
Approximation Solution of Mixed Boundary-Contact Problems and 

their Applications 

MANANA CHUMBURIDZE, DAVID LEKVEISHVILI 
Department of Computer Technology 

Akaki Tsereteli State University 
Kutaisi, Tamar Mephe St #59 postal code 4600 

GEORGIA 
 

Abstract: - In this article non-classical diffusion models of theory coupled-elasticity of static systems for isotropic 
inhomogeneous elastic materials with thermal and diffusion variables has been investigated. Approximate 
solutions for boundary-contact problems for theory coupled-elasticity in Cauchy hypothesis conditions has been 
constructed. The tools applied in this development are based on the boundary integral methods and Greens 
functions applications. 
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1 Introduction 
This paper is devoted to the development of a new 
method of approximate solutions of partial 
differential equations (PDEs). In particular, a non-
classical diffusion models of theory coupled-
elasticity of static systems for isotropic 
inhomogeneous elastic materials with thermal and 
diffusion for two dimensional (2-D) areas variables 
have been provided [1-4].  For consideration basic 
boundary-contact problems for theory coupled-
elasticity (BCPTCE) in Cauchy hypothesis (CH) 
conditions in infinite and finite domains of isotropic 
inhomogeneous elastic media with inclusion of 
several elastic materials and mixed contact 
conditions have been investigated. Decomposition 
Methods to build a numerical solution of partial 
differential equations has been used [6]. 
Throughout of paper we introduce the following 
notations: 𝐸2  is two-dimensional Euclidean 
space, 𝑥 = (𝑥𝑗);   𝑦 = (𝑦𝑗); 𝑗 = 1,2-points of this 
space, (𝑆𝐿(2)(D) −Hilbert space, 𝐷(0) is infinite 
domain with inclusion another elastic material 𝐷(𝑟) 
(𝐷(r) ⊂ 𝐸2,𝐷(0) = 𝐸2\𝐷(𝑟)̅̅ ̅̅ ̅, r = 1,2. . ) bounded by the 
close surface 𝑆 ∈ 𝐿(2)(α), α > 0 with outward 
positive normal vector. 
 

2 Problem Formulation 

The generalized model static systems of partial 
differential equations of theory of coupled thermo-

diffusion model for 2-D isotropic inhomogeneous 
elastic materials has the form [1]: 

. 

(𝜇𝑟 + 𝛼𝑟)∆𝑢(𝑥) + (𝜆𝑟 + 𝜇𝑟 − 𝛼𝑟)𝑔𝑟𝑎𝑑𝑑𝑖𝑣𝑢 +

2𝛼𝑟𝑟𝑜𝑡𝑢3 − ∑ 𝛾𝑖𝑟
2
𝑖=1 𝑔𝑟𝑎𝑑𝑢𝑖+3 = 𝑓(1𝑟)(𝑥)                 (1) 

(𝜈𝑟 + 𝛽𝑟)Δ𝑢3(𝑥) + 2𝛼𝑟𝑟𝑜𝑡𝑢 − 4𝛼𝑟𝑢3 = 𝑓3𝑟(𝑥)                                      

ℵ1𝑟Δ𝑢4(𝑥) − 𝑎1𝑟𝑢4 − 𝑎12𝑟𝑢5 − 𝛾1𝑟𝑑𝑖𝑣𝑢 = 𝑓4𝑟(𝑥) 

ℵ2𝑟Δ𝑢5(𝑥) − 𝑎2𝑟𝑢5 − 𝑎12𝑟𝑢4 − 𝛾2𝑟𝑑𝑖𝑣𝑢 = 𝑓5𝑟(𝑥) 

Where 𝑢 = (𝑢1, 𝑢2) is the displacement vector, 𝑢3 is 

a characteristic of rotation, 𝑢4 is the temperature 

variation,𝑢5 is the chemical potential ,   𝑟𝑜𝑡𝑢3 =

(
𝜕𝑢3

𝜕𝑥2
, −

𝜕𝑢3

𝜕𝑥1
)

′
, 𝑟𝑜𝑡𝑢 = (

𝜕𝑢2

𝜕𝑥1
−

𝜕𝑢1

𝜕𝑥2
), 𝜇𝑟 > 0, 𝛼𝑟 > 0,

3𝜆𝑟 + 2𝜇𝑟 > 0, 𝜈𝑟 > 0, 𝛽𝑟 > 0, 𝛾𝑟𝑘 > 0, 𝑎𝑟𝑘 >

0, 𝑘 = 1,2,  𝑎1𝑟𝑎2𝑟 − 𝑎12𝑟
2 > 0 −Constants of 

elasticity of 𝐷(r) domains (r = 0,1).  Δ is a two-

dimensional Laplacian operator [3],                           

Γ(r) = (Γ(1r) , Γ3r , Γ4r , Γ5r) = (Γ1r , Γ2r , Γ3r , Γ4r , Γ5r) ⊂

𝐶0,α(𝐷(r)), α > 0 is a given vectors.                 Allow 
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us to introduce the matrices of differential operators 

of static systems:  

𝐿(r)(𝜕𝑥, 𝜏) = (𝐿𝑖𝑗
(𝑟)

)5𝑥5 

Where 

𝐿𝑖𝑗
(1𝑟)

(𝜕𝑥) = 𝛿𝑖𝑗(𝜇𝑟 + 𝛼𝑟)∆ + (𝜆𝑟 + 𝜇𝑟 −

−𝛼𝑟)
𝜕2

𝜕𝑥𝑖𝜕𝑥𝑗
, 

𝐿𝑖𝑗
(2𝑟)

(𝜕𝑥) = 𝐿𝑖𝑗
(3𝑟)

(𝜕𝑥) = −2𝛼𝑟 ∑ 𝜉𝑖𝑗𝑝
𝜕

𝜕𝑥𝑝

2
𝑝=1 , 

𝐿𝑖
(4𝑟)

(𝜕𝑥) = ((𝜈𝑟 + 𝛽𝑟)∆ − 4𝛼𝑟) 
𝐺(𝜕𝑥) = (𝜕𝑥1, 𝜕𝑥2) 

𝐿𝑖𝑗
(𝑟)

(𝜕𝑥) = 𝛿𝑖𝑗𝜇𝑟∆ + (𝜆𝑟 + 𝜇𝑟)
𝜕2

𝜕𝑥𝑖𝜕𝑥𝑗,
,

𝑖, 𝑗 = 1,2,3 

Where   𝛿𝑖𝑗  is  Kronecker’s symbol,  𝜉𝑖𝑗𝑝 is of Levi-
Chamita’s symbol. Therefore (1) can be written in the 
form: 

        )2(1,0,)(
 rxfxUxL rrr  

The generalized stress operators of coupled thermo-
elasticity in  𝐷(r) domains have the form [3]: 

𝑅(r)(𝜕𝑥, 𝑛(𝑥)) =
|

|
|𝑇(r)(𝜕𝑥, 𝑛(𝑥))|

3𝑥3
|−𝑁(𝑥) ∑ 𝛾𝑖𝜏𝑟

2

𝑖=1

|

3𝑥2

|𝛿5𝑞

𝜕

𝜕𝑛
|
1𝑥5

 
|

|

5𝑥5

 

Where   

𝑞 = 0,3;̅̅ ̅̅ ̅ 𝑁(𝑥) = (𝑛, 0,0), 𝑛 = (𝑛1, 𝑛2),   

𝑇(r)(𝜕𝑥, 𝑛(𝑥)) = |𝑇𝑗𝑘
(r)

(𝜕𝑥, 𝑛(𝑥))|
3𝑥3

-matrices of 

stress operators on the plain [4]: 

𝑇𝑗𝑘
(r)

(𝜕𝑥, 𝑛(𝑥)) = 𝜆𝑟𝑛𝑗(𝑥)
𝜕

𝜕𝑥𝑘
+ (𝜇𝑟 − 𝛼𝑟)𝑛𝑘(𝑥)

𝜕

𝜕𝑥𝑗
−

−(𝜇𝑟 + 𝛼𝑟)𝛿𝑘𝑗
𝜕

𝜕𝑛(𝑥)
, 𝑗, 𝑘 = 1,2 ; 

𝑇𝑗𝑘
(r)

(𝜕𝑥, 𝑛(𝑥)) = −2𝛼𝑟 ∑ 𝜉𝑗𝑘𝑝

2

𝑝=1

𝑛𝑝(𝑥), 𝑗 = 1,2, 𝑘 = 3; 

𝑇𝑗𝑘
(r)

(𝜕𝑥, 𝑛(𝑥)) = (𝜈𝑟 + 𝛽𝑟)𝛿𝑘𝑗

𝜕

𝜕𝑛(𝑥)
, 𝑗 = 3, 𝑘 = 1,3. 

 

 
 

 

3 Problem Solution 

 
In this work basic BCPTE in the case that couple-
stresses components, displacement components, 
rotation, heat flux and temperature, concentration and 
chemical potential are represented on the surface of 
Holder class has been formulated. 
The Cauchy-hypothesis condition for isotropic 
inhomogeneous elastic materials with a center of 
symmetry is implemented [3]: 

𝜇0

𝜆0
=

𝜇𝑟

𝜆𝑟
, 𝑟 = 1,2, … 

 

It is assumed that surfaces are sufficiently smooth. 

Problem. It is required to find regular solutions 
𝑈(𝑟)(𝑥) = (𝑢1

(𝑟)
, 𝑢2

(𝑟)
, 𝑢3

(𝑟)
) of boundary contact 

problems: 

∀ x ∈ 𝐷𝑟, r = 0,1:      ,(x) )()()( xfUxL rrr   

∀𝑧 ∈ S ∈ L2(α), α > 0:  
  {𝑈(1)(𝑧)}+ = {𝑈(0)(𝑧)}−                        (P) 

{𝑅(1)(𝜕𝑧, 𝑛){𝑈(1)(𝑧)}+ = {𝑅(0)(𝜕𝑧, 𝑛){𝑈0(𝑧)}− 

In the radiation conditions for an infinite domain. 

In the first iteration the Neiman’s [1-7] boundary 
value problem is considered: 

{
∀x ∈ 𝐷0:      xfUxL )0(0

1
)0( (x)          (3)

∀𝑧 ∈ S ∈ L2(α), α > 0:   {𝑅(0)(𝜕𝑧, 𝑛)𝑈1
(0)(𝑧)}− = 0

 

The solution of (3) is presented in the following form: 

       

0

)0(00
1 2

1(x)
D

dyyfxyGU  

Where   xyG 0 is Green’s tensor [2] defined for 
problem (3). 
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Further the   Dirichlet’s boundary value problems [1-
5] is considered: 

{
∀ x ∈  𝐷1 ∶       xfUxL )1(1

1
)1( (x) 

∀𝑧 ∈ S ∈ L2(α), α > 0:     {𝑈1
(1)

(𝑧)}
+

= {𝑈1
(0)

(𝑧)}
−(4) 

The solution of (4) is presented in the following form: 

     

         









S

y

T

D

sdyUyxGnyR

dyyfyxGxU

)0(
1

11

)1(1)1(
1

,,
2
1

),(
2
1

1  

Where   xyG 1 is Green’s tensor defined for 
problem (4). 

Let us introduce the following notations: 

,..2,1
,

,
1)1(

1

0)0(
1

1




















k

DxU

DxU
U

k

k

k  

On the k-iteration the approximation solution for the 
Neiman’s boundary value problem will be 
constructed as follow: 

{

∀x ∈ 𝐷0 ∶      xfUxL k

)0(0
1

)0( (x)  

∀𝑧 ∈ S ∈ L2(α), α > 0: 

 {𝑅(0)(𝜕𝑧, 𝑛)𝑈𝑘+1
(0) (𝑧)}− = {𝑅(0)(𝜕𝑧, 𝑛)𝑈𝑘

(1)(𝑧)}+

 

Then corresponding solutions in Green’s tensor will 
be presented in the form: 

   

      











S

yk

D

k

sdyUnyyxG

dyyfyxGxU

)(,R),(
2
1

),(
2
1)(

)1(00

)0(0)0(
1

1  

Accordingly previous iteration the solution 
for   Dirichlet,s boundary value problems will be 
constructed as follow: 

{
∀ x ∈  𝐷1 ∶      xfUxL k

)1(1
1

)1( (x)  

∀𝑧 ∈ S:     {𝑈𝑘+1
(1) (𝑧)}+ = {𝑈𝑘

(0)(𝑧)}−
(6) 

The solution will be presented in Green’s tensor: 

     

           













S

yk

T

D

k

sdyUyxGny

dyyfyxGxU

)0(
1

11

)1(1)1(
1

,,R
2
1

),(
2
1

1  

Let us introduce the following notation:
 

      ....2,1,1   kxUxUxV kkk  

Then with respect to )(xVk  the following conditions 
is satisfied: 

 
 










1,0
1,

(x)k
k

kxf
VxL  𝑥 ∈̅ 𝑆 

{𝑅(0)(𝜕𝑧, 𝑛)𝑉𝑘}
−

= {{𝑅(0)(𝜕𝑧, 𝑛)𝑉𝑘−1(𝑧)}
+

, 𝑘 > 1

0, 𝑘 = 1
 

{𝑉𝑘(𝑧)}+={
{𝑉𝑘−1(𝑧)}−, 𝑘 > 1

    ,0
1


zU 𝑘 = 1

,𝑧 ∈ 𝑆, 

Where 

𝑓(𝑥) = {
𝑓(1)(𝑥), 𝑥 ∈ 𝐷𝑟

𝑓(0)(𝑥), 𝑥 ∈ 𝐷0
 

Accordingly of CH condition the following 
equations is received: 

𝐿(𝑟)(𝜕𝑥) =
𝜇𝑟

𝜇0
𝐿(0)(𝜕𝑥),   

𝑅(𝑟)(𝜕𝑥, 𝑛) =
𝜇𝑟

𝜇0
𝑅(0)(𝜕𝑥, 𝑛) (6) 

Take in account the (6) in expressions of solutions in 
D0 and D1 domains the following results has been 
obtained 

        



S

ykk sdyVnyyxGxV )(,R,
2
1

1
10)0(

            

        xVsdyUyxK

sdyVyxGnyxV

k

S

y

k

S

yk

T

k

)0(
k

0

10
1

k

0

1

1
11)1(

 , 

)(,,R
2
1












































 

Where 
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s

T
sdyGnyxGnyxK   ,,R,,R),( 0011
 ( )7  

Take in account the symmetry properties of Greens 

tensors    for inner and outer problems: 

   xyGyxG T ,,   

We can rewrite (7) in the form: 

               

),(

,,R,,R),(

1
0

1

0000

0

1

yxK

sdyGnyxGnyyxK
s













 

Obviously Vk(x) will be represented in the following 
form: 

      

)8(,..2

,)( )(, 11
0

1
11

0

1












k

yVKsdyVxyKxV k

S

ykk








 

Where 

)9()(),(11 sdyyxKK y

s

φφ   

According to the following property of Green’s 
tensor [3]: 

      

3,2,1

,; 2
00













i

yx

c
yxG

xyx

c
yxG

i   

Then 
 

 DLyxK 21 ),(   

 
 

 

4 Conclusion 

 
Thus, an approximate method solution of basic 
boundary contact problems has been developed. The 
static system of theory coupled-elasticity of thermo-
diffusion models for two-dimensional areas has been 

investigated. The Greens functions applications in 
the CH conditions to construct the numerical 
solutions for materials with sufficiently smooth 
surfaces has been provided. 
The result is provided on the fundamental level and 
useful tools for implementation in other theories to 
solve mixed boundary-contact problems for statics 
and oscillation systems. 
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