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Abstract: - This research aims to study Darboux sweeping surface in isotropic space I3. We went through the
geometric characteristics of sweeping surfaces in I3 . The first and second fundamental forms of the sweeping
surface were evaluated. Furthermore, we investigate the mean and Gaussian curvature of the sweeping surface.
We also show that the parametric curves on these surfaces are non-geodesic and non-asymptotic. Then, we
derive the necessary and sufficient conditions for the sweeping surface to become a developable sweeping
surface, minimal sweeping surface, and Weingarten surface. Finally, an example to illustrate the application of

the results is introduced.
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1 Introduction

Both the kinematics and differential line geometry
theory, considering sweeping surfaces asin both the
kinematics and differential line geometry theory
considering sweeping surfaces as special ruled
surfaces are critical. A canal channel surface is
etched out as the envelope of a one-parameter
family of spheres, the spine or directory, with their
centers on a space curve: The canal surface, also
known as a sweeping or pipe surface, is the
envelope of a moving sphere when the generating
spheres’ radii are constant. The right circular
cylinder (spine is a line, the axis of the cylinder), a
torus (directory is a circle), right circular cone
(spine is a line (the axis), radii of the spheres not
constant), and the surface of revolution are all
examples that we are familiar with (spine is a line).
This idea is a broadening of the idea of a planar
curve’s mate, [1], [2]. Sweeping surfaces are used in
a variety of applications in Computer Aided
Geometric Design (CAGD), including robotic path
planning, blending surfaces, pipe transition surfaces,
and sculptured surface production, [3], [4]. A
sweeping surface is generated in space by the
motion of a plane curve (the profile curve or
generatrix), with the plane migrating in the same
direction as the plane's normal. Sweeping is a useful
and vital tool in geometrical modelling, with certain

E-ISSN: 2732-9976

applications in geometric design. The concept is
based on selecting a geometrical object, known as a
generator, and sweeping it along a spine curve,
known as a trajectory, [5], [6], [7]. In recent years,
researchers have explored the characteristics of
sweeping surfaces and their offset surfaces in both
Euclidean and non-Euclidean spaces, [8], [9]. The
many names for sweeping surfaces include tubular
surface, pipe surface, string surface, and canal
surface, according to the references, [9], [10], [3].
This research focuses on the geometrical properties
of sweeping surfaces whose canter curves in
surfaces in isotropic 3-space I3 . Furthermore,
sweeping surfaces, often referred to as ruled
surfaces, are key components of line trajectory and
are represented in kinematics as one-dimensional
line manifolds created by directed moving lines in
space, [2].

In this work, the sweeping surface's differential
geometry is created in isotropic 3-space using the
Darboux frame. The parametric curves on this
surface are also shown to be non-geodesic and non-
asymptotic. We found the necessary and sufficient
criteria for a sweeping surface to become a minimal
and developable sweeping surface and a Weingarten
surface. Finally, an example is introduced to show
how the findings are used.
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2 Preliminaries

Isotropic space based on the following group G4 of
affine  transformation (so-called isotropic
congruence transformations or i —motions) is a
Cayley-Klein  space, it is based on
the slave orchestrate G¢ of an affine
transformation(A, B, C) — (A, B, C) in R3.

A = r1+ Acos(8) — Bsin(S)
B= r, + Asin(8) + Bcos(®) (1)
C =7r3+r,A+ r<B +C,

where 7y, 75 75,74, 75 , S ER.

Affine transformations include isotropic congruence
transformations or isotropic movements. Isotropic
distance between two points The Euclidean distance
is defined by J= (g1,%1,8) and T =
(@2, %2,82)

dJd, T)= (@1 — 32)% + (t1 — ,)?

Leta = (g1,%1,61) and B = (G, 12, 82)
be vectors in I3 . The isotropic inner product of «
and B is defined by.

(a,B) _ (2)
:{5152 ifg,=t;=0
419, + t11, if otherwise

we consider {p4,0,,03}and {3;,3,, 3;}to be the
Serret Frenet frame and Darboux frame associated
with the curve p(2) respectively, the Serret Frenet
formulas are as follows:

( dor _
aQ k(2) 02(B),
d
o= k(@ (D) + Tes(D), ®3)
d
l £ = —10,(2)
where  o,(8) = [1(8) denotes unit tangent,

0,(8) = ﬁ defines the unit principal normal,
n

and  03(8) = 0,(8) X 0,(2) defines a unit

binormal vector and

h(e1.01) = h(@2,02) = h(e3,03) =1 @)
h(e1.,02) = h(@2,03) = h(@1,03) =0

Also, considerp: I - I3 as a regular curve with
= % # 0. If u has a unit tangent vector field, unit

principal normal vector field, and unit binormal

vector field as 3,3, and3i; respectively. The

Darboux frame is defined by 3;,), and3; , its

formulas are provided by
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b9 0 Kg T,
Ll=|"% 0 T [32] (5)
33 —Ky, —Tg 0]l33
Where
K, = k(8) sin (¥),
kg = K(8) cos (V), (6)
Tg =T + ¥

Where kg4, Kk, and tg are the geodesic curvature,
the normal curvature, and the geodesic torsion of

n(2) and
h(31.,31) = h(32 32) = h(33,33)
=1 7)
h(31.32) = h(32,33) = h(31,33)
=0

This formula illustrates the relationship between
Serret—Frenet frame and the Darboux frame

01 1 0 0 31
[QZ = [0 cos (@) Sin(@) 32 (8)
03 0 —sin(®) cos(G)ll3

Isotropic curvature and isotropic torsion of p are
represented by k and T, respectively. If there are no
isotropic tangent planes on a surface © submerged
in I3, the surface is said to be admissible.
A surface y in I3 by ,
x(£,8) (9)
= (X1(8.8),x2 (8 ©),x3(8 ©))

The coefficients P;;, Py, , Py, of 1% fundamental
form for the induced metric and the coefficients
Fi1, Fiz . Fap of 29 fundamental form for the
normal vector field are obtained for a surface that is
always completely isotropic.

I == “Pll dﬁz + ?12 di’.d@

+ Py, dS?,
I I = ?11d£2 + le dﬁde (10)
+ Fyp dS?
where
P11 = Xe,  Xe) P12 = (Xg, Xe)
Paz = (Xg, X&) (11)
Fi1 = (xee,0), Fiz = {Xes,0),
Fr2 = {Xes,0) (12)

0 = (0, 0, 1) denotes the isotropic unit normal vector
field. The Gaussian curvature I and mean curvature
H are defined by using the classical notation above.

2
_ F11F22 —Fq2

X = —
P11 P22-P12
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_ P11Fap = 2P1pF15 + F11Po
 PuPp =Pt
The surface D is said to be isotropic flat if 3 (resp.
H) vanishes (resp. isotropic minimal), [11], [12],
[13], [14].

3 Darboux Sweeping Surfaces'
Geometric Properties in Isotropic 3-
Space
Let D be a sweeping surface in isotropic 3-space I3
is given by

D:x(®,8) = w®) + X(©) (13)

Where p(®) is the spine curve of the surface D .
The envelope of the family of unit spheres with the
center on the curve p(f) is represented by the
sweeping surface associated with p(g) € G. we
have

X (8) = cos (&)1, + sin (&) 13 (14)

This is the typical sweeping surface circle. When we
combine Egs. (13) and (14), we get a
parameterization of the sweeping surface
D:x(2,8) = w(®)
+ cos (&)), (15)
+ sin(&)13

This parameterization of D eliminates sweeping
surfaces with stationary vectors since their
geometrical features are not particularly relevant
and are easily explored.
The characteristics of sweeping surfaces. We
compute using the formulas in Eq. (15).
X2 (8, 8) = (1 — cos(S) K, (2)
Sin(S)xy (£))M

— Sin(&)t, (D)), (16)
+ cos(S) 74 (833
xs (8 &) = —=Sin(S)A
© + cos(GZ) A3 (17)
0 &)=1(0,01) (18)

Eq. (18) shows that the surface normal O (8, ©),
Also Eq. (11), (16), and (17), It is straightforward to
show that the coefficients of the first fundamental
form are obtained by

Pi1=(-1+

cos(S)k, (2) +sin(S)k,, (2))% +

sin?(S) 74 (2)%, (19)

P12 = sin?(8) 7,(Q).

P,y = sin? (6)
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To compute the 2" fundamental form of D, The
following equation must be calculated.

Xeg (& ©) = (sin(S) ky(2)74(2)
— c0s(S) (k,()74(2)
+ K, (2))
— sin(8) k,'(2))M
+(kg(®) — cos(®) (kg(B)? +7,4(2)?)
— sin(S) (kg (8)kn(2)
+ (kn(®) = sin(®) (kn(®)? + 75(2)?) (0

+€05(8) (kg (®)kn(2) + rj,,(s))) %
Xee (& &) = (—cos(©))),
+ (—sin(8))x;
Xae (& ©) = (sin(8) ky(2)
— c0s(8) k, ()}
+ (—cos(8) 7,4(2))3
+ (—sin(8) 7,(2))3;
From Egs. (12), (18), and (20) provide 2™
fundamental form elements as given by
?11
= ky(2) — sin(8) (k,(2)% + 7,4(2)?)
+cos() (—kg(Dka(®) + Ty(®)),  (21)
F12 = —sin(8) 74(2),
?22 = — Sln(e)
The Gaussian and mean curvature of the Darboux
sweeping surface at a regular point may be found as
follows:
X8 6)=
csc(S)

(—1+ cos(®) ky(8) + sin(®) kn(2)
((—1 + cos(S) ky(£)kn(2)
+ sin(®) k,,(2)?
— cos(S) 14(2))
H(E S) =
csc(©)

2
) (22)

2~ cse(8) + cot(S) kg (8) + ky (sz))2
(csc(8)? + cot(S)? ky(2)? (23)
— 3 ¢csc(©) k, (8) + 2k, (8)?

— cot(©) csc(B) ky () (-2

+ 3 sin(S) ky,(8)) — cot(S) 14 ®)

Proposition 3.1 The sweeping surface D is
represented by Eqg. (15), thus we can say:

1. When p is a geodesic on D, then the sweeping
surface D 's Gaussian and mean curvature are:
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(8 S)
csc(©)
" (=1 + sin(®) k,(2))2 (=en(®) (24)
+ sin(S) k,(8) — cos(S) T4(2))
csc(©)
2(— csc(©) + kn(i?))2 (25)
(—kn () + sin(S) k, (8)% — cos(6) 7;(2))

2. The Gaussian and mean curvature of the
sweeping surface D are found if pu is an
asymptotic on D.

H(E &) =—

cot(®) 74(8)
(—1 + cos(®) k,(2))2 (%)

x(E S) =—

H( S)
csc(©)
2~ cse(®) + cot(®) kg (53))2 27)
(csc(8)? — 2 cot(S) csc(S) ky(2) +
Cot(®)? ky ()% — cot(S) 74(2))

On the other side, Eq. (15) clearly shows that the
isoperimetric curve exists.

Theorem 3.2 Let (&, ©) be Daurbox sweeping
surface in an isotropic 3-space. Then the followings
are satisfied:

1. S-parameter curves of the surface are non-
asymptotic curves.

2. S-parameter curves of the surface are non-
geodesic curves.

proof: Suppose that y (&, &) is a sweeping surface
such that y (&, &) is a unit speed curve for all &. It is
well known k., (&) of a S-parameter curve on the
surface y (&, ©) is given by

k,(8) = (0, xee) = —sin(©)

kg (8) = (O X xg xss) = —sin(&) cos(©)

Thus, A. S-parameter curve is non-asymptotic and
non-geodesic.

Theorem 3.3 The sweeping surface D according to
Darboux frame in isotropic 3-space is developable if
and only if

kn(2)

= %csc(@) (1-cos(©) ky(®)

+ J(—l + €0S(S) ky(2))? + 4 €0S(S) Sin(S) 7,(2)
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proof: The sweeping pu(g, G) if and only if X (8, ©) =
0 From the Eq. (22) we have csc (&) # 0and (—1 +
c0S(S) k,(2))kn(2) + Sin(S) k, ()% —

cos(©) ng(ﬂ)) =0, we get

kn(®)

= %csc(@) (1 —cos(&) ky(2)

+ J (-1 + cos(S) ky(£))2 + 4 c0s(S) sin(S) 7,(2)

Then the surface D is developable.

Theorem 3.4 The sweeping surface D according to
Darboux frame in isotropic 3-space is Weingarten
sweeping surface if and only if:

HeKs = HeKg

proof: from the Egs. (22) and (23) we have
csc(©)
2(csc(®) — cot(®) ky(2) — kn(®))’

<(— Cot(®) kn (22K} (2) + K (&) (e5c(S) -

.7'[53:

cot(S) kg (53))2 + 2 cot(G) 74 (9))) +

(kn (8)((csc(8) — cot(S) kg(2))(cot(S) kg () —
kn (2)) + (—cot(&) 1) (2) +

cot(S) (2 cot(&) kj (2)7,(Y)) +

(2cot(®) kg (D)T4e(R) + (csc(©) —

cot(8) ky (), (B)))
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He
1
=3 cot(S) csc(S)
B sin(S) kg (R)k,, ()
(—1 + cos(&) ky(2) + sin(B) kn(ﬂ))z
N cos(®) k,(2)?
(—1 + cos(&) ky(2) + sin(B) kn(ﬂ))z
. 9 - ((sin(®)

(—1 + cos(&) ky(8) + sin(S) kn(ﬂ))
+ cos(©) sin(©) k4 () + (-2

+ sin(8)H)k, (2)))

_ csc(©)
(=1 + cos(S) kg (2) + sin(S) ky(2))°
—2(cos(8) ky (8) + sin(S) k(L))
—1+4cos(©) k, (L) +
(k" ®) ( sin(&) k, (gﬁ)
=1+ cos(©) ky(®)
( + sin(©) k, (L) )
( (—1 + cos(8) ky (D) kp (D) + )

cos(®) k, (L) + "
fen(2) (2 Sin(®) k' (2) ) —cos(@) g (9
K =

Ke

csc(©)5
2 (CSC(G) — cot(©) ky () — kn(ﬂ))3

(—ka(2) (2 €OS(S) + (Cos(S) + COS(3S))k, ()
+ sin(26) k,(8)(-3
+25In(8) k,(2)))
+ky(®)(—1 - 3c0S(26)
+2 Sin(38) k,(2)) - T4(2)(~2
+(€c0S(S) + cos(3S8))k, ()
+(35in() + sin(3&))k,(2)))

From the earlier equations we substitute from the
equation
j‘[ﬁj(@ - }[@KQ =0
We get.
Tg(8) = — csc(©) sec(S)

then we have
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T,(8) = f—csc(@) sec(©) dg
74(8) = —Lcsc(G) sec(©) + ¢
This surface D is Weingarten.

Theorem 3.5 The sweeping surface D according to
Darboux frame in isotropic 3-space is a minimal
surface if and only if:

kg (£)
= %Tan(@)z(z cot() csc(S) — 3 cot(S) k,(2)

+ cot(G) \/kn(ﬁ)z + 4 cot(S) 74(R)

proof: The sweeping surface D is minimal surface if
and only if (2, &) = 0 From the Eq. (23)

(csc(©)? + cot(8)? ky(2)* — 3 csc(S) ky(R) +
2k (2)% + cot(S) csc(S) kg (2)(—2 +

3sin(S) kn(2) — cot(S) 14(2)) =0,

then we get

kg (2)
= %Tan(G)Z(Z cot(S) csc(B) — 3 cot(S) k(L)

+ cot(G) \/kn(ﬁ)z + 4 cot(S) 148)

Then the surface D is minimal.

4 Application

An illustrative example is offered as an
implementation of our major findings. It's also used
to double-check the results of prior calculations.

Application. 1 Let D be a surface defined by:
x(8, &) ={Cosh(®),Sinh(2)
+ cos(&), sin(S)}
< Sinh(2) Cosh(8) )
31 = ) ) O
JCosh(28) ,/Cosh(22)
3, =(0,0,1)
Cosh(2)Sin(S)Sinh(L)

(28)

JCosh(28)\/cos(S)? Cosh(®)? + Sinh(L)?’

Sin(S)Sinh(L)?

33=

\ cos(S) /Cosh(28)

Jcos(©)2 Cosh(2)? + Sinh(8)?2
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kg ()
_ sin(©) Sinh(2Q)
" Cosh(22)3/2,[cos(G)? Cosh(2)2 + Sinh(L)?
cos(&S) Sech(28)
kn(2) =
\Jcos(©)2 Cosh(L)? + Sinh(8)?2
74(8) =0

The sweeping surface of the parametric function is
presented in Figure 1. Moreover, the gradient candy
color covers most of the surface is presented in
Figure 2 and Figure 3.

14
12
8 ]

0n
0o
0.5
10

Fig. 1: The sweeping surface of the parametric
function (28).

Gaussian Curvature

Fig. 2: The gradient candy color covers most of the
surface, while the Gaussian curvature increases in
the blue color at value 4 and reduces significantly in
the purple color at value -2 [see Eq (28)].
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Mean Curvature 4

Fig. 3: The gradient candy color covers most of the
surface, while the mean curvature increases at value
4 in the light blue color and decreases dramatically
at value -2 in the purple color. [see Eq (28)]

Application. 2 Let D be a surface defined by:

x(8 6 =(-328+2,322+¢ (29)
+ cos(©) , sin(8))
1+682 )

3
M=1- ] ]
! ( JoO+(1+68)2 9+ (1+68)2
3, = (0,0,1)

, _< —1-68 3 0)
T \V2/5+68(1+3%) 9+ (L+68)2
18

O =T aren
ke (2) = 0
74(2) = 0

The sweeping surface of the parametric function is
presented in Figure 4. Lastly, the curvature is a
negative value and our findings are presented in
Figure 5 and Figure 6.
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Fig. 4: The sweeping surface of the parametric
function (29).

Fig. 5: The curvature is a negative value. Gradation
of colors between the most common pink and violet
color, the curvature gradually decreases. At the less
prevalent light blue hue, the Gaussian curvature
increases [see Eq (29)].
Maan Curvi

iture

Fig. 6: The curvature is a negative value. It is clear
from the drawing that when the light blue color is
more widespread, the curvature gradually increases.
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At the gradient of the less common pink and violet
colors, the Gaussian curvature increases [see Eq

(29)].

5 Conclusion

In this research, we studied the sweeping surface
with an isotropic space using Bishop's framework
and knowing the conditions necessary for the
sweeping surface to be minimal, developable
surface, Weingarten sweeping surface, non-
asymptotic curves, non-geodesic curves and we
studied the application on the surface and explained
the characteristics of the frame in these applications.
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