
Abstract: This paper is about G-matrices, escort matrix, lower-upper triangular matrix, Companion matrix, di-
agonal matrix and Hyper G-matrix pairs formed by them. And also this paper has further study on Hyper G-
matrix pairs of matrices. In particular, structured matrices and escort elements are emphasized. Connections
are made with G-matrices.
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1 Introduction
Saunders and Schneider obtained definitions and
properties on diagonal similarity and diagonal
equivalence ofmatrices [1]. Fiedler andHall gave the
definition of G-matrix in 2012 [2]. Golshan, Armand-
nejad and Hall obtained some results for G-matrices.
Their studies about this subject have contributed
new properties and characteristics [3]. Fiedler and
Markham have studied G-matrices in depth [4]. Gol-
shan, Armandnejad and Hall made new contribu-
tions to this subject by studying two classes of nth
order G-matriceswith finite intersection [5]. Hall, Li,
Parnass, and Rozložník conclude that for n ≤ 4, all
n×n full sign patterns allow a G-matrix along with a
J-orthogonal matrix [6]. Cheon, Curtis, Kim have ob-
tained characterization results for some special ma-
trix classes related to G-matrices [7]. Some relations
between the division ofmatrices and this subject are
given by Keleş and with the help of these properties,
G-matrices are reached [9]. Hyper G-matrices are de-
fined using themultiplication properties ofmatrices
[8, 10, 11].

The analysis of structured matrices and their
spectral properties has been extended in various
directions. For example, Grammont and Largillier
examined ϵ-spectra and stability radii [16], while
Cullum and Ruehli applied pseudospectra analy-
sis to nonlinear eigenvalue problems and systems
with delays [17]. Ahmad and Mehrmann studied

backward errors and pseudospectra for structured
nonlinear eigenvalue problems [18], and Tisseur
andHighamdeveloped structured pseudospectra for
polynomial eigenvalue problems [19]. Lancaster and
Psarrakos further investigated the pseudospectra of
matrix polynomials [20]. These approaches provide
powerful tools for understanding the sensitivity of
eigenvalue problems under perturbations. Vander
Meulen and Vanderwoerd studied polynomial roots
using intercyclic companion matrices [12].

Classical matrix theory and computational as-
pects are covered in several fundamental works [13,
14, 21, 22, 23, 24, 25]. Golub and Van Loan gave
comprehensive treatments of matrix computations
[21], while Meyer [22], Lancaster and Tismenet-
sky [23], Axler [24], and Strang [25] presented de-
tailed accounts of matrix analysis and linear alge-
bra. Wilkinson’s monograph on the algebraic eigen-
value problem remains a cornerstone [26], and Stew-
art’s work on error bounds for subspaces associ-
ated with eigenvalue problems is widely cited [27].
Higham discussed accuracy and stability in numer-
ical algorithms [28], and Bernstein compiled an ex-
tensive collection of matrix facts and formulas [29].
Gantmacher’s theory of matrices provides a rigor-
ous foundation [30]. Important algorithmic contri-
butions include Paige’s work on large sparse eigen-
value problems [31], Davis and Kahan’s perturbation
theory [32], Lanczos’s iteration method [33], and
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Arnoldi’s minimized iteration principle [34]. Gal-
lopoulos, Philippe, and Sameh addressed the com-
putation ofmatrix pseudospectra [35], and Angelova
and Petkov performed componentwise perturbation
analysis of the singular value decomposition [36].
Watkins reviewed GR and QR algorithms for the ma-
trix eigenvalue problem [37].

Motlaghian, Armandnejad, and Hall provided ad-
ditional insights on certain classes of G-matrices
[38]. Recent applications of matrix analysis appear
in various fields. Murrja et al. compared matrix
analysiswithmultifactorial linear regression for risk
perception in farming [39]. Spectral clustering using
transition matrices was studied by Vaziri, Jamshidi,
and Motallebi [40]. Inequalities involving C-spectral
norms of operator matrices were examined by Reza-
gholi and Hosseini [41], while Soleymani and Salemi
gave conditions for linear preservers of multivariate
group majorization on matrices [42]. Inverse eigen-
value problems for distance matrices were tackled
by Nazari, Nezami, and Bayat [43]. Special struc-
tured matrices have also received attention: Ilkha-
nizadeh Manesh investigated L-rays of Toeplitz ma-
trices [44], Talebi and Aminizadeh discussed Son-
nenschein summability matrices [45], and Beheshti,
Fathi, and Zangiabadi studied interval tensors [46].
Applied studies include Melnikov and Melnikova’s
use of paired correlation algorithms for distancema-
trices between DNA chains [47], Porto’s analysis of
conductance matrices for fast processing [48], and
Karkour, Tajani, and Khattabi’s generation of con-
sistent pairwise comparison matrices in AHP using
particle swarm optimization [49]. Further contribu-
tions on matrix transforms and special classes in-
clude the work of Aasma and Natarajan on matrix
transforms into a-absolutely convergent sequences
[50], Erişir and Yıldırım on spinor matrices of real
quaternions [51], and Kuloğlu, Eser, and Özkan on
r-circulant matrices associated with k-Fermat and
k-Mersenne numbers [52]. Circulant and related
structured matrices have been extensively studied;
for example, Gao, Jiang, and Gong derived determi-
nants and inverses of skew circulant matrices with
Fibonacci and Lucas numbers [53], Garcia-Planas and
Dominguez-Garcia presented a general approach for
computing residues of partial-fraction expansions of
transfer matrices [54], Jiang, Shen, and Li gave spec-
tral decompositions of certain tridiagonal matrices
[55], and Zhou and Jiang estimated spectral norms of
circulant-type matrices involving well-known num-
bers [56]. Pesaranghader and Muthaiyah employed
co‑occurrence matrices for semantic similarity [57].
Li and Wu compared preconditioners for L-matrices
[58]. Kririm andHmamed designed robustH∞ filter-
ing via LMIs and polynomial matrices [59]. Zatopek
applied transformation matrices beyond deriving

equations of motion [60]. Liu and Jie constructed de-
terministic compressed sensing matrices using sin-
gular linear spaces over finite fields [61]. Kantalo in-
vestigated determinants and permanents of Hessen-
berg matrices with Perrin’s bivariate complex poly-
nomials [62]. Several authors focused on explicit de-
terminants of circulant‑type matrices: Shen, Jiang,
and Li treated RFMLR and RLMFL circulant matri-
ces [63]; Jiang, Li, and Shen examined r-circulant
and left r-circulant matrices involving famous num-
bers [64]; and Jiang provided efficient algorithms for
finding minimal polynomials and inverses of level‑k
FLS (r1, . . . , rk)-circulant matrices [65].

Families of Artin-Schreier curves with Cartier-
Manin matrix of constant rank were studied by Far-
nell and Pries [15]. We remark that a differentmatrix
with the same name G-matrix is used by biologists
and genetic scientists.

The set of all n× n real matrices is denoted by
Mn(R) = {[aij]n|aij ∈ R}.

For A ∈ Mn(R), the inverse of the tranpose of A is
denoted by A–T. The set of diagonal matrices is

Dn(R) = {[dij]n|dii ̸= 0, if i ̸= j, dij = 0}.

2 Preliminaries
AnonsingularmatrixA ∈ Mn(R) is called a G-matrix
if there exist nonsingular matrices D1, D2 ∈ Dn(R)
such that A–T = D1AD2. These matrices form a rich
class and were first studied by Fiedler and Hall in [2].
Some properties of these matrices are as follows:

All orthogonal matrices are Gmatrices.
The nonsingular matrices A ∈ Dn(R) are G-

matrices.
Any n positive real numbers are singular values

and eigenvalues of a diagonal G-matrix D.
If A is a G-matrix, both AT and A–1 are G-matrices.
If A is an n × n G-matrix and D is an n × n non-

singular diagonal matrix, then both AD and DA are
G-matrices.

If A is an n× n G-matrix and P is an n× n permu-
tation matrix, then both AP and PA are G-matrices.

A pair of matrices (A, B) is said to form a Hyper
G-matrix pair, if there exist two nonsigular matrices
D1, D2 ∈ Dn(R) such that A–T = D1BD2; A ▷◁ B is the
notation for a Hyper G-matrix pair. Similar to a G-
class of matrices [3],we have the Hyper G-class

HG(D1, D2) = {(A, B)|A–T = D1BD2} in [10], [11]. (1)

It is easy to see the nice symmetric property that
(A, B) ∈ HG(D1, D2) if and only if (B,A) ∈ HG(D1, D2).
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Note that if A is a G-matrix, then clearly (A,A) is
a Hyper G-matrix pair.

We now mention the following properties. If
(A, B) forms a Hyper G-matrix pair, where A, B ∈
Mn(R), then it is easy to show that the following are
also Hyper G-matrix pairs:
(i) (AT, BT)
(ii) (A–1, B–1)
(iii) (PTAP, PTBP), where P is an n × n permutation

matrix
(iv) (D–1AD, D–1BD), where D ∈ Dn(R).

For any two D1, D2 ∈ Dn(R), we can write the
equation A–T = D1BD2 as

A–1 = D2BTD1, (2)
which says thatA–1 and BT are diagonally equivalent.
Moreover, by properties of G-matrices, we can see
that A is a G-matrix if and only if B is a G-matrix.

It is of course easy to find Hyper G-matrix pairs
of matrices. Just form the diagonal equivalence
D1BD2, call that product A–T, and then find A. We of
course would like meaningful Hyper G-matrix pairs
(A, B). A purpose of this paper is in fact to find such
meaningful pairs of matrices.

The next result and the following two lemmas
will be utilized in Section 3.
Recall that A, B ∈ Mn(R) are ”diagonally equiva-
lent” when D1BD2 = A for some diagonal matrices
D1, D2 ∈ Dn(R). And note that for D1, D2 ∈ Dn(R),
the product D1D2 ∈ Dn(R).

Suppose A, B ∈ Mn(R) and that A is a G- ma-
trix, so that there exist D1, D2 ∈ Dn(R) such that
A–T = D1AD2. Assume that (A, B) form a Hyper G-
matrix pair, so that there exist D3, D4 ∈ Dn(R) such
that A–T = D3BD4. Hence,

D1AD2 = D3BD4, (3)
D–13 D1AD2D–14 = B (4)

and A and B are diagonally equivalent.
Conversely, supposeA and B are diagonally equiv-

alent, so that there exist D5, D6 such that A = D5BD6.
Then

A–T = D1AD2 = D1D5BD6D2 (5)
so that (A, B) form a Hyper G-matrix pair. We thus
have the following theorem.
Theorem 2.1. Suppose A, B ∈ Mn(R) and A is a G-
matrix. Then, (A, B) form a Hyper G-matrix pair if and
only if A and B are diagonally equivalent.

Lemma 2.2. If A ▷◁ B, then A–T ▷◁ B–T.
Proof. If A ▷◁ B, then there exist some matrices
D1, D2 ∈ Dn(R) such that

A–T = D1BD2. (6)
It is easily calculated that

D–11 B–TD–12 = A = (A–T)–T (7)
so that

A–T ▷◁ B–T. (8)

Lemma2.3. ([4])A 2×2matrix is a G-matrix if and only
if it is nonsingular and has four or two nonzero entries.

3 Main Results
We begin this section with a short general Algo-
rithm: Start with n× n matrix B. Form the diagonal
equivalence D1BD2 and call that product A–T. Then
find A.

Let us suppose that B is a STRUCTURED matrix.
We first consider the case where B is a nonsingu-
lar upper triangular matrix. Note that for an up-
per (or lower) triangular matrix, nonsingular means
that there are no zeros on the diagonal. We first con-
sider
Algorithm 3.1. Suppose that B is a nonsingular upper
triangularmatrix. Then D1BD2 is a nonsingular upper tri-
angular matrix. Now, the inverse of a nonsingular upper
triangular matrix is of the same type. The transpose of
that inverse is a nonsingular lower triangular matrix.

Using the Algorithm, we obtain a Hyper G-matrix
pair (A, B), where B is a nonsingular upper triangu-
lar matrix, and A is a nonsingular lower triangular
matrix.
Proposition 3.2. For a nonsingular B ∈ Mn(R), if B is
lower or upper triangular, then A ▷◁ B, where A is upper
or lower triangular respectively.
Proof. The transpose operation makes it easy to see
the proof.

Example 3.3. The matrix B =

1 –2 3 0
0 5 4 –1
0 0 2 6
0 0 0 7

 is

a nonsingular upper triangular matrix. For D1 =2 0 0 0
0 3 0 0
0 0 1 0
0 0 0 4

 , D2 =

1 0 0 0
0 2 0 0
0 0 1 0
0 0 0 5

 ∈ D4(R), we
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have

D1BD2 =

2 0 0 0
0 3 0 0
0 0 1 0
0 0 0 4


1 –2 3 0
0 5 4 –1
0 0 2 6
0 0 0 7


1 0 0 0
0 2 0 0
0 0 1 0
0 0 0 5



=

2 –8 6 0
0 30 12 –15
0 0 2 30
0 0 0 140

 , (9)

and hence it can be seen that with D1BD2 = A–T,

A =


1
2 0 0 0
2
15

1
30 0 0

–23
10 –1

5
1
2 0

71
140

13
280 – 3

28
1

140

 , (10)

so that
A ▷◁ B. (11)

The matrix A is a nonsingular lower triangular ma-

trix. Now, B–T =


1 0 0 0
2
5

1
5 0 0

–11
10 –2

5
1
2 0

37
140

13
70 –3

7
1
7

 is a nonsingu-

lar lower triangular matrix. And,

D–11 B–TD–12 =


1
2 0 0 0
0 1

3 0 0
0 0 1 0
0 0 0 1

4




1 0 0 0
2
5

1
5 0 0

–11
10 –2

5
1
2 0

37
140

13
70 –3

7
1
7



1 0 0 0
0 1

2 0 0
0 0 1 0
0 0 0 1

5



=


1
2 0 0 0
2
15

1
30 0 0

–23
10 –1

5
1
2 0

71
140

13
280 – 3

28
1

140

 = A. (12)

We have
A–T ▷◁ B–T. (13)

We next consider Companion matrices, which in
general can have various forms. A fairly recent arti-
cle which makes use of various companion matrices
is the interesting and informative paper [12] by Van-
der Meulen and Vanderwoerd.
Algorithm 3.4. Suppose B is a nonsingular Compan-
ion matrix. Then D1BD2 is nonsingular and has the same
”form”.
Proof. If B is a nonsingular Companion matrix, then
without loss of generality

B =


–a1 –a2 –a3 · · · –an
1 0 0 · · · 0
0 1 0 · · · 0
... ... . . . . . . ...
0 0 · · · 1 0

 , (14)

and we use

D1 =



d11 0 0 · · · 0
0 1

d21 0 · · · 0
0 0 1

d21 · · · 0
... ... ... . . . ...
0 0 0 · · · 1

d21


,

D2 =


d21 0 0 · · · 0
0 d22 0 · · · 0
0 0 d23 · · · 0
... ... ... . . . ...
0 0 0 · · · d2n

 ∈ Dn(R). (15)

We calculate

D1BD2 =


–a1d11d21 –a2 d11d21 –a3 d11d21 · · · –and11d2n

1 0 0 · · · 0
0 1 0 · · · 0
... ... . . . . . . ...
0 0 · · · 1 0

 . (16)

Corollary 3.5. If B is a nonsingular Companion matrix
and

D1 =



d11 0 0 · · · 0
0 1

d21 0 · · · 0
0 0 1

d21 · · · 0
... ... ... . . . ...
0 0 0 · · · 1

d21

 ,

D2 =


d21 0 0 · · · 0
0 d22 0 · · · 0
0 0 d23 · · · 0
... ... ... . . . ...
0 0 0 · · · d2n

 ∈ Dn(R), (17)

D1BD2 =


–a1d11d21 –a2 d11d21 –a3 d11d21 · · · –and11d2n

1 0 0 · · · 0
0 1 0 · · · 0
... ... . . . . . . ...
0 0 · · · 1 0

 , (18)

then
A ▷◁ B, where A–T is defined by Equation (16). (19)

Proof. We calculate

D1BD2 =


–a1d11d21 –a2 d11d21 –a3 d11d21 · · · –and11d2n

1 0 0 · · · 0
0 1 0 · · · 0
... ... . . . . . . ...
0 0 · · · 1 0

 = A–T. (20)
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Then

A =



0 1
d11d22 0 · · · 0 0

0 0 1
d12d23 · · · 0 0

... ... ... . . . ... ...
0 0 0 · · · 1

d1(n–1)d2n 0
bn1

d1nd21
bn2

d1nd22
bn3

d1nd23 · · ·
bn(n–1)

d1nd2(n–1)
bnn

d1nd2n


, (21)

and
A ▷◁ B. (22)

The product of diagonal matrices and triangular
matrices preserves triangularity.

Starting with any nonsingular matrix A ∈ Mn(R)
and any diagonal matrices D1, D2 ∈ Dn(R), we can
constructively obtain the equation A–T = D1A2D2, so
that (A,A2) ∈ HG(D1, D2).

This is somewhat of an opposite approach to that
employed in Algorithms 3.1 and 3.4.
Algorithm 3.6. Let A ∈ Mn(R) be any nonsingular
matrix. We write A–T = D1A1, where A1 ∈ Mn(R) and
D1 ∈ Dn(R), and A1 = A2D2, where A2 ∈ Mn(R) and
D2 ∈ Dn(R), so that

A–T = D1A2D2. (23)
At the end of the algorithm, A ▷◁ A2 is obtained.

Example 3.7. Let A =
[1 –1 2
1 3 –1
1 2 1

]
such that A–T =

D1A2D2. For a randomly chosen nonsingular diago-

nal matrix D1 =
[1 0 0
0 3 0
0 0 5

]
, we can easily write the

equation

A–T = D1A1 =
[1 0 0
0 3 0
0 0 5

] 1 –2
5 –1

51
3 – 1

15 –1
5

–1
5

3
25

4
25

 . (24)

Similarly, we write the equation

A2 = A1D–12 =
 1 –2

5 –1
51

3 – 1
15 –1

5
–1
5

3
25

4
25

1
3 0 0
0 1

2 0
0 0 –1

 (25)

=
 1

3 –1
5

1
51

9 – 1
30

1
5

– 1
15

3
50 – 4

25

 , (26)

for nonsingular diagonal matrix D2 =
[3 0 0
0 2 0
0 0 –1

]
.

We obtain A–T =
 1 –2

5 –1
5

1 –1
5 –3

5
–1 3

5
4
5

 such that A–T =

D1A2D2.
We now transition to a different topic.
Let us give the definition of an escort element.
For each element a of a commutative and binary

group, if there are b, c elements such that ba = ac,
then a is called an escort element [9]. We borrow
this definition in our paper in order to have matrix
escort elements. For a nonsingular escort element A,
we write BA = AC, where B, C are nonsingular.

We can obtain an example for which BA = AC, A is
a G-matrix, and (A, B) is a Hyper G-matrix pair.
Example 3.8. Let

A =
[5 1
3 2

]
, B =

[5 9
1
3 2

]
, C =

[ 289
21

125
21

–353
21 –142

21

]
so that BA = AC. By Lemma 2.3, A is a G-matrix. Also,
for the diagonal matrices

S1 =
[ 1
35 0
0 – 1

42

]
, S2 =

[–1 0
0 –15

2

]
,

we have
S1AS2 =

[ 1
35 0
0 – 1

42

] [5 1
3 2

] [–1 0
0 –15

2

]
=
[ 2

7 –3
7

–1
7

5
7

]
= A–T.

Next, for diagonal matrices

S3 =
[–2 0
0 3

]
, S4 =

[–1 0
0 –15

2

]
, (27)

we have

S3BS4 =
[ 1
35 0
0 – 1

42

] [5 9
1
3 2

] [–1 0
0 –15

2

]
=
[ 2

7 –3
7

–1
7

5
7

]
= A–T. (28)

Thus, for the escort matrix A, which is a G-matrix,
the pair (A, B) is a Hyper G-matrix pair.
Example 3.9. We can verify that (A, B) is a Hyper G-
matrix pair, by the use of Theorem 2.1. We need to
show that A and B are diagonally equivalent. Here is
a sketch of the way: let

A =
[–1 1
3 –2

]
, B =

[1 3
1
4

1
2

]
,

D =
[a 0
0 b

]
, E =

[c 0
0 d

]
. (29)

Then setting DAE = B, we obtain one solution as

D =
[1 0
0 – 1

12

]
, E =

[–1 0
0 3

]
. (30)
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In thenext result, we show that a certainHyperG-
matrix pair is necessarily obtained by an escort ma-
trix which is a G-matrix.
Theorem 3.10. Let A be a nonsingular escort element. If
matrix A is a G-matrix, then there exist some nonsingular
matrices B3 and C2 associated with A such that B3 ▷◁ C2.
Proof. For a nonsingular escort element A, we write

BA = AC, where B, C are nonsingular. (31)
We calculate

B–TA–T = A–TC–T. (32)
If matrix A is a G-matrix, then there exist diagonal
matrices S1, S2 such that A–T = S1AS2,

B–T = B1S–11 , C–T = S–12 C1, where B1, C1 are nonsingular.
(33)

By Equation 32 ,
B1AS2 = S1AC1, (34)

B1 = B2A–1, C1 = A–1C2, where B2, C2 are nonsingular matrices.
(35)

By Equation 34, we write
B2S2 = S1C2 (36)
B2 = S1C2S–12 (37)

We know that if

B2 := B–T3 (38)
then

B3 ▷◁ C2. (39)

Remark 3.11. Our result about BA = AC in Theorem
3.10 exhibits a special case of Sylvester’s theorem on
linear matrix equations. The reader can see Theo-
rem 2.4.4.1 in [13] and also reference in [8, 14].

In the following results, we give some clarifi-
cations of the matrices in Theorem 3.10. In these
results, we use the notation in Theorem 3.10 and its
proof.

The purpose is to showhow these already defined
matrices are further related
Lemma 3.12. If a nonsingular escort matrix A is a G-
matrix, then

B2 = S1AS2C–TS–12 , (40)
C2 = S–11 B–TS1AS2. (41)

Proof. By Equation 33 and Equation 35, B2 =
S1AS2C–TS–12 is clear. And by Eqution 33 and Equa-
tion 35, C2 = S–11 B–TS1AS2 is clear.
Corollary 3.13. If a nonsingular escort matrix A is a G-
matrix, then

B2 = B–TS1A, C2 = AS2C–T

Proof. By Equation 37 and Lemma 3.12, it is clear.

Corollary 3.14. If a nonsingular escort matrix A is a G-
matrix, then

B3 = BS–11 A–T. (42)
Proof. By Corollary 3.13 and Equation 38, it is easy to
obtain.

Corollary 3.15. If a nonsingular escort matrix A is a G-
matrix, then

C–T2 = S1BS–1A–TS–12 . (43)
Proof. By Equation 37 and Lemma 3.12, we write

B–T2 = D–T1 B–1B–T2 D–T2 C. (44)

Example 3.16. The matrix A =
[1 –1
2 1

]
is an escort

element and a G-matrix. For the selected matrix B =[1 2
3 4

]
,

BA =
[1 2
3 4

] [1 –1
2 1

]
=
[ 5 1
11 1

]
, (45)

And with C = A–1BA =
[16

3
2
31

3 –1
3

]
,

AC =
[1 –1
2 1

] [16
3

2
31

3 –1
3

]
=
[ 5 1
11 1

]
. (46)

Next,

A–T = S1AS2 =
[2 0
0 1

] [1 –1
2 1

] [1
6 0
0 1

3

]
(47)

=
[1
3 –2

31
3

1
3

]
, (48)

B2 = S1AS2C–TS–12 =
[–1 11

2
1 –5

2

]
, (49)

C2 = S–11 B–TS1AS2 =
[– 1

12
11
121

16 –5
6

]
. (50)
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We have
B2 = S1C2S–12 =

[–1 11
2

1 –5
2

]
, (51)

B3 =
[ 5

6
1
311

6 –1
3

]
, (52)

B3 ▷◁ C2. (53)
Remark 3.17. If we know B2 = B–T3 , then we could
replace B3 by B–T2 in Equation 53.

As in Theorem 3.10, we have S1, S2 such that
A–T = S1AS2. The following corollary gives some
S1, S2, when we specifically know A, B, C, B2, and C2
Corollary 3.18. Let A ∈ Mn(R) be a nonsingular G-
matix. There exist some selectedmatrices S1, S2 ∈ Dn(R)
such that A–T = S1AS2 and for a nonsingular matrix B ∈
Mn(R), with BA = AC, if B2, C2 are known, then

S1 = BTB2A–1, S2 = A–1C2CT (54)
Proof. Let A ∈ Mn(R) a nonsinguler matix. There
exist some selected matrices S1, S2 ∈ Dn(R) such
that A–T = S1AS2 and for a nonsingular matrix B ∈
Mn(R), BA = AC, if B2, C2 are known, then by Corol-
lary 3.13

S1 = BTB2A–1, S2 = A–1C2CT (55)

The following example illustrates Corollary 3.18.
Example 3.19. For the matrices in Example 3.16, we
have

S1 = BTB2A–1 =
[2 0
0 1

]
. (56)

S2 = A–1C2CT =
[1
6 0
0 1

3

]
. (57)

The following example shows that the equality of
B2, C2 in Lemma 3.12 and S1, S2 in Corollary 3.18 hold
even though A is not an escort matrix and the pair
(B3, C2) is not a Hyper G-matrix pair.

Example 3.20. For thematrices B =
[ 3

80 – 1
40

– 1
96

1
16

]
, C =[ 17

128 – 3
2563

128
7

256

]
, we have A =

[3 –1
2 –6

]
and if given ma-

trices B2 =
[480 –240
288 –384

]
, C2 =

[45 –2
46 180

]
, then

BTB2A–1 =
[ 3

80 – 1
96

– 1
40

1
16

] [480 –240
288 –384

] [ –6
–16

1
–16–2

–16
3

–16

]
=
[5 0
0 3

]
= S1,

A–1C2CT =
[ –6
–16

1
–16–2

–16
3

–16

] [45 –2
46 180

] [ 17
128

3
128

– 3
256

7
256

]
=
[2 0
0 –1

]
= S2.

S1BS2 =
[5 0
0 3

] [ 3
80 – 1

40
– 1
96

1
16

] [2 0
0 –1

]
(58)

=
[ 3

8
1
8

– 1
16 – 3

16

]
= A–T. (59)

S1AS2 =
[5 0
0 3

] [3 –1
2 –6

] [2 0
0 –1

]
=
[ 30 5
–12 18

]
= B–T,

and we have the Hyper G-matrix pairs (A, B) and
(B,A). This (59) is also provided for other selected
matrices S1 =

[–5 0
0 –3

]
, S2 =

[–2 0
0 1

]
.

Remark 3.21. A ▷◁ B can be obtained for differ-
ent nonsingular diagonal matrices S1, S2. The rela-
tion between matrices S1, S2 satisfying the equation
A–T = S1BS2 can be investigated.Consideration to
other non escort matrices, besides the matrix A Ex-
ample 3.20).

4 Conclusion and Future Work
This work opens the door for even more progress
on Hyper G-matrix pairs of matrices. In particu-
lar, other structuredmatrices besides triangular and
Companion matrices could be investigated. More
connections might be made with G-matrices. Giving
diagonal matrices in a different waymay create new
research areas for other application areas. In gen-
eral, for a G-matrix A which is an escort matrix with
AC = BA, is it always the case that (A, B) is a Hyper
G-matrix pair? Finally, similar to G-classes of matri-
ces, what kind of results can be established forHyper
G-classes of matrices?
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