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Abstract: - We consider in this article that n independent items having lifetimes Xy, ...

, X from Burr type XII

distribution with parameter 8. Assuming conjugate prior for 8 (Gamma prior) and squared error loss, we
computed Bayes estimates of the scale parameter 8 using the following sampling planes; complete sample, type
I censoring, partial ordering I, type I censoring, and partial ordering II. By using the simulation method, we

compare the sampling mentioned above.
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I. INTRODUCTION

The Burr system of distribution was introduced by
Irving W. Burr (1942). Some applications of the Burr
system of distribution are n Reliability and
engineering, simulation modeling, and more. These
distributions have been used as models in a variety of
applied fields such as Business (e.g. Rodriguez and
Taniguchi), Economics and Engineering (e.g.
McDonald and Richards), and Medicine (Wingo).
Burr chose to work with the cumulative distribution
function (CDF) F(x) satisfying the differential
equation

= YA = gky), y=F)
that generate the Pearson system.
The Pearson system was originated by Pearson
between 1880 and 1900. For every member of
Pearson’s family, the probability density function
p(x) satisfies the differential equation

1dy a+x

pdx ¢y + cix + cx?
For Burr families, different choices of g(x,y)
generate various solutions of F(x), for example, if

gx,y) = gx), tilen

F(x) = 1+ EXP(— [*, g(w)du)’
The solution F (x) of Burr X1I is
F(x)=1-1+x%79, x> 0.
Burr XII was studied by many authors, Shah
considered the estimation of the parameters of this
distribution by several methods. He compared his
results through simulation. Also, he derived the
maximum likelihood estimator (MLE) of 8 and c. Al-
Hussaini gave a characterization of the Burr XII
distribution. Wingo derived a maximum likelihood
method for fitting the Burr XII distributions to life
test data.
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Let X4, ..., X, be a random sample from Burr XII
distribution with probability density function given

by

cxc1
f&xl8,0) = e
Let Y3,...,Y, be a future sample from the same
population but with outlier observation of the type
0,0 where 64 known. Assuming conjugate prior to

6, namely G (a, %), and noninformative prior to

¢, they predicted the minimum Y,y and the maximum
Y(n) of the future samples using squared error loss
function.

II. STATEMENT OF THE PROBLEM

Assuming conjugate prior (Gamma prior) and
squared error loss function, we computed Bayes
estimator of the parameter 6 using the following
plans:

1. Complete sample, where we observed all
lifetimes of the n items.

2. Type I censoring, where we observed the
failure times in the interval (0, ty] such that
Y; <Y, <.+ <Y, where t; is fixed.

3. Partial ordering I, where we observed the
failure times in the interval (0, ty] such that
V<Y, <---<Y, and the number of
failures in the interval (¢, t;] where ty,t;
are fixed.

4. Type I censoring, where we observe the first
rfailurey; <Y, <--- <Y,

5. Partial ordering II, where we obtain the
number of failures observed in the interval
(0,t5]- And obtain the number of failures in
the interval (ty, t1] where t,, t; are fixed.
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III. BAYES ESTIMATION FOR THE
PARAMETER 6 OF BURR TYPE XII
DISTRIBUTION, WHEN c IS KNOWN

Let Xj,.., X, be independent and identically
distributed random variables (iid rv's) from Burr
XII distribution with parameters 6 and c. The
probability density function of X is given by

cOxc1
f(’d@,dzm, x=>0c>0,0
>0 (D

where 6 and c are positive parameters.
The distribution function is
F(x)=1-1+x°79 x>0.
We like to derive Bayes’ estimator of 6 using
different priors with respect to squared error loss
under several sampling plans.

1. The case of the complete sample
The likelihood function is

L (1119 )

= Hf(xb 6)

nen(l—[l 1% )C 1
I, (@ + 9]+
Assume 6 has prior G(«, l) i.e.,

(2)

ﬂlx
() = ——=0%1e 0, 9,a,8>0.

()

Let

H(x,6) = f(x|6)m(6) 3)
then

H(x 9)
cngnta- 1ﬁa —GB(H 1% )c 1
1=
4
F@ITL,a+xops Y
And the posterior of 8 given x is,
H(x,6
2(0lx) = &) 5)
J, H(x,6)de
then equation (5) becomes
m(6]x)
9n+a—1

- 'n+a) 5
+ Z In(1
+ xiC)]n+ae—9(B+Zln(1+xic)) (6)
SO

1
(9 |£)~G(Tl + «a, m)

Under squared error loss, the Bayes estimator of the
parameter 6 of Burr XII distribution is the mean of
the posterior of 6 and is given by
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8, = E(6)x) = fo 6 1(6|x)do
a+n

TR+ 2in(1+x)
when a = 0,8 = 0, equation (7) becomes
n

b1 = Yin(1l+ x;©)
i.e., the same as the MLE.
Estimation of Reliability
Reliability is defined by
R=PX<t)=1—-P(X<t)
=1—Fx(t)
=1-[1- 1+t
=1+t t>0 (8)

()

Under square error loss, the Bayes estimator of
reliability is given by
Ry =E[(1 +t9)7%«]

= f (1 +t9)0n(6]x)d6

- FarD ,6’+Zln(1+xlc) |t
f gnta-1 —9(ﬂ+2ln(1+xic)+ln(1+tc))d9
0

B+ XIn(1+ x)
B+ YIn(1+x°)+In(1+tec)

= [ ™9

2. The case of type I censoring
Instead of observing the complete sample X4, ..., X,
suppose that we observe the failure items Y; <Y, <
-+ <Y, in the interval (0,t,]. Then the conditional
pdf of the observed sample is given by
L(Y|9 R= r)

(n r), ]_[f(yl

— F(to)]™ r

= n! 7ﬂgr(l_[l 1y1)c_1
(=N (T, (1 +9,9) 7

+1,9) 70, (10)

0<SY, <Y, <
D1 weer ).

<Y, 6>0, where y=

Now, the posterior pdf can be calculated as the
follows

ﬂ(9|y) B L(X|9)1T(9)

=L (v]6) 6)ae
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A BB+ X In(1+y,5) + (n—71)In(1 + t,)]*¢ (1)
(1 + )T, (1 + y:))T (@ + 1)

Under squared error loss, the Bayes estimator of 6 is

the posterior mean given by

d, = E(9|X) =f 6 n(6ly) db
0
a+r
= (12)
B+YXin(1+y)+ n—r)in(l+t,°)

when a = 0 and § = 0, then equation (12) becomes

. r

02 =

Yin(1+y)+(n—r)in(1+t,°)
i.e., the same as MLE.
The Bayes estimator of reliability is

Ry =E[(1+t)7°y]
- f 1+t (9|X) dae

B+Yin(1+y,)+ n—r)n(1l+t,°)
B+Yn(1+y,°)+ n—r)n(l+t,°) + In(1 +t°)

— [ ]‘r+a (13)
3. The case of partial ordering [

Assume that we observe the lifetime of the units

which failed in the interval (0,¢t,] and obtain the

number of failures in the interval (ty,t;]. Let y =

(y1, -, V), the conditional joint probability density
function (jpdf) of the observed sample is given by

L(y]e)

= for0)f (y|R=7.K = k6)

n!
= k= =gy TP () = Feo)l (1
ek TTSOD
— F(ty)] k | | Tto)

n![(1+tOC)—9_(1+t1c)—9]k[1+tlc]—9(n—r—k)cr9r(l—[{:1 Yi)c_l
(n=r=k)k! (T2, (1 +y;9)) 0+
Then the pdf of the posterior is
L(y|6)m(6)
m(oly) == 7

L (Z|9) 7(8)do

[(1 + toc)—e _ (1 + tlc)—e]k9r+a—1e—96

(15)

. k
— r+a—-1 -1 j 1 c\—jO 1
L e Z} Y (L + 6,69

+ tOC)—(k—j)He:G[ﬁ+(n—r—k) In(1+t,9)+Y% In(1+y:9] 49

k (o0}
=Z(_1)jf 9r+a—1e—9Aj do
— 0

=
= Nyt (16)
L A
j=0
where
Ai=B+Mm—r—k)In(1+t,°)
+ 2 In(1+y;9

+ (k=) In(1 + t,©)
Therefore, equation (15) becomes
= (o)

[(A+697° -1+t
[1+t1°T=P 11 + )% Lo (- 1)

Under squared error loss, the Bayes estimate of the
parameter 6 is the posterior mean given by
3=r(oly) = [ on(oly)as

0

k(-1
j=0 4 r+a+1
J Aj

k(1))
_] OAr+a

(uﬁd the Bayes estimate of R is

9]k6r+a—1 -0B

F(r+a)
A T+(l

=(r+a) (18)

B c16(n-r—k 19 [ LA+t 70-(1+t,©) O kgTHa"1e—0F
[1 + tl ] (n-r )[Hl _|_le] fO ([1+t1€]9(n—r—k)[n1+yic]9)9

Now
f°° [(1+ )7 — (1 + 6
0 ([1+ t,619=m=R)[[] 1 + y,¢19)°
- [ 1+
0

-1

do

6]k9r+a—1e—6,8 "

e eon(o]y) @ -
= foo [(1+t,9)7% — (1 +t,6)7 0 kpr+a-1¢=08
0 [1+4¢€10[1 + £,10==R[I(1 + y,)]° T¥_o(— 1)/ F(r
1 fOO j:O(_l)](l +t,)” 19(1 +t,6)” (A
r(r+a) Zf_ (_lei 0 [1+ tc]g[l + th]H(n—r—k) 1
! rta-1, —0B;
B 1)J Z( 1)]9 ido
k
r(r+a) Zf‘OAj““ =
k (=1
j=0 Bjr+oc
Tk D (20)
j=0 AjT‘HZ
where

+ t1C)—9]k9r+a—1 e~ 0[B+(n—-r-k) In(1+t,9)+Y In(1+y;9)] de Aj =f+ n—r—k)in(1+ tlc)
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+ Z lTl(l + yl-c)
+ (k —j) In(1 + t,¢)
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B =B+ (n+j—-r—k)in(1+t,° The likelihood functi'on is given by
_ i c n!
+(k ]) ln(1+t0 ) L(k1:k1|9) _—[1

c c kilky'ks!
£ (1 4y +In(1+£9) e o1 4 £6)-0
— (146971
+,°]7% (26)
Then the posterior of 8 is given by

4. Case of type II censoring
Observe the first r failures ¥; <Y, <--- <Y,. The
posterior distribution is

H(x,0
£(y16)n(6) 7(6]x) = 2D
(o) == (21) Jy H(x 6)do
fO f(X|9) T[(e)de Z’fioZ;;zo(_l)j+19a—1€—914jl
where == o (27)
a
r
7.[(9) — ﬁ ga-1 6_9/3, 9,a,ﬁ >0 (a)z Zl 0 Aj©
F( ) where
f (X|9) Ajp = B+ (I +ks)In(1 + £,°)
n! r +(+ky,—DIn(1+t,°)
= i ' 1_[ fiy) [1 Under squared error loss, the Bayes estimator of the
(n—r)! ) parameter fof Burr XII distribution is the mean of
—FQ)I* T (22) , the posterior of 6 is given by
SO T Ay = p(aly)
(n—7)! ([T}, (1 + y;))f+2 *
< <h<--<t, =f om(6y)do
therefore, Ozkl Zkz i+t
a1

T (9 y) 1=0 4 (28)

_ 0TI =y, )0 e[ 4+ (n— 1) In(1 + y6) ¥ Zzﬁél paA4A ‘jS

I+ o[l +y:9]°
Under squared error loss, the Bayes estimator of the

And the Bayes estlmator of reliability is

parameter 6 is the posterior mean and is given by R = f [1+t€] ( |y) de
~ *© 0
04=E(9|y)=_[ 9n(9|y)d9 Z 2 (-1y*
o 0 - =0 [4;, +In(1+£6)]@
— J
_ r+a (24) = = (29)
B+ m—r)in(1+y°)+Xn1+y°) Z Zl 0 At
And the Bayes estimator of reliability is
R, = f [1+¢]-m (o | y) d6 IV. CONCLUSION
0 B+ (m—r)in(l+ %)+ + ) To compare between the five different sampling
T L

=[ ]"*@  plans by MSE we take

B+ m=—r)in(l+y)+Xin(l+y)+n(l+t°) Case (1): Complete sample.

Case (2): Type I censoring.

Case (3): Partial ordering I.
Case (4): Type I censoring.

5. The case of partial ordering I
Assume that we obtain k; be the number of failures

observed in the interval (0, ty] and obtain k, be the Case (1): Partial ordering I1.
number .of failures observed in the interval where ¢ known and 8 unknown.
(to, t1]mi.e.,

) To compare the results obtained in each sampling
k, = number of observed in (0,t0] plan, we take (Da =2, =3 (Da=2 B=6
k, = number of observed in (to, t] and generate a value of 8 from Gamma distribution

ks =n—ky — k. and then generate random sample of size 10, 20, 40

Let _g from Burr XII when ¢ =2 and generated 6 =

p1=Px <ty) =F(tp) =1—(1+1¢°) 0.6414,0.3417. We repeated the simulation 1000

P2 =Pty <x<t)=F (tlg — F(to) o times. For each sampling plan we computed Bayes
=(1+6)7 -1 +6°)" estimator 6 of 8, Rof R, and MSE for each.

p3=Plx>t)=1-Px<t)=1-F() Stopping t, = 2,t; = 5,and t = 3 for reliability.
=1 +t,7° The following notation were used
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0; =means of Bayes estimator of 6 in the i —th

sampling pleilg(.) é’. e.,

7, = 1 Z o, Table (2)
1000 &y a=2B=3,c=2060=006414,t=3,R
and = 0.2283,t, = 2,and t; =5
11°°°A , nﬁ_lMSﬁ_zMSﬁ_gMSﬁ_L;MSﬁ__L;MS
MSE = 7550 Z (01 = Ogiven) 1/0. (0. [o. [0. 0. ]0. 0. [0. 0. |0.
— =t _ _ oj2 |o|2|0o 20|20 |2 |0
R; Emean of ]:%ayes estimator of R in the i —th ole6 121415195 |8 |15
sampling plzir(l).o (l). e, 312121713 1l0l118 16 |1
R = 1 Z R 5123|973 |0]2 ]85
1000 & 7 2/0. 0.0 0. |o. ][0 [o. |0 |0 |o.
and 0/2 (0|2 |0 |1 |0 |2 |02 |0
1 & 114|616 |9|5|6|9|0]5
MSE = 1000 Z (Rij = Rigiven)* 3 (1 |1]0 |8 (3|3 |2|0]2
The results are]gilven in tables (1) - (4). We write 8 181513 131712 1]5 1115
case (i) < case(j) to mean MSE of the estimator in 310.10.10.10./0./0.10.10. 0. 0.
case (i) < MSE of the estimator in case(j). Prior 0{2101{21(01(2 1021020
t0 0 is G (a,l). 114 |6 (8 |2 (4 |3 |5 (4|7
Table (1) B 3 /0|6 ({3 (3|58 |1 |52
a=2,=3,c=2,0=0.6414,¢, > |11 1[5 ]2 (5 ]1]8 |4
__ __ =2, and ty = 5 __ n = 10:case 2 < case 5 < case 1 < case 4
nig, MS 0, MS| b, MS 0, MS b, MS < case 3
110.1o.10.10.10.10.10.10.10.|o0. n = 20:case 1 < case 5 < case 3 < case 2
ol6 |0 |6 |0 |6 |0 |6 |0 |60 < case 4
2lalzl1lo0lsloleg |2 |a n =30:case 1 < case 3 < case 4 < case 5
9o lo 7|77 |57 |13 |2 < case 2
2 (113 |2 |9 (4|02 |7 |1 Table (3)
2/0.10.(0.]0./0.|10.({0.]0.]0.|0. a=2,=6,c=2,0=03417,t,
0o/6 |O |6 |0O |5 |0 |6 |0 |6 |0 =2,andt; =5
5|1 1|1 1|4 |9 |5 |5 (1|13 ng_lMSg_zMSé_gMSg_‘}MSQA_SMS
21314 1513121011128 1[0. 0. [0.]0. [0. 0. [0. 0. [0. | 0.
1151112 /8 |1/316/4 ]2 0/3|o[3 |03 |03]|0]3]0
3/0.10.(0.]0./0.|10.(0.]0.]0.|0. alolalolel1lslole |o
0o/6 |O |5 |0 |5 |0 |6 |0 |6 |0 ol1le6 1113121315 |2 |9
4 |0 (9 |59 (4 |50 |0 |2 s 1115|918 l5 1612 12 |1
519 111114912 8 11 11 2/0. [0.]0. 0. [0.]0 0. [0 |0 |o.
8 118|511 J1]1 515 |4 0|3 (o |3]|o[3 |03 ]0|3]0
n =10:case 2 < case 5 < case 1 < case 3 > |0 141012424510 13 11
< case 4 6 |59 ({3 (11|71 |4 |0 |8
n = 20:case 1 < case 4 < case 5 < case 2 3 /0|8 |7 |53 ]2 ]1]0)0
< case 3 3{0.10.]0.(0.]|0.(0.]0.]0.(0.]0.
n =30:case4 < casel < caseb5 < case 3 0/3 (0 (3|0 |3 |0 3|03 |0
< case 2 2 |4 |5 |0 |1 |5 |4 |02 |4
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312 (4|8 (3 (1|1 4|1
9 |55 |8 |2 |0 (0 |7 |8

n =10:case 1 < case 2 < case 4 < case 3

< case5

n = 20:case 2 < case 4 < case 1 < case 5

< case 3

n =30:case 4 < case 2 < case 5 < case 1

< case 3

Table (4)
a=2,=6c=2,0=03417,t = 3,R
= 0.4553,ty = 2,and t; =5
n R‘_l MSR‘_2 MSR‘_3 MSR‘_4 MSﬁ_5 MS
1{0.0.|0./0.]0.]0.|0.(0.]0.]0.
0o/4 |0 |4 /O |4 |0 |4 |0 4|0
1(3 /8|06 |0O]|1 |1 |8 |0
0|1 1|8 (8 |0 |16 |0]|2 |6
512 (9|0 1|53 |4 |3 |3 |5
2/0.]10.(0.|10.|0.]/0./0.]0.]0.1|0.
0/4 |0 |4 (O |4 |0 |4 |0 4|0
2 12 (8 |0 |4 0|1 ]2 7|0
1196 |7 |91 |3 1]|0]0|5
9 |14 |2 (2|7 |7 (4 9 |9 |1
3/0.10.(0.|10.]0./0./0.]0.]0.1|0.
0/4 |0 |4 O |4 |0 |4 |0 4|0
2 /2|7 |0 |3 |0 |0|4 6|0
513147 |6 |7 |0|7 |8 |4
5513 |54 (1|1 |1 |1 |1

n = 10:case 3 < case 5 < case 2 < case 4

< casel

n = 20:case 3 < case 5 < case 2 < case 1

< case 4

n = 30:case 5 < case 3 < case 2 < case 1

< case 4
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