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Invariants of symmetry groups under transformations of dependent and independent variables lead to simplification of
differential equations and their exact solutions if solutions of the transformed equations are known. Though Lie developed
his Symmetry Analysis for complex functions of complex variables, he did not explicitly use complex analyticity. We have
applied Complex Symmetry Analysis in which we make explicit use of the Cauchy-Riemann equations and find that one
can solve systems of differential equations by it for equations not readily amenable to the usual real methods. We show
that, via complex methods, one can deduce invariants in a simple manner.

Keywords: invariants, Lie symmetries, hyperbolic equations, complex methods.

[. INTRODUCTION

Symmetry analysis was developed by Lie (Lie, 1883; Lie,
1884; Lie, 1888) in an initial attempt to extend the works
of Abel and Galois (see for instance (Schwarz, 2008))
for polynomial equations to differential equations (DEs).
Galois managed to classify polynomial equations solvable
by means of radicals by utilising the symmetry of the
roots of the algebraic equations. Lie did not obtain a
corresponding analogue for DEs. Instead of finite groups,
Lie found continuous groups which are also differentiable.
These are called Lie Groups (Schwarz, 2008; Ibragimov,
1999; Ovsiannikov, 1982) and have been widely used
since Lie’s initial works for DEs which can be ordinary
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or partial.

Here we study the invariants for a system of linear
hyperbolic PDEs from the complex viewpoint. We find
expressions involving the dependent and independent
variables (and their derivatives up to some order) that
remain invariant under the group considered and its
prolongations.  Such quantities are called differential
invariants. If they are obtained only by a subgroup of
transformations, one refers to them as semi-invariants and
joint invariants otherwise.

Invertible maps of the dependent and independent
variables of the DEs which preserve their form are
known as equivalence transformations. They enable
the derivation of the invariants and reductions of the
corresponding DEs to simpler forms. The semi- and joint
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invariants of a system of two linear hyperbolic equations

Uty + a1 (t, 2)ue + az(t, x)vr + by (t, x)uy
+ ba(t, 2)vy + e (t, x)u + co(t, z)v = 0,
Vi + as(t, ©)us + ag(t, x)ve + bs(t, x)uy
+ by (t, x)vy + c3(t, x)u + ca(t, z)v =0, (1)

under an invertible change of the dependent variables
were derived (Tsaousi and Sophocleous, 2010) by the
usual (real) infinitesimal method, where the subscripts
t and x denote partial derivatives with respect to
these independent variables. The most general
group of equivalence transformations (Ibragimov, 1999;
Ovsiannikov, 1982), i.e. invertible change of the
dependent and independent variables, that maps a system
of hyperbolic equations to itself with, in general, different
coefficients is obtained first and then employed to find the
associated invariants in (Tsaousi and Sophocleous, 2010).
Complex symmetry analysis (CSA) explicitly uses
the complex analyticity of the dependent variables as a
function of the real independent variables (Safdar et al.,
2011; Ali et al., 2014). It was found that one could
linearize systems of ODEs (Safdar er al., 2011), and
thereby solve them, even though they may not have
enough symmetries to be solvable using the standard
(real) methods (Ali et al., 2014). Having this in mind,
we wanted to see if the same type of benefits could be
obtained for PDEs. Of course, a major difference between
ODEs and PDE:s is that the former always have a finite
number of arbitrary constants, while the latter generally
have arbitrary functions, and thus require boundary
conditions or initial conditions to limit the number of
solutions. As such, one tries to construct invariants
(or joint invariants) to obtain classes of solutions. We
construct invariants by both the standard (real) methods
and the complex methods. We then make a comparison.
Semi-invariants associated with a subclass of a
system of hyperbolic equations (I) under a change of
only the dependent variables had been obtained by CSA
(Mahomed et al., 2011). This subclass of systems is
represented by the following two hyperbolic equations

Ute + a1 (E, x)uy — ao(t, ©)vg + B (t, )y

— Ba(t, ©)vy + 11 (¢, )u — y2(t, x)v =0,
Vi + o (t, 2)ug + aq (¢, 2)ve + Ba(t, ) u,

+ B1(t, z)vg + 2 (t, z)u + 1 (¢, z)v = 0. (2)

This system of hyperbolic equations corresponds to the
scalar complex hyperbolic equation
Wy + at, x)wy + B(t, 2)w, + (¢, z)w =0, 3)

if g + a2 = a, B1 + 182 = B, 71 + 172 = 7, and
u + tv = w. Since the transformations used to obtain the
semi-invariants of satisfy the Cauchy-Riemann (CR)
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equations, so do the invariants. These quantities were
found to be real parts of the complex invariants associated
with the base complex equation by means of a change
of the complex dependent variable (Ibragimov, 2004).
All the invariants of the scalar linear hyperbolic equation
are given in (Ibragimov, 2004; Johnpillai et al., 2002).
We present an explicit derivation of invariants of the
system (), using real and complex symmetry approaches
to show that these are the same when derived under
transformations of only dependent variables, while in
case of transformations of only the independent variables
and both the dependent and independent variables, they
appear different.  For the latter cases it is shown
that complex symmetry approach provides an alternate
invariance criterion for systems of two hyperbolic PDEs.

The plan of the paper is as follows. The second
section is on the preliminaries in which the infinitesimal
method is demonstrated. The subsequent section contains
a derivation of invariants of a system of hyperbolic
equations by real symmetry analysis. The fourth section is
on obtaining the invariants for the same class of systems
by the complex procedure and the comparison of these
with the invariants found in the third section. The
penultimate section is on the application of the derived
invariants. Concluding remarks are presented in the final
section.

II. PRELIMINARIES

Semi-invariants of the linear hyperbolic equation (3)
(with ¢,z replaced by zi, 22), under the local re-scaling
transformation of (only) the dependent variables

“

are given in (Ibragimov, 2004). The infinitesimal form of
the above transformation reads as

w(z1, 22) = 0(z1, 22)u(z1, 22),

w(z1,22) = [1+ en(21, 22)]u(z1, 22), (5)
which leads to the generator
Z =1:,00 41208 + (N2120 + 2y + BN2,)04,  (6)

where 7,,, 7., denotes partial derivatives of 7, i.e.

g—;’l, 9 and 9, = %. The following first-order

Oz
semi-invzlriants (called Laplace invariants) are deduced in
(Ibragimov, 2004)

h:a21+aﬁ_77 k:BZQ—’_OéB_’Y' (7)

The first extension of (@) acts on J(«, 3,7, @, Bp,Vp)s
where p € {21, 22}, to reveal (7)) that these are differential
invariants as they contain first-order derivatives of the
coefficients of scalar PDE (3). Similarly, a change of the
independent variables

21 =9¢(t), 22 =1(x), ®)
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which can be written in the infinitesimal form as
2 =t+ei(t), z=x+eo(x), &)

leaves the original hyperbolic PDE invariant. This change
of (only) the independent variables leads to the generator

7= glat + 6289c - a€2,xaa - 5gl,taﬂ
- 7(51,1‘, + §27w)a~/ (10)

i.e., the operator obtained after transforming the linear
hyperbolic equation according to (9) and by reading
its infinitesimal coordinates from the transformed new
coefficients. Applying this generator on J(a, 3, 7) yields
a zeroth-order semi-invariant

~
I =—. 11

108 (11)

We apply the first extension of (I0) on
J(a, B,y ap, Bp,Vp), to obtain the first-order

semi-invariants, where now ¢ € {t,z}. This yields
a system of linear PDEs that provides the following
invariant quantities when solved, viz.

-[2:%7 13:&a I4:la
Qi it it
o — o oy
I — (ﬁ’Yg 2'Yﬁt)7 Iy = 2 0%
at

Further, joint invariants of the hyperbolic equation have
been derived (Johnpillai er al., 2002) by applying an
operator of the form on the space of the Laplace
semi-invariants h and & given in (7). Therefore, one needs
to transform the operator to the variables h, k, and
then apply it on J(h, k), J(h,k, hy, ko) and so on, in
order to get the zeroth-, first- and higher-order joint in-
variants of the linear hyperbolic equation, respectively.
On writing the generator in the space of the Laplace
invariants h, k,i.e.

Z =Z(h)0y + Z(k)0y,
its first extension reads as

20 = &(6)0; + &2(2)0x — (§14 + S2.0)h0h — (S
+ &2.2) k0K — (&1 1th + 2&1 the + €2, 5P ) On,
- (fl,thm + 62,w$h + 262,a:h/a:)8hL - (gl,ttk
+ Zgl,tkt + §2,zkt)8kt - (gl,tkm + f2,x;ﬂk
+ 252,33]{190)81%.

13)

(14)
It yields the following joint invariants of the original scalar
linear hyperbolic equation

J1=%
_ (hkt khi)(hke—khe )
Jz_kh +hkhhk hok
J3 — ta ta:% t t (15)
J, — (Bka—kha)” (hkhe— h? ktt 3kh2+3hhtkt)
4= R
J- — (hkt—khy)?(hkhyy—h2kyr—3kh2+3hh k, )
5 — ho

of which four form a basis (see (Ibragimov, 2004;
Johnpillai et al., 2002)).
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III. INVARIANTS OF A SYSTEM OF TWO
HYPERBOLIC EQUATIONS BY
THE REAL PROCEDURE

To derive the invariants of the system (1), the infinitesimal
equivalence transformation map is dete#mined in (Tsaousi
and Sophocleous, 2010). The generators associated
with these infinitesimal transformations are then applied
to obtain invariants of This section presents the
derivation of the invariant$ associated with the subclass
(ﬁi of the system of hyperbolic equations (ﬁ]) by the real
infinitesimal method.
The system of two hyperbolic PDEs i])j is obtainable
from a hyperbolic PDE with two indepeldent variables
, when its dependent variable is considered as a
mplex function of two real independent variables. Both
the equations of such systems satisfy the CR equations.
The group of equivalence transformations associated with
@ is obtained through a generator

=10, 4+ €20, + 'Oy + 020y + 0} 0y, + 1l0u,
+ ntzavt + ngavz + ntlzautz + ntzzravm + :u’llaal
+ Muaaz + /“LQlaﬁl + :u’228ﬁ2 + :u318"/1 + ,u 872?
(16)
where &%, nf and p'f, p?c, pde, for K = 1,2,
are functions of (¢, z,u,v) and (¢, z,u, v, @, B, Vi)
respectively. The first extension coefficients 7y, 1%, are
obtainable from

ni = Di(n') — s Di(€") — up Di(€?),

i = Di(n?) —viDy(§') — 0. Dy(€7),

Ny = De(n') —w Dy (€') — up Dy (€7),

n; = Dy(n°) — 0D (€') — 0. D (€%), (17)

with Dy, and D,, as total derivatives with respect to ¢ and
x. Applying Z, in ﬁ]) on both the equations of the system
results in a systemlof linear PDEs when the coefficients

&%, ", and all their partial derivatives are equated to
zero. Solving it with MAPLE leads to
& =), &=F(2), (18)
nt = Fs(t, 2)u+ Fy(t, z)v,
1’ = Fy(t,2)v — Fu(t, x)u, (19)
/1/11 = _F3,$ - O41F’2,$7
pr? = Fyp — asFs g,
pt = —Fs, — BiFuy,
/’l‘22 = F4,t - B2F1,t7 (20)
3 = —F3 1 — a1 F3p — aoFyy — 1 Fs
—BoFye —(Fue + Fon),

32 = Fute +oanFuy — aoFst + B1Fy
— BoF3 0 —vo(Fi4 + Fog).
Invariants of the system can be derived using a
generator of the form

Z =804 20, + 'Oy + 1204, + 1?05,
+ /‘L22852 + #31871 + /1‘328727
21
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where &%, and p*, p?*, pd*, are as given in (18]

and (20) respectively. The first-order semi-invariants (as
zeroth-order do not exist) obtained are

h1 =a taif —af — 7,
hy = agy + 1B + 2B — 72,
ky = Bro+ a1f1 — azfs — 71,

ky = Ba + 1Bz + a2y — 7o (22)

These are associated with the system (2) due to a change
of (only) the dependent variables (T9) and are derived by
employing the generator of the form

7Zp = —Fg,xaal + F473,38(y2 - F37t851 + F4,t8,32
— (Fs4p + a1 Fsy + aoFyy + 1 F3 g + PoFu )0y,

+ (Fajte +a1Fuy — aoF3 i+ f1Fy g — B2F35)04,.

(23)
It is extracted from (21) and by considering F}(t)
Fy(z) = 0, and F3(t,x), Fu(t,x), as arbitrary functions
of their arguments. By plugging the above generator in
the invariance criterion

=0,

(24)
leads to a system of linear PDEs when the coefficients
of F5(t,x), F5(t,x), and all their partial derivatives are
equated to zero. On solving the obtained system of PDEs,
one arrives at . Transforming only the independent
variables, i.e. keeping F} (t), Fz(x), as arbitrary functions
of their arguments and F5(¢,z) = Fy(t,z) = 0, leads to
the infinitesimal generator

Z;=F (t)at + FQ(I‘)&K — ang’maal — agFg’zaoQ

— B1F140p, — PoF1 408, — v1(Fi4 + F22)0-,
- '72(F1,t + FQ,I)aw'z'

1
Z[D] J(am Brs Vs Okt Bn,ta Ve, ty Or,xs Bm,a:» 'Yn,z)

(25)
Applying it on J(ay, By, 7Vx) results in the following
zeroth-order invariants

Ba

T 052
713:

=2 _ M r_
! ay’ 2 B1 01151’ 4 a5y

Further, the first-order invariants are arrived at when
the first extension of the generator (23) acts on

(26)

J(a/m Bna ) an,t; Bn,ta ’Yn,u an,x; Bn,a:a ’YH,I)a Wthh
gives the following quantities
T o T oo T _ Pz T _ B2
I5 T oafr? I6 T oaif’ I7 T oafy? IS T a1’
I = B1B2,t—B2pB1,t I = Bivi,e—v1B,t
o= "5 v ho= T oE
IT By, —72B81.t IT _ Qo —Q2Q1 g
n= - ap o leT T &
T oY1,z —Y1%,x T a172,2— 72,z
I, =—F=2 "% [ =122 2702
13 om0 T T
(27)

including the four zeroth-order invariants (26). The joint
invariants of the system (2)

- hy

Ji=1% Jy = (28)
1
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are found in (Tsaousi and Sophocleous, 2010) by solving
the PDE

hiOyr + hodyr + k10yr + kyOyr = 0, (29)

This equation arises by transforming the first extension of

the generator to the space of invariants, &, k. and

applying iton J(h, , k..).

IV.INVARIANTS OF A SYSTEM OF TWO
HYPERBOLIC EQUATIONS

Semi-invariants associated with the system of two
hyperbolic equations (Igb obtained from a scalar linear
hyperbolic equation are derived in this section by
complex methods. A few of the invariants presented
here have already been presented earlier (Mahomed et al.,
2011). Here we demonstrate the complete complex
procedure involved in deriving them. The generator of the
form (@ associated with the equation @) written in terms
of z; and z5, becomes complex due to the presence of the
complex dependent variable and the complex coefficients
split (B) into two operators

Xl = 771,228&1 + 772,,228042 + M,z 851 + 72,2, 862
+ (Myzrzn + Q1N 2, — Q222 + B171 2,
- /82772,22)8"/1 + (7]2,2122 + Q21,2 + 1722,
+ 52771722 + 61772722)8"/27
(30)
Xy = 772,Z2aa1 - 771,228062 + M2,z 851 — M,z aﬁQ
+ (772,,2122 + Q211 2, + Q172 2, + 52771,22

+ ﬁ1n2;22)a‘71 - (771,2122 + Nz, — Q2N 2,
+ /Blnl,zg - /82772,Z2)a'yg-
3D
We find four first-order semi-invariants
hi =ai,, +a1B1 —afs — 71,
h2 = Q2 z + 052[31 + 05152 -2, (32)

ki = Bz + 0181 — 2B — 71,
ko = P22, + c2f1 + o182 — 72,

associated with the system (Z) on using the pair of
operators (30) and These are exactly the same
as represented by h,, k. in (22). Therefore, in
this case the real and complex procedures lead to the
same semi-invariants of the system (2). Notice that
all the four semi-invariants (32)) are readable from the
the first-order semi-invariants associated with the base
complex hyperbolic linear equation (3) and satisfy

1 1
X | =X

h 0

. 33
xPe | =xMr,| =o 53
k1=0 ko=0

The linear combination X3 of both the operators X; and
X, results in the following relations

1 1
xhy = Xy =0

34
XM | =xWk, | =o. G
k1=0 ko=0



Engineering World &5

Open Access Journal 2

ISSN: 2692-5079

It was seen that the complex invariants of the base
complex hyperbolic equation (3) split into two real
invariants of the system @) Further, we observed an
agreement between the real and complex approaches
in the case of invariants that are derived under
transformations of only the dependent variables for
systems (Z). In order to show that this will always be the
case let us start with the following invariance criterion

Z‘](a7657aap7ﬁp’7p) = Oa P € {tax}a

where Z, in general, reads as
Z = 10+ 20 + 307,

and u’s are functions of ¢, z, w, a, 8, and +, that is used
to derive the zeroth-order invariants of the complex base
equation (3). Here considering Z = X; + (X, 11 =
H11 + tpi, fl2 = po1 + tptes, 3 = p31 + tps2 and
J = Ji 4+ 1Jy as well as splitting the above invariance
criterion we obtain

X, J1 —Xodo =0, XoJ; +X3J2 =0,
which expands to

11 (J1,00 + J2,00) + 112(J1,00 — J2,01)

21 (J1,8, + J2,8,) + p22(J1,8, — J2,8,)
+/~L31(J1,71 + J2,’Yz) + F‘32(J17’Y2 - J2ﬁ1) =0,
p11(J2,0y = J100) + 112(J1,00 + J2,0,)
+/’621(J2,B1 - Jl,ﬁz) + /’622(‘]1,51 + J2-,52)
+u31(‘]2,’71 - Jl,’Y2) + /LBQ(']L"H + ‘]27’Y2) = Ov

(33)
respectively. On using the CR-equations Ji o, = J2,a,,
Ji0 = —J2,01 J1.80 = J2.8,0 J18, = —J2,3,, and
J1,v1 = J2,455 J1,4, = —J2,4,, the above equations take

the form

111,00 + H12J1,00 + p21J1,8, + 221 8,
+uz1diy + pz2diy, =0, (36)
H11J2,0, + p12J2,0, + p21J2,8, + p22J2 3,
+uz1day, + pa2d24, = 0.

Both these equations are invariance criteria for a system
of two hyperbolic equations (2)) to derive its zeroth-order
invariants under transformation of only the dependent
variables, i.e.,

XJ; =0, XJ, =0,
where

X = (11100, + 111200, + p210s, + 12208,

37
+11310+, + 113205, . (37

In the above discussion we used the invariance criterion
that yields invariants of order zero associated with
base scalar complex equation (3) due to an invertible
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transformation of the dependent variable. The two real
parts of this complex invariance criterion are shown as
equivalent with the help of the CR-equations, to the
invariance criteria that lead to zeroth-order invariants of
systems (2) under transformations of only the dependent
variables.  This result could be extended to prove
equivalence of the invariance criteria (of equation (3) and
corresponding systems of the form (2)) of an arbitrary
order g, with the help of the CR-equations.

The semi-invariants of the system (2) under
transformation of only the independent variables are

I{ _ (aamitazy2)Bit(a1y2—a271)B2

(af+a3)(B7+63) ’
IS = (061’Y2*C¥271)/31*(a171+a2’72)52
2 (a3+a3)(B3+83) ’
IC _ (oapri—aafBa)ar s+ (azBritoiBr)as s
3 = o2 tal ,
105,
IC _ (appritaifz)ar s —(a1Br—azfz)as ¢
4= o2 ol s
16700
7S = @braetoniBos ¢ iBre—02.ifia
5 a%’tJra%’t ’ 6 a%,t+ag,t ’
Ic _ a1 ty1to2 Y2 IC _ QiY2—2m1
7 a?,t—"_ag.t ’ 8 a?,t—"_ag,t ’

e (ait_ag,t')(alﬁlﬂl_a26192+a2ﬂ291+a1ﬁ292)

I, = ‘
9 (af ,+a3 )2(BT+53)
+ 201t g ¢ (a2 B1 Q2401 B1Q2 —a1 Bo Q1+ B2822)
T el ) ’
IC _ (af y—a3 ) (2B +a1 B1Q2 —ay 21 +a282Q2)
10 (of ,+a3 )2(BT+53)

_2041,t042,t(04151521*a25192+a2ﬁ2521+a152522)

(af ,+a3 )2(BT+53) ’
I = (af—ad)(Qzon ++Qucat) + 202 (a1, —Q3az )
11 (ag,t""o‘%,t)(o‘%""a%)z (a%rt—&-a%‘t)(a%-&-agﬁ ’
I = (0] —03) (o, —Qsas)  20100(Qson,+Qa0s)
12 (of ;+a3 ) (af+a3)? (af ;+a3 ) (af+a3)? ?

(38)

O = By — Baver — V181, + 1282,
Qo = Boyi,e + Bive,e — V2Bt — 1182,
(39
Q3 =171, — QY22 — V1010 + V2024,
Qy = aoV1,0 +Q1Y2,0 — V2010 — V1020

We notice that If,IS,..., I, constitute an alternate
invariance criterion for system (2) that is different from
17,15, ..., 17, derived earlier using the real symmetry
method. The correspondence of these semi-invariants of
independent variables with the system (2) is established
due to the following operators

X1 = 2610 + 2620, — 0162 200, — @2£2,404, — 811,108,

— 3261408, — 1(&1,¢ +€2,2)0y; — Y2(&1,t + €2,2) 0y
(40)

Xo = —282 200, + ®1€2.400, — B2£1,+08, + 1£1,408,

—v2(&1,t +&2,2)0y, +71(81¢ + €2,2) 0y
(41)
which are the real and imaginary parts of the complex



Engineering World

Open Access Journal £

ISSN: 2692-5079

generator (T0). Using these operators it is observed that

i X x| —o
I1 =0 =0 13:0
1] y¢ 1] ¢
x| =x”f5|c =xblrg| . =0,
I. :14:0 15:0 Ir:IGZO
1] ¢ 1] ¢
1I7| _X[2]I8|C o :X[1]19 . =0
- et 1.9
110| . *X[]111| :X[z]flz e e
Ig=I7y=0 17;=0 I11=115=0
2)

It is seen that the above invariants are the real parts of
the complex invariants (TT) and (I2). Similarly, the linear
combination of both X; and Xs, if denoted by X3, satisfy
the relations

1] ¢ 1] ¢ 1] ¢
Xé]fl|c :Xg]fz|c :X:[s]—rs‘c =0,
e w2 o
XE%I4| =X3 15 | = X3 IG =0,
S=13=0 £ =0 Ig:Ig 0
1] ¢ 1] y¢ c
XZ[S]I7| . = :[3]I8|C . I | i =0
=18=0 17=18= 10=0
1] ,¢ 1] ,¢
Xé]110|c . :Xg]lu|c . =0
] e lg=Iyp= 11=112=0
X5 1y | e e
11=112=0
(43)
These invariants also satisfy the invariance criterion
ZV15 =0, §=1,2,...,12, (44)
0

Ig=

where Z[Il], is the first extension of the generator

(23). This implies that semi-invariants derived under
transformations of the independent variables using the
complex approach also satisfy the real invariance criteria.
For derivation of joint invariants of the coupled system of
two hyperbolic equations (2), the operators @#0) and @1)
need to be transformed to the space of invariants h,, k.
The same procedure was adopted in (Johnpillai er al.,
2002) before using the generator (I0) in determining the
joint invariants of the scalar linear hyperbolic equation.
The complex generator was transformed to h and k, i.e.,
to the space of the semi-invariants associated with the
hyperbolic equation under a change of the dependent
variables. The procedure to transform (@0) and @I) to
(hs, ki )-space starts by splitting when Z(h) and
Z(k) are taken as complex, i.e. Z(h) = Z(h)1 + tZ(h)2
and Z(k) = Z(k)1 +tZ(k)2. The real and imaginary parts

of (T3) are

X; = %[Z(h)lahl + Z(h)20h, + Z(k)10k, + Z(k)20k,],
Xy = 3[Z(h)20n, — Z(h)10h, + Z(k)20k, — Z(k)10,],
(45)
where
Z(h) = X1h1 — Xoho = — (&1t + &2.2) I,
Z(h)2 = Xoh1 +X1hy = —(&1¢ + &2,2) ho, (46)
Z(k)1 = X1k — Xoky = —(&1+ + &2, L)/ﬁ’
Z(k)o = Xoky + Xqko = — (&1t + &2,2) k2
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91

Using (@6) in (@3) gives the following two operators
X; = —7(51’t;§2’m) [h10h, + hoOp, + k10K, + k20k,],

Xy = —8atee) (.5, B8y, + Koy, — k1Og,),
(47)
that are the real and imaginary parts of the complex
generator (T4). These operators are utilized to deduce
the following joint invariants for the system of two linear
hyperbolic equations, viz. (2))

_ hikithok
Jpp = lakithaks

ki+ks
_ haoki—hiks
J12 - k%-‘er )
Jiz = uﬂﬂryﬁ 1+ H"i”ﬁzwl + M”iy;z wa + ”mszwm
— 1%
Ju = gEmwn + 21+H2wl +orawe e W,
Jix = K3 #4114
15 = p2p2 T ait,s
J16 — H4V3 H3V4

u3+ug uatug
Jir = k1M5+k2#6w k2M5 k1pe

Jig = kzﬁgtlzfus klﬁsillgjuesMh
18 = — gy W + o Y
Jig = #7:;1Zsl’6 5 4 usV5+Z7V6w6,
Joo = #7:6+Z8V5w + #7:51'5:81’6 We,

(48)
where

M1 = h? — 10h%h% + 5h1h%,

Mo = 5h411h2 — 10h%h§ + hg,

p13 = hi — 3hih3,

g = 3h3hg — h3,

ps = —6h?h3 + hi + h3,

He = 4hi’h2 - 4h1hg,

pr = h) — 36hTh3 + 126h3h3 — 84h3hS + 9hi hS,

ps = 9hShy — 84RSRh3 + 126h1h3 — 36h3RT + h,
(49)

v = hikis — hokay — kihi + kahoy,

vy = hoki s+ hikay — kohit — k1hoyg,

v3 = kihi 1z — koho o + hikite — hoko iz — h1 k1 x
+ ho ko w — hi gk + hoakoy,

vy = kol 1z + k1ho o + hokite + hikoto — ho ki o
- hl,th,x - h2,xk1,t - hl,mk2,ta

Vs = kﬁh%z + 2h1ky wkiho gz — 2hoks pkoho »
+ 2hoky gkiho p — 4k1h zkoha 5 — k%h%z
+ h3k3 , + 2hoky okohy o — 2hiky okihi o
+ 2h2k‘27mk‘1h171 + k‘%h%@ + h%kj%jm
+ 2h1k2,xk2h1,x — h%kix — 4h1k17xh2/€27¢
— h%k%,T — k%h%z + 2h1 k1 zkoho )

Vg = —2k2h§,xk1 —2hikigkihae — 2k1hy ghika
+ 2hoka pkoht w — 2k3ho why o + 2hoks pk1ho 4
+ 2kohao shoky i — 2h3ko wk1 o + 2kaho shiks 4
+ 2h1/€%mh2 — 2h1k17xk2h171~ — Qth%,zhl
+ Qh%klwkgx + 2k1hixk2 — 2k1hy ghoki o
+ 2k%h1,mh2,ma

(50
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and

w1 = hik1,e — hoko gz — k1hi g + koho 4,
wo = hoky o + hikoy — kohy p — k1ho g,
wg = hihi 1z — hohote — hathi e + hotho 2,
wa = hohi 1z + hiho e — hoth1z — b1 tho gz,
ws = (hik1 — hoka)hi ¢ — (hoki + hik2)ho

— (h% — h%)kl,tt + 2h1h2k2’tt — 3]61 (h%,t

— h3 ;) 4 6kahy thoy 4 (3hiha e — 3hoho )k

— (3hghit + 3hiho t) ko,
we = (hok1 + hika)hi 4 + (hiks — hoka)ho

+ (=h? + hd)ka 1t — 2h1hoky 44 — Skg(hit

— h3 ;) — 6kihy thay 4 (3hohy e + 3hihg )k

+ (8hihyy — 3hahaot)ka .
(5D

These invariants are also the real parts of the complex
joint invariants (I5). A comparison of (28) and (@8)
shows that these appear to be two different invariance
criteria developed for system (2) using the real and
complex symmetry methods. Detailed calculations of
invariants presented in this section and the previous one
are contained in (Aslam, 2014).

The invariants provided by the real approach
under transformations of only the independent
variables are found different from those obtained
by the complex procedure. In order to show that
this is the case, we consider the invariance criterion
ZJ (o, 8,7, p,s Bpy7,)=0, for p € {t, z}, where

Z = &0, + &0, + p10a + 208 + p30y.

Inserting it into the given invariance criterion and splitting
it (by considering 1 = £11 + 12, §2 = 21 + 1§22 and all
those used in the previous result) into two real parts and
using the CR-equations we find

20 J1t +n1J1p — &12d2t — E20J2.5) + p11d1 04

121,00 + po1J1,8, + p22Jd1,8, + 3114,

+ps2di4, =0,

2(&nJ2,e + 21020 + E12J1e + 2201 2) + p11J2,04

+p12d2,0, + p21J2,8, + po2J2 g, + p31J2.4,

+uz2day, = 0.

(52)

These equations are different from the invariance criteria
associated with a system of two hyperbolic equations (2)
that provide its invariants under transformation of only the
independent variables, i.e.,

XJ; =0, XJ, =0,

where

X =10 + &0z + 1100, + (1200, + 12108, + 112203,

+ (13104, + 113205, .
(53)
Indeed, considering &;, and &», as real functions one
arrives at the same conclusion. A similar argument can
be presented for the joint invariants.
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V. APPLICATIONS

In this section a few examples of systems of hyperbolic
equations are provided to illustrate the invariance criteria
developed.

1. The system of two hyperbolic PDEs

e + (a1 — 1) we — agvy + (by + 3) uy — bov,
=429 — 2y y— (cp— b2 +2%2)y =0,
Utz + apuy + (a1 — ) v + bty + (by + 3) v,
teo—2+2%2)u+ (e — 2 +2% — 2)v =0,
(54)
corresponds to the complex hyperbolic equation in two
independent variables

wie + (@ = p)we + (b+ ) wa

+(c=b+22 - 2Yw=0, (53)

where a is the complex constant a; + tas. The complex

transformation of the dependent variable w = (z/t?)w
maps the above equation to
Wy + atty + by + cw = 0. (56)

Transformation of the complex hyperbolic equations
and into each other is guaranteed as the associated
semi-invariants h = ab — ¢ = k agree for both of them.
The system of hyperbolic equations is transformable
to

i + a1ty — Aoty + bty — bovy, + 1%t — cor = 0,
Ve + Gty + a1ty + botty + b1, + cott + c1v = 0,
(537
under u = (x/t*)%, v = (x/t?)v, that is obtained
by splitting the complex transformation used to map
the complex equations and into each other.
Semi-invariants associated with and are

hi = aiby — agbs — c1 = ky,

h2 = a1b2 + a2b1 — Cy = k’2, (58)

which implies that both the systems are mappable to each
other.

2. An uncoupled system of PDEs

Uz 2y + QaquZ1 + 2bz1uy, + dezyu =0,

Uy 2o + 2azfvz1 + 2bz1v,, + 4cz1v =0, 59)
is transformable to
Upe + atuy + buy, + cu = 0,
Uiz + atvy + buy, + cv = 0, (60)
via an invertible change of the independent variables
1
21 =VE, 29 = Z(x —1). (61)
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These are the invertible maps that reduce the base complex
hyperbolic equation

Wy, 2y + 2az%w21 + 2bz1w,, + dezyw =0, (62)

with the semi-invariants

C

I =—
' abz?

JL=b, L=, Iy=I,=I; =0, (63)
a

to the simple linear form wy, + atw; + bw, + cw = 0,
with the semi-invariants

= L=b, =5 I3=1,=1I3=0.

I
LT bt a

(64)
Note that the semi-invariants (63)) and (64) are the same
under (6I). The complex hyperbolic equation (62)
does not only yield an uncoupled system of hyperbolic
equations (39) but gives a coupled system

Uy, 2y + 20122, — 202230, + 2b1 21Uz, — 2b2210,,
+ 4ciz1u — 4egziv =0,

Vzy 2o + 2a2z%uzl + 2alz%vzl + 2b2z1U, + 2b1210,,
+ 4dcoziu + 4erz1v = 0,

(65)
when we consider a = a; + tas, b = by + by and ¢ =
¢1 + e in (62). This system of two hyperbolic equations
can be mapped to

Uty + artus — astvy + biug — bovy + cru — cov = 0,
Vip + agtuy + artvy + boug + biv, + cou + cqv =0,
(66)
under the transformations (61 that are already used to
map the base complex equation to its canonical form.
Semi-invariants derived under the transformations of
independent variables using real as well as complex

approach agree for systems (39), (60) and (63), (66),

respectively.

3. Consider the uncoupled system of two hyperbolic PDEs

A
Uty + §(ut + uz) = Oa

A
Vi + §(Ut + Uz) = 07 (67)
for which hy = k1 = ’\4—2 and hy = ko = 0. This implies
that

Jii=1, Jig=---=Jyp=0. (68)

The system (67) is transformable to another system with
the same invariants as given in (68), where by = k1 = —1,
ho = ko = 0. The transformed system reads as

Uzyzy T U= Oa

Doy + 0 =0. (69)
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In (68) we show an agreement between those joint
invariants that are derived using the complex method
(@8). The same is true for real joint invariants (28),
i.e., they agree for both the systems given above. The
correspondence between the systems (67) and (69) is
established through

u v = v
exp(z1—22)’ exp(z1—22) "

(70)

>N

t= %zl, T=—320, U=

These transformations are obtainable from

t= 2z, = (1

r= exp(z1—22)’

2
*X227 w =

with w = uw+ v, and w = u + . The complex
transformations map the complex scalar PDE

A
Wty + §(wt + wa:) =0, (72)
with h = k = )‘; and J; = 1, to the equation
Wy +W =0, (73)

for which h = £k = —1 and J; = 1. Notice here that the
substitution A = A; + tA9, in the equation results
in a coupled system of two hyperbolic PDEs but it can
not be transformed by the complex method. The reason
is the complex transformations for which the two
independent variables split into four which adds extra
dimensions. Therefore, the complex procedure does not
apply for that case.

4. The complex transformations

1
7= —, 29 =2x, E:E, (74)
t T
map the Lie canonical form
Wiy 2y + Q23TW,, + 2 = 0, (75)
to
1 az?

The invariant quantities associated with both the scalar
Lie canonical form and the hyperbolic equations agree.
Inserting w = u+v, in the equation (76) while keeping «,
a real constant yields an uncoupled system of two PDEs

1 ax? 4(ax —1)
Ute — Ut —d—g-Ue + ——5—u =0,
1 ax? 4(ax —1
Uty — — Ut 4tT'Uw %v =0. (77)

The system (77)) is transformable to another system of the
form

_ 2 _
Uz 29 + 0T, + 20 =0,
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Uy 2o + a0, + 20 = 0, (78)
under a change of the dependent and independent
variables

U v

20, U= —, V= —. (79)
T T

These transformations are the real and imaginary parts

of the complex transformations (74) and the transformed

system is obtained by splitting the Lie canonical form (75)

into real and imaginary parts. Joint invariants (48)) for both

the systems and are

2
129

_ 20-02) py=0=ky, Jig = —L

t2 ar—1’

(80)

ha k1 =

o+

and

hy = =2, ky =2(ax — 1), hy =0 =ky, J11 = =,
(81)
respectively, while all others given in {@8) are zero. A

coupled system

1 4oz 4
Uy — pUp — Uy + “F Uy
4 —1
+ (a1tﬂzv )u _ 46;22;”’[) =0, (82)
1 4a2x2 4o¢1w2
Uteg — 2Vt — —32 Uz — —32 Uz
dasx 4(ajz—1
+ ?22.Lu+ ( 1t2 )'U — O7
with the invariants
— 2 _ 2(1-am) — _ —2asx
hl_t727kl_(t727h2_07k2_ t22’
_ l—ax _ Qo
Ji = (1—ayz)2+oaiz?’ Ji2 = (1—a1z)?+aiz?’
J13=J14=...:J22=0,

(83)
is obtainable from the complex scalar PDE when
« is also complex, ie., « a1 + tae. Employing
the transformations (79) on (63) one arrives at a coupled
system

_ 2 2__ __
Uy zy + 125Uz, — 22504, + 2u = 0,

Tayzy + Q225T,, + 0 22T, + 20 = 0, (84)

which is the real analogue of the complex transformed
equation (75)) and satisfies the invariance criteria, where

h1 = —2, kl = 2(&11‘ — 1), h2 = O, k2 = 20[2.1‘,
_ l—ax o aox
Juin = (1—a1@)?+aie?’ Jiz = (lfalm)22+agx2’
J13 J14:...:J2():0.
(85)

VI. CONCLUSION

Semi-invariants of hyperbolic PDEs in two independent
variables have been obtained by transforming the
dependent or independent variables. Further, the
infinitesimal approach has been used to derive the joint
invariants for linear hyperbolic equations. Semi-invariants
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of the hyperbolic PDEs under transformations of only
the dependent variable have been extended to systems
of such equations by CSA. Here using the real and
complex approaches we derive invariants of the system
of two linear hyperbolic equations under transformation
of: (a) only dependent variables (re-derivation); (b)
only independent variables; (c) both the dependent and
independent variables.

In the case of transformation of only the dependent
variables of the system of two linear hyperbolic equations
(2), an agreement between associated semi-invariants
derived by the real and complex procedures is shown.
However, semi-invariants under transformations of the
independent variables, of this class of systems obtained
by real symmetry analysis appear different from those
provided by the complex procedure. Furthermore, the
joint invariants of this system of hyperbolic equations
obtained by both methods are also disparate. Indeed the
complex symmetry approach is seen to reveal different
invariants from those provided by real symmetry analysis.
This is seen mostly in the case where the real method
yields only 3 invariants, see (28)), while the complex
method yields 10 invariants, in (48).
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