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Abstract—The work are devoted to solutions equations of heat
conduction and Navier-Stokes by Producing functionals method.
Besides are considered by questions modeling a tree of numbers
arising at the analysis of the numerical and corresponding
text information. It is shown that many questions of mathe-
matical analysis problems and their applications are reduced
to construction of Producing functionals models in extreme
regimes and connected with it construction of Model Numbers
Tree.Corresponding formulaes are received for equations of
heat conduction and Navier-Stokes in the polynomial form.
Given others applications from physical, hydromechanical, labor
resource and others processes.

Index Terms—class so-called producing functionals, trans-
formations, models equations, heat conduction, Navier-Stokes,
polynomial form, hydromechanical and labor resource processes.

Let is given set[1-3]

m

M=<q(a1...am): Y al " =1a;(t) 10,5 = 1,m

j=1

m,n,s are natural, ¢ € T,7T is a arbitrary set from
[0,00). Let « € M = M? and «, = € L™ (T) with norm
=l = (f 2205, |z;|™dt)w < co. Assume that defined the set

T
of producing functionals of type

m o N
ple) = ([ (S aslest? an, 1)
T J=1
are given for all « € M) and x € Lj

n(T). The set of
functional (1) with norm ||g|| = sup,e s () is the normed
space. It denote by M. Introducing the vector y = K|z|, where

K is the diagonal matrix with elements ajl-/ * we have the

= (JOZTLy lyl*) E d)w

T
. is also the normae space. It denote by M («).

It is known that at @« = o € M:, where a? =

space with norm p(a) = [yl L (1)

(%) ", j =1, m the functional (1) has a maximal

j=11%j

value [|p|| = (f D27, [asdt) /™ = |||
T

Z yllLrs(ry < Z and what is more all maximal values of the
functional (1) with different € L7 (T) are solution of the

e (s Yllose () <

m
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equation Y7, X7 = Z" where X; = ([ |z;|"dt)'/",j =
T
1,...,m; Z = ||p||- Besides M € M(«) for all a € M2 ([1]).
. 1 . -
Introducing X; = ([ |z;|"dt)=, j=1,m,Z = ||u| we have
T

the equation:
m

ZX;L =", (2)

Jj=1

It is to easy that M € M(a) for all a € A. Now we consider
the model space of functionals M with norm

) = ([ 3 [zl s, @), (3)
T J=1

t ~
where z € L' (T), B;(t) = [a;t)dt, « € A = A

0
Introducing notations #; = ([ |a;|"dB;(t))*, 2 = j(a), we
T

have equations
m
IR o

The set of points (&1,..., %) with norm 2 is formed the
Euclidean model space M (), a € A. For functionals of
type (3) from M also take place M = M («).

For any natural n > 1 between to set of solutions (4) ( or
(2)) (ie.under m = k — 1 and m = k) it take place next
presentations:

Tjp = T1285k—1, Thk = T222K—1,
2k = 2921, J=1k—1 (5)

where k = 3,4,...,m , (Z12,&22) is some point of the special
Plane with distance 2 = (27, + 28,)%.

Let (1k—1-.; Tk—1k—1,2k—1) are solutions (4) under m =
k — 1 ( the sign of © is dropped ). We shall that
(Tik, - - - Tkk, Tk ) obtained by of (5) and are the solutions (4)
under m = k. So that Z;:ll Ti_1 = Zj_q> then multiplied
both part of the last identify on z7, we have: i, > al}, | =
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x7y2)_,. From here Zf;ll(xlgxik_l)” = (25 — ahy) 201,
and hence, using (5) we have: Zle T3, = 25, 1.e equation (4)
under m = k. Analogous, if (x;..., Trk, 2k ) also satisfied the
equations (1), then it is easy to see (Tig—1, .-, Tk—1k—1, Tk—1)
also satisfied (4) under m = k — 1.The transformation of
(5) may be writhen in the form of type: Z,, = WZm—1,
where i‘m = (fi‘lm—lv~-~7i‘m—1m—172m—12m—1)7 ém—l =
m—1 1/t t A o N
(321 Zipp—1)" and T, = (Z1m,
(X, &5t m =1,2..., g is diagonal matrix of m+1 order
with elements 2%, .., z,, &y, 2* which are some point of M?2
with metric 2o = T12 + T2 and 0 < T13 < €7,0 < Tog < €9,
0 < 29 <29,and 0 <t < tg,tp < 00,q = const > 0.
It is noticed that the transformation of u; transfers arbitrary
pOInt (&1pm—1, ooy Fm—1m—1) € M™ 1 with metric %,,_; and
into some corresponding point (£1,,, .-+, £ ) from M™ with
metric %, for all m > 3 and has semi-group properties:
ers = eprs, 0 <t <1, 0 < s <ty and its are linears, uni-
formly bounded and uniformly continued. Besides, the eigne-
values of p, are represented in the form of: \; = #%y,j =
Lm =LA, = iy Merr = 2 el = 28 g ]| < oo,
The infinitesimal generating operator K = lim; ot~ (us — 1)
is diagonal matrix and represented in the following way:
;7 = lniﬁlg,i = ].7 7/€ —
and what is more R(m,K) = (¢ — K)~
K = 1/t The transformation ,u,} is also transferred
M*=1 into M * under corresponding condition mié + Al/ f=
20 <t <ty ty < 0.

s Tmm Zm)a Zm =

1,arr = InZa2, apy1x41 = In 2o,
1 _ K
5 /’Lt = € s
In g4,

Let the function u = u(®1,...,2m,2), (L1,-0s&m) €
MMz = (Zj 1 27 mM1/n s the density of some informa-
tion flow ( some substance, or moving object, or so on
) and L;, j = 1,m, L are some operators which are
realizing changes of corresponding information flows then
Z;nzl(Lju)" = (Lu)™, are its general equations. Really,
as Lu = max, ;> a;Lju, Then at oy = of is
corresponding value under which the right of part of the
equation has the maximal value and this equation are equiv-
alent. Besides this equation has solution if and only if
when the predetermined system L;u = ¢;, Lu = ¢, where
¢; = ¢j(x1,T2..,2),7 = 1,2..m, ¢(z1,22,..., Tm, 2)
are solutions of the next functional equations has a solution
Do O ¢", Having taken ¢ = Z,, = cpm,¢; =
Xim = ¢im and using transformation (5) we have all ’simple”
solutions of the equations. For example let c¢;,c are some

numbers solutions of equation 27;1 ci = c" then ¢; =
cio(x1, ... tm,2),0 = cp(x1,...,xm,2) for all ¢(.) > 0
and ¢ € C. We may be also take ¢;(.) = J;?/”,¢

cot?/™ and considering process will be define in the set
of So € S, where Sy = {(x1,.0,Tm,2) = D a7 =
ct?,—c0 < z; < 00,0 < t < oo,nm > 2} where
2" = 2. The set Gy is series orbit with radius R = ¢/,
0 <t < ooln the case of L; = %, L = dk,k >
1 general solutions of this equation is represented in the
form of: w(x1, ..., Tm, 2) = QX1 eoes Ty 2) + Doiey CiFr o+
%,—oo < 2 < 00, —00 < 2 < 00 OF U(XYy ey T, 2) =
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m k+2/” LR+2/n

X1y e T, 2) 2500 Oz T G2 (e
and Y" 27 = 2%, —o00 < z; < 00, —o0 < z < 00,
where ¢;, c are the solutions of the equation (2) or (4), the
function (.) is polyoma of the k — 1-th order. Coefficients
of this polyoma we shall define with help of boundary
and initial conditions For example at m = 2,k = 2 if
we are given & le—0= wi(x1,22),u |,—0= uo(ml,xz)for
definition of the function ¢(.) we have:p(ry,29,2) =
u0(0,0)+u1(0,0)z+ 8u0(0 O)xl + 6“3;2’0)@ + aué;?’o)xlz—i—
9%u1(0,0)
5 T1%2 + Oz, 02, T1T27-

We shall defined Numbers Tree for any positive number in
the following. Let IV there is natural numbers p,n,m > 1

and positive numbers a;,a;;,...,a;,m» for which take place

P — P 2 n n n P _ n
NP = NE, Nf, = af +a3 + ... +ap, a; = glj—I—
n n n — n n n _
Ao + oo & Qppjy Qg = A7y + Qo5+ o Qg Qi =
n n n — n n
Al T %0t Uiy oo Qg o = Yy o+ a5, and

in last presentation members of the right part can not beat, are
submitted as the final sum composed n — th degrees of some
integers so-called by a basis of a tree[1]. The number NV is
uniquely represented as Numbers Tree representation: NP =
Sk ja @ zm Gaeda? where qu are numbers of occurrence of a
basic element a;;j, ...;, in a tree of numbers. Representation for
N and corresponding Numbers Tree representation are opti-
mum representation. More over with the help of transformation
Aim = xaim_l,i ES 1,m— 1, Amm = Y4 Nﬁl_ Nm =
ZNpy,—1, where ™ + y" = 2P we have the polynomial
formulas N2, = (2™ 1" + Y7, (yxm P 2)) or
Np xm—1 +YZ¢:2 xm—ig(i— 2)7 and Nﬁm :Xm—1+
Zm A;X™=% . which describes the process of Numbers
Tree grows and any complex object (aj,...,aim), Ny is
fully defined with the help of infinity or account numbers of
elementary objects of type (x,y,z), where ™ + y" = 2P |
X+Y=2ZX=a"Y=y"Z=2P A, =YZ02,

Now we consider definition solutions of solutions equations
of heat conduction and Navier-Stokes by Producing func-
tionals method and numbers tree model which are using in
different of branches of science and technology.

a). Differential equations with extreme properties for heat
conduction. Many real processes (distributions processes of
heats and waves, diffusion processes)belong to so-called
model equations with extreme properties. In the general case
such equations may be 1represented in the form of: Lu =

m S s m n
{lne%;{zj:l a; (Lju) } sor (Lu)" = Zj:1 (Lju)",
s > 0, L,L; are given operators, which characterize
the considered physical processes. For heat equation in
area G ( a rectangular with the sides: [y,lo , and given
initial and boundary conditions ult=otio (21, 22) (X1, 22) €
G,u ]%:0 =0=u|, _, ,j = 1,2 then the solution

37"
is represented in the following kind: w(z1,22,t) =
ﬁznl,’rw:l Dy, p,eim2t sin %ojl sin %IQ, where
Dy, n, are coefficients Fourier of function ug(z1, 2) , and pa-
rameters c,,n, = c are the solutions of the coordination equa-

- 2
. on n__.n . TN ™2 . =
tion: ¢ +¢4 = ¢ and ¢y p, = ”\/(11 ) + ( > ) =

n >
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1,2,3,... =12

b) The equation of Navier-Stokes. The considering equa-
tion belongs to as class difficult equations and is the basic
at calculation of movement viscous incompressible liquids
consisting of three equations which are written down as one
vector equation. However generally it is not solved methods
of modern mathematics and in practice it is necessary to be
limited to the decision of only private problems. Solutions of
these equations are unknown, and thus even it is not known,
how them to solve. However we have found classes of possible
general and smooth solutions that equation on the basis of
entered earlier to us a principle of extreme conditions that
takes place in processes and objects of the real world. We
shall propose that:
The disorder of energy and pressure will be maximal.

Let function v = wu(z,t), t > 0, =z
(x1,22,..., Tm), = € G, G C E™ is a state of
some object (or process) in a point z at the moment of time
t. Now we consider Navier-Stokes equation

8“i+23:u A Lor 3. 9%,
J = - 2
ot = Oz p Ox; = 8;10]

Let v = >, au,a € M, where M = {«a

a = (a1, ,am), Y a0 = 1} Then we have 2% +

Z?:o uj 2 = —%g’; +v Z] 0 2 G- We also suppose that
J

u; = O;u, where §; € M. Then Z @g; = [—%g—f +
vy, %f —— 8“] We shall maximize left part of last equation
on parameters 6 € M, and we have
ou?\" _1op 0%u  Ou
dA5) = TV 2 ot
. 0 Cpox . Ox; ot

For solution of this equation we consider next class possibility
. 2 . 2
solution: 1).% = ¢; the simple class and 2).% = c;ju? the
J J
exponential class, where > ; €j = " is coordination equations
- algebraic representation.In the beginning we stall consider
the exponential class

oL ou_ < u | 10P
ox; 7ot ijz p Ox
Ou

Such we can take Zai 31, Z &% — and we have

2(8675)” = (pv —2 —cu)™ It to allow proving, that
the decision exists and is enough smooth function and it
will allow essentially changing ways of realization hydro-
aerodynamic calculations We shall write some classes of
possible solutions (them much - by virtue of a generality of
the description of real processes by this the equation) for the
gu> _ = ¢;, the simple class, g"; = cj u?, the

initial equation: g
exponential class % = d;, the simple class, o 2 = dju,
J
o°P __ _ @ _
Da; = d; P, the exponential class, and I/Z ey 5% = G
the simple class, v 2712‘ — % = cu, the exponential class,
2 i .
27? — % = cP, the mixed class where c;,c,d;,d be
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,—00 < x; < 00,t > 0.

show solutions the so-called equation of the coordination

J— n
of capa:rzlrty (the coordination equation): Zj 1= c
and ZJ 14} d" and for a simple class we shall
write the appropriate general and smooth solution: u(x,t) =

\/(f_ Yu(€,0)dé + [ dt [, Gx§)(c+d/p)d§)

Q:ZCJ%" ( )=PO)+5 djzj. u =3
3 T (z;—-¢5)

G(z,§) = (2\/15 = is the sources function.

c¢). Consider some others examples. From the beginning we

du;™ _ du™ 1y — 9 3. and we have u(z) =

consider Y1 | T = 4T
w(0)e, uj(x) = u; (O) +u(0)c; ‘T/c’l. Now we consider the

equation Y., (dd “J) = (gz’;
u(zx) = {

uj(z) =

1 Q5Uy,

n
. In this case we have:

Cre Vet 4 CheVer,
Cycos(kx) + Cosin(kz)

c>0
c=—-k*><0,

at
at

duj(0)$+
i (C1+Ca)

au; (0) _<c] C<k>7cc>%c )

u. (0 ci(Cqrcos(kx)+Casin(kx

djac z— - k2 +

c;Cox c;C1 _ 2
= + k2 7Cf_k )

0y (0) + 250127V 40y
+Cj(c2

Uy (0) +

d
L=

where C1, Cy are positive constant, c;, ¢ are solution of (2)
type.

d). General model production. The functional (1) charac-
terizes model production. Really consider the consider the
case m = 2. It is known that in this case model pro-
duction is presented in the followrng way[6]: f (K L)
FoA([la(B2) =7 + (1 — a7™) "5 (52)~0]dt) >, where

T
fo, A, p, Ko, Ly are parameters, 0 < «(t) < 1, 0 < p < 0.
Introducing notations p = p.s, where pg > 0, s is natural and

() = (LD, 2y () = (59)7, () = (H0)
we have functional of type (1): p(a) = ([[azi(t) + (1 —
T

n—s

a5 )" z5(t)]dt) +. The set of such functionals with norm
]l = supacap(a) formed the norms space of type M.
Besides, if introduced notations y;(t) = al/*z,(t), ya(t)
al/szy(t) we have the normed space of type M(«). In
the case when pu = ([ (3 =1 GV (ui,Sj)%dt)%, where

=p(S;/ui), a = (ai(t), ..., (t)) € A is the probability
of realization the state S under actions u; , v(.) is the payoff
function the functional (1) characterize model of acceptance of
the decisions in conditions when any probability characteristic
are not known.

e).The Model of Sarez Lake. Let’s mark by mean of Q(z, t)
the quantity of perturbed water passing through the cross of
reservoir in the point = at the moment time ¢. Then it’s easy to
see that from moving equation (the first) we have: Q(x,t) =
Q(0,t — ¥),where u = u(x,t) is the speed of flow’s particle
through the given cross. Note that speeding of perturbed wave
takes place in both directions from point z = 0. That’s why
we can assumed that Q(0,t) = ffm o(2)Q(z, t)dx, where
5 p(z)dz = 1,¢(z) > 0 usual low of the spreading
of f;erturbed wave, x* is the length of spreading of the
given wave. By this way we shall get usual problem with
functional initial condition that variety can be in ecology, in
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physics and even in economy. These equation is defined from
continuity equation. Really, under integration of this equation
we have: w(x,t)u(z,t) = w(0,t — 2/u)h(0,t — 2/u). The
condition is given for determination of this function. Now
we consider the discrete equation of with the begin condition
for some function ¢(z). Next representation takes place:
Q(x,t) = Coelmer(=3) 4 3722 | Cre® (=% cos B (t — £),
where 640,05 = a; + —if3; are the roots of the equation
I5: w(x)e?"/mdz = 1, more over | o |<[ bmax |, C; are
Fourier’s coefficients of the function Q(z,0),Q(0,0) = Qo,
j = 1,2.... It is noticed that formula and these equation
are received. Now we shall solved the equation for some
distributions laws. From the beginning we consider the case
when

wo-{ %

and for definition roots we have sh(c; +i8;)z. = 1. Hence

at T € [—Xy, T4,
at ¢ [—x., x4,

arcshl 27mj .
Oéj: , ﬂj: , ]:0,1,273,...
Ty Ty
Now we consider the case when
1 22
e 202

p(x) = o

As' ma'axp(a:) = Vara = Vaem then ¢ = z,/3 and for
estimation of the quantity of the perterbed water we take the
first wave:

Q1) = Qpebmes 1=/

Under supposition h(z,t) = h(0,t — £) from movement
equation we have next formula:

u(e,t) = \/(RH — 29)h,

where ¢ is Shezi coefficient, H is power of unperturbed water,
h is power of perturbed wave. Note that (c2H — 2g)h > 0
under H > Hy = 4mm — 5mm and v > 0. Under
H = 4mm — 5mm we have v = 0. Besides u = ¢;Q/%,
h = ¢2Q%/®, ¢ > cqu, where ¢; i = 1,2,3 are constants, c is
the spead of perturbed wave, c3 = 49. It is noticed that our
results are used under mathematical modeling of Sarez Lake
on the Pamir mountains. It is known that on the February 18,
1911, the territory of Pamir was struck by an earthquake with
a magnitude of 9 on the MSK scale (t=18 ours 41 minutes 14
seconds; ¢ = 38°N; A = 72.8°FE; H = 26km, M = 74;1 =
9 In the region of the village Usoi, the earthquake triggered a
grandiose landslide (over 2 billion m? of rock) that bloced the
valley of the river Murgab and buried the village Usoi with all
its inhabitants in the deris avalanche. The barrage built by the
rockslide masses was named Usoi obstruction after the buired
village The water of the river Murgab began to accumulate
behind the barrage, and flooded one of the largest settlements
of the valley, village Sarez. Thus it was formed Lake Sarez
with next parameters[1,2]: High water mark=3.265 m, water
catchment area = 16.506 km?, lake surface =80 km?2, length
=602 km, maximum width =3.3 km, average width =1.44
km, maximum depth =500 m,average depth =202 m, water
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storage capacity = 17 km3. It is known that Sarez Lake is
very high seismicity zone and is provided by numerous trace
of seismodislocations locateed along the margin of the lake
Zones of Lake Sarez are commensurable with size of the foci
of large earthquakes and it is situated at the inter action of
two large seismo -generating zones Bartang-Pshart and Sares-
Zulumart. In connection with we shall consider the possibility
of an overflow that might entail the destruction of the weakest
part of the dam due to the attacks of powerful flood waves.
Such waves can be generated by earthquake shocks and large
landslide masses that might be shaken loose to fall into the
lake bellow. In both cases the thus generating waves may
produce a spillover effect, speed up the process of scouring
of the weakest right wing part of the dam, cut a breach in
the barrage and trigger a catastrophic mud slide. Now shall
bring data of Sarez Lake. Initial dynamical characteristics and
parameters are next: 1). The distance from new formation of
the mass of oval with volumes 0.9; 0.6; 0.3 km? up to Usoi
oval is equals to 5 km; 2). The top of supposed oval with
volumes 0.9km?> has coordinates =z = 0, hy = 3260m; 3).
Coordinates of Usoi oval are x,s = 3294m, h,s = 5000m
. The top of the initial top is equals to 314 m for oval with
volume 0.9 km3. These data and others initial parameters
of the Sarez Lake were taken from experiments works. In
order to find out how the waves in Lake Sarez might respond
to a sudden fall of large dislodged mass of rock into lake
and it is expected to realize its dangerous potential, we shall
construct mathematical model of Lake Sarez parameters. Main
parameters of Sarez Lake are volume of the landslide (km3),
over flow volume (mln.m?), height of the wave (m),the energy
of wave the amplitude of the wave,the size of the displaced
masses, speed at which various volumes of displaced masses
will move, impact of waves of different magnitude on the
dam of Lake Sarez. We shall consider Mathematical Model
of average on the crows section of flow speed projection-
u(x,t) and height of flow wave-h(x,t). It is easy that its
are solutions of next differential equations (the Continuity and
Moving equations):

oh  oh o

oh 0<t<tpzo<z< Xyt
" “ar 5 0 StStizo S @ < Xy(t),

u(z,0) = uo(x), h(z,0) = ho(0),z0 <z < X4(0),

u(zo,t) =0, h(xo,t) = 0,0 <t <1y,

0Xy

22 = F(Xa(0),1), h(Xo,) = 0, X,(0) = o,

where p is the density of flow, v is locus angle of inclination’s
path to horizon, k is a coefficient of hydraulic impedance,
X = X,(t) is a state of flow front in the moment ¢, g is
acceleration of gravity (accelarations of free incidence), 7 is
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a force friction which is determined in the following way:

fp Coulomb law, (line case),
fp at fp < t*and
T= T at fp > 7, Grigorian law,
Tzlp; our law, s>0
Here p is a pressure, f is pertaining to Coulomb coefficient
f = 71/ = 7 under p —» 0, 7 = lim7 under
p — oo, s = const > (. After integration of these

equations under condition v > 0 we have: u?(z,t)
x dh
u?(zo,t — x/u)e_kfwo Ry try/u—wu) f;;[Qgsimp(y)—

SR — gBk)e ™t T dy, A )

ho(x — ut)e‘fot %dy, Xo(t) = Xo + fo (X4 (y, t)dy,
h(z, t)u(z,t) = h(xo,t—x/u+x0/u) (J;O,t—x/u—i-xo/u)
As f;; %eikf; dy =k(l—e” %T) kf he Iy % dy
then we can define functions w(x,t), h(x,t), X,(t). Besides

t),
It is noticed that Q(z,t) = h(z,t)u(z,t) is defined.
Computer experiments. Under ¢ = 10 the waves altitude
is equal to 306m . Others results are are caries out in the
following way:
The waves altitude:

The oval volume 15sec. 30sec. 60sec.
0.9km3 249m  185m  137m
0.6km3 139m  9Tm Tim
0.3km? 39m 28m 13m

The volume of overflow perturbed water:

The oval volume  15sec. 30sec. 60sec.
0.9km3 A178km3  197km3  .200km3
0.6km? 091km® .106km?® .107km?
0.3km? .0km?3 0km?  .0007km?3

Besides some others computer experiments are also carried
out. The equation of (1), the condition of (2) and the repre-
sentation for Q(z,t) is correct in the case of z € G € E™. In
this case we have next equation:

Q(z1, 22, ...y, t) = Q(0,0, ..., t —
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