zs

+ %pcfs(s —1)cos(gh)* 2 - %pqzszcos(qe)s

5
+ Eysp g>s(s = 1)cos(g0)* 2

5
= 15 Hep*q’s cos(q0)™

11
+ &ysp g>s>cos(g0)> 2
11

48;1819 g>s2sin(g0)*cos(¢H)**

1 (q0)°
+ 360H 2pq*s*cos(q

+ 25 12pas(s = (s = 2)(s - 3)eos(gh)™

11
-~ 13074 4s(s—1)(s2 =25 +2)cos(g0)* 2 = O(u?)

1. Higher order of power = Lower order of

power of cos:
2s=5—-4 = s=—-4
2. Terms of cos(g6)*

11
Epg?s(s—1) = oo s(s = (s =25 +2)

6 0
Use the fact s= -4 and p# 0 and g #0 to
get
g = 15
143

3. Terms of cos(¢f)’:

Hoa?s 11
l-c)p==2 -
(I-c)p 6pq 260H *pg’s

After some calculations, using s = —4 and

p # 0 and the term of ¢> we get

1499
1859

4. Terms of cos(qg)zs: Since 25 = s —4 we de-
duce that the cos(g8)’ ~4_terms are equal to

cos(¢g#)** ones. So we deduce

3 o, M

z - —Ds=2)(s —

2507+ 360/1 pq’s(s = 1)(s=2)(s - 3)
5

1
= [oHep’q’s’ + g uep’q’s’
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Do some calculations to get

2100
2483¢

p:

Hence the solution of (8) is

2100 15 14
u(x,t) = sec? ( (x - 99t))

24835 143 \" 7 1859
or
ey 2100 o[ [15 (1400
D= 5483 143 \" 1859
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4 Conclusion

The ocean energy sector is all about innovation and
has been evidence of some notable progress. Many
studies in this domain have been done, and many
questions have given insight into new studies. After
providing a rigorous derivation of KdV equation on

u, and a rigorous verification of one on ¢, for flat
bottom, new lights have been casted on some future
researches, the extended KdV equation on the veloc-
ity could be derived with the presence of surface ten-
sion effect, this study could be done using the pseudo-
differential operator theory. Also, a numerical frame-
work could be done using the finite element method.
Finally, we would study its well-posedness employing
the modified-energy method.

References:

[1] A. Constantin, D. Lannes, 2009, The hydrody-
namical relevance of the Camassa-Holm and
Degasperis-Procesi equations, Archive for Ra-
tional Mechanics and Analysis, 192, 165-186.
DOI: 10.1007/s00205-008-0128-2.

[2] M.Haidar, T.ElArwadi, S.Israwi, 2019, Deriva-
tion and solutions of the KdV equation and the
Boussinesq system in the presence of surface

tension, preprint.

[3] B.Khorbatly, I.Zaiter, S. Israwi, 2018, Deriva-
tion and well-posedness of the extended Green-
Naghdi equations for flat bottoms with surface
tension, Mathematical physics, volume 59,No
7.

E-ISSN: 2224-347X

110

Marwa Berjawi, Marwa Berjawi, Samer Israwi

[4] S.Isrwai, 2018, Scalar models for water-waves
problem: applications to breaking wave, Schol-

ars’ press, Berlin.

[5] DJ. Korteweg, G. de Vries, 1895, On the
change of form of long waves advancing in a
rectangular canal and on a new type of long

stationary waves,Phil. Mag. 39, p.442.

[6] Dingemans, M. W., 1997 Water waves pro-
pogation over uneven bottoms. Part 2. Ad-
vanced series on ocean engineering-Volume

13. World Scientific, Singapore.

[7] Bona, J. L., T. Colin, D. Lannes, 2005, Long
wave approximations for water waves. Arch.
Ration. Mech. Anal 178, 373-410.

[8] P. Rozmej, A. Karczewska, 2108, Superposi-
tion solutions to the extended KdV equations
for water surface waves. Nonlinear Dynamics,
91, 1085-1093.

[9] S. Bibi, S. Tausseef Mohyud-Din, 2014, Trav-
eling wave solutions of KdVs using sine-cosine
method. Journal of the Association of Arab uni-
versities for Basic and Applied Sciences, 15,
90-93.

A.H. Salas, C.A. Gomez, 2009, Exact

solutions for a third-order KdV equation

[10]

with variable coefficients and Forcing term.
Mathematical problems in engineering, DOI:
10.1155/2009/737928.

Volume 15, 2020





