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Abstract: - The paper presents an innovative graphical technique that uses computer graphics in conjunction
with geometric tools in the estimation of limit cycles (LC) in 3%3 nonlinear (NL) systems with rectangular
hysteresis and backlash Nonlinearities. In the event the system exhibits LCs under autonomous conditions, the
work explores the possibility of mitigating/quenching limit cycling oscillations through signal stabilization
using high-frequency deterministic/Gaussian signals. In addition, another attempt is taken to suppress LCs by
the pole placement (PP) technique through state feedback. The state feedback gain matrix K is determined
either by arbitrary selection ensuring a complete state controllability condition or by optimal selection from the
Riccati equation. To avoid the mathematical complexity of formulation for 3x3 memory-type Nonlinearities, in
particular for estimation/prediction of LCs, a novel graphical method is developed using the most common and
popular describing function (DF), assuming harmonic balance with proper justification that the linear
components of systems possess low-pass characteristics. The complexity and criticality in the mathematical
expression (which diminish problem insight) are mitigated when the system exhibits LC predominantly at a
single frequency. The proposed methods are demonstrated through practical examples and validated using
digital simulations, implemented via a program developed in MATLAB. These results are further substantiated
by those obtained using the SIMULINK toolbox in the MATLAB environment.
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1 Introduction conditions. Some chemical processes are inherently
Researchers have been focusing on prediction LCs multi-dimensional in nature. These processes can
in 2x2 NL systems for several decades [1-40]. In often be represented by a 3_X3 model. Limit cycles
fact, the issue is more significant and severe in the (LCs) have been observed in such systems. In [31,
case of memory-type nonlinearities. In [41-43] 32, 42, 44], the researchers have confined their
where it has been addressed a little. It was surprising research to non-memory-type Nonlinearities in the
that till [5], practically no literature was available 3-dimensional case. The describing function (DF)
that addresses the mitigating/quenching of such techr!lql_Je is absolutely/totally suitable for prediction
LCs. In [38], the researchers have discussed the of limit cycles [4, 5, 10, 11, 13, 20, 45].
quenching of LC in memory-type Nonlinearities and Prediction/estimation of LC in 3x3 NL systems
elaborated the concept of synchronization and well-suited with the configuration of general 3x3
desynchronization (using incremental describing systems in [46] draws attention and is thus presented
function (IDF)). They illustrated these phenomena m_thls work. Ana_lytlcally deallng with this problem
through examples in 2x2 NL systems lucidly. using mathematical f_ormulatlon, following the
However, literature scarcely available addresses 3x3 above structure particularly for ~memory-type
NL systems. In [30], it has been stated that the Nonllnggrltles, is extreme[y gomplex and involved
boiler turbine unit is a 3x3 system that demonstrates and critical (which loses insight into the problem,
NL dynamics over a wide range of operating even with the assumption of harmonic

linearization/balance [40]). It is always justified
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since the linear parts of the system possesses low-
pass characteristics. To make the problem still less
complex and simple, it is assumed the exhibition of
LC is predominantly at a single frequency,
particularly for multidimensional cases. Under these
circumstances the graphical method has been
developed for prediction/estimation of LCs in 3x3
memory type NL systems. The graphical approach
provides an explicit and novel insight into the
problem. The backlash is a very common and, in
some cases, inherent characteristic in physical
systems, which causes any third or higher-order
system to exhibit LCs. The existence or exhibition
of limit cycles (LCs) acts as a constraint on control
performance. In the robotics and automation
industry, it adversely affects speed and position
control. This issue has been addressed in
multivariable systems [26, 27, 31, 34, 40]. Another
notable adverse effect of LC due to the inherent
backlash characteristics of speed governors hampers
the performance in load frequency control (LFC)
[31, 43].

The present work is proposed in sequences as
given below. Immediately after the Notation Table,
section 1 introduces the subject as given in the
Introduction. Section 2 introduces a graphical
method for the estimation and prediction of LC in
3x3 systems exhibiting memory-type nonlinearities.
The procedure has been illustrated through Example
1 (Rectangular Hysteresis) and Example 2
(Backlash-type nonlinearities). These may be
considered as extensions/advancements presented in
[38, 40, 46].

Section 3 narrates the process of signal
stabilization and illustrates it through memory-type
nonlinearities (rectangular hysteresis and backlash)
by deterministic/Gaussian signals. In Section 4, LC
suppression is achieved via a pole-placement
approach using a state feedback gain matrix K. This
matrix is obtained either by arbitrary selection,
subject to complete state controllability [49], or by
optimal design based on the Riccati equation [50].

Analysis of system 3x3 dynamics NL system has
been presented in section 3 as shown in Fig. 1.
Under autonomous conditions (U = 0), the
governing equations for determining the LC
expression in the frequency domain are given by X
= —HC and C = GN(X)X. Combining these relations
yields X = —-HGNX = AX, where A = —HGN, as
presented in [40], which facilitates eigenvalue
computation as described in Section 2.1 of [44]. Xi
denotes the amplitude of the input sinusoidal signal,

and Ci represents the amplitude of the
corresponding output signal.
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2 Analysis of Limit Cycles in 3x3
Systems Subject to Memory-Based
Nonlinearities and Their Dynamic
Characteristics

2.1 Graphical Method

Due to the high level of complexity and the
extensive analytical computations involved, a
graphical method [44, 46] has been adopted to
investigate LC in 3x3 nonlinear systems. The
analysis focuses on simplifying the investigation of
system behavior using this approach. A system
composed of three interconnected subsystems is
considered, as depicted in Fig. 1. In this
configuration, N1, N2, and N3 represent three
nonlinear elements, each exhibiting rectangular
hysteresis-type input—-output characteristics. These
characteristics are shown in Fig. 2(a), 2(b), and 2(c),
respectively. The elements G1(s), G2(s), and G3(s)
denote the transfer functions of the three linear
components within the system.
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Fig. 1: A group of multivariable NL systems with a 3x3
structure
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Fig. 2: Rectangular hysteresis behaviour observed in the
NL components N1, N2 and N3

A graphical approach based on a normalized
phasor diagram, as discussed in [40], is employed
for the analysis of 3x3 multivariable systems for the
investigation of LC. The approach is demonstrated
through Examples 1 and 2. The analysis is carried
out under the assumption that the system exhibits
self-sustained oscillations. These oscillations are
assumed to occur predominantly at a single

frequency.
The presence of rectangular hysteresis
Nonlinearities  introduces  additional  phase

contributions to the overall loop phase. These
contributions combine with the phase angles
generated by the linear subsystems G; (jo), G2 (jo)
and Gs (jm), corresponding to subsystems Si, S; and
Ss respectively. The existence of LC is governed by
three necessary conditions [46]:

1. Phase Condition

For memory-type Nonlinearities, the total loop
phase must satisfy:

6 =180° = 2ZN; + £N, + N3 + 2£G; + 2G5 + £G,

Where 2G; represents the phase of the linear
elements and 2N; denotes the phase contribution of
the NL elements through their describing functions.

2. Gain Condition
The loop gain must satisfy:

C C C
—1X—2X—3 — 1
R, "R, R;
where,

G Gi(@)N;(Xm1, 0)
1+ G1(w)N, (X1, )

R,
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C; G (w)N, (X2, w)

Ry 1+ G,(Jw)Ny(Xipz, w)

E _ G3(Jw)N3 (X3, w)
R; 1+ G3(jw)N3 (X3, w)

3. Amplitude Ratio Condition

The amplitude relationships among the system

variables must satisfy:
X1 _ W

X, V,
X, V'

Xs Vs
Xs Vs

X,V
where
X1 =Xm1, Xo = Xmo, X3 = X3

The quantities V;,V,,and V; are the eigenvectors
corresponding to the eigenvalues A;,1,,and A3 of
the system matrix A, respectively.

2.1.1 For the Example 1
Let the system be considered as illustrated in Fig. 2
featuring:

2.0
G1(s) = S(s £ 1.0)2
Gy(s) = m
Gos) = s(s + 2.0)

and the nonlinear (NL) elements exhibit rectangular
hysteresis (RH) characteristics with parameters M1
= 10, M; = 1126, and M; = 1.126. The
corresponding values are H= 1.0 and h = H/2 = 0.5,
as shown in Fig. 3(a), Fig. 3(b), and Fig. 3(c). The
DF for a RH nonlinearity is expressed as:

N (X, ®) = % <4l =0.x< Q)

M < sin '1i, X>2

oX 2X 2

This expression can be expanded in the (a + jb)
form. This is consistent with Egs. (2), (4), and (6).

11 1
N, (X1, wq) = [cos (sm 1E) J o] (2)
- 11 2
Ny (X1, wq) = (sm 12_)(1) + oxF X
1 41\/11
L . @3
/1—(1/4}(1) Xy )
1
N, (X,, w,) = —[cos (sm E) ]E .. (4)
N2 (Xz,wz) - (SlTl 1 ZXZ) +m X
1 4M2
L i (5
/1—(1/4}(2) X3
11 1
N3 (X3, w3) = [cos (sm 12_)(3) J el (6)
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’ -4 o1 1 2
Nz’ (X3, w3) = 3cos(sm 1—) — X ! ¥
3’ (X3, 03) X3 2x;) At1.@ : 8
1 . 4M3 cavs g : - Ly S

B +] oo (7) \‘."1 / ase / -
N 1_(1/4X3) n:X33 oL i ’ \" > e ) { oL

The Newton—Raphson (NR) method was applied to N ¢
solve Equations (2), (4), and (6). During the =

iterative computations, the phase angles were not /

explicitly  incorporated. Instead, they were g R
introduced later in the loop angle evaluations. This 180 ooondeaes.
is shown in Equations (8) to (10). On the other hand, o !

the phase angle constraint is also considered, as (a)

indicated in Eqn. (i):

0 = 180° = £N, + £N, + 2Ny + £G, + 2G, + £Gs ki L-— " -
was evaluated at each iteration. ¢

Normalized phase diagrams (NPD) were developed /I gy

for three distinct configurations. In Set 1, 4

subsystems Si, Sy, and Sz are considered with C; 2 /

(-), C2 (), and C3 (+), as shown in Fig. 3(a). In Set 5

2, the arrangement is S,, S, and S; with C, (_), Cs -~ The generalized point D. whose
(-), and C; (+), as illustrated in Fig. 3(b). In Set 3, ' ke R
subsystems Si, Ss, and S; are analyzed with Cz (),

Ci1 (-), and C; (+), as shown in Fig. 3(c). (b)

Forset1: 0, = Oy, (x,0) + 06, (o)
H

TT AL 0 " : "’ - 3
1(1) (8) - = -~ |

o"‘.’ ) ~ A
Forset2: 01, = On,(x,0) T 06,(w) PR

= —sip~t T 1@ 1880
orf, = —sin X 2 tan™ - ... 9 N ./

0, = —sin"l———=—2tan”
L, sin X, 2 an

Forset 3: 0y, = On,(xs0) + 06,60

] H - ® : The generalized point D whose
or 6, = —sin~! x 2 tan™"' ... (10) L oy i bl

In the graphical approach, 6y, describes a circular

path, whereas 6y, follows a straight-line trajectory. (c)

Meanwhile 6;_also moves along a straight line, but

in the direction opposite to that of oy,. The circle Fig. 3: lllustrates the normalised phase diagrams for three

different parameter sets. (a) For Set 1, coefficients C1

has a radius of: and C2 are negative, while C3 is positive. (b) For Set 2,
r= 1 C2 and C3 take negative values, whereas C1 is positive.
2sin0,, (c) For Set 3, C3 and C1 are negative, while C2 is
and the centre is at positive.

( 5, -1 ) . (11) Using o as a constant, the NPD corresponding to the
2tan by, three subsystem sets are illustrated in Figure 3(a),
The intersection of the circle and the straight line (b), and (c). Each figure represents a distinct
occurs at the point (ui, vi). This point can be arrangement of the subsystems under consideration.
determined using the following approach: The limit cycle conditions can be analyzed using
u; = Vi -1 ..(12) any one of these sets. Similarly, the associated
tand,, system parameters can be evaluated from each

&v; = configuration.

3cotfy,+cot 9L1i\/(3 cotfy,+cotf; )%—8csc?0y,

No=(11-30?) P+
J(A1 -30*)a* — 8(c* + 16)(1 — ?)2a? (14)

...(13)

2csc?6y,
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2_ A
Ny= (w8 1) N, + 9w28 w . (15)

2
Xmy _X; _ (1+a)2)\/[w2(a) +16—2N3)+N3] - (16)

xm, X, 2N Ve?+16

X1 _ BDi _ ’—(1‘“1‘)2“”02

X, AD; A (1+up)?+(uy)? (17)
0L, = ON; (Xmy, 0) + 66,

GLZ = 9N2(Xm2,(,0) + 962
9]..3 - 9N3(Xm3, (D) + 063

Table 1(a) presents the values of 9y, 8;,, 6y,
along with the radius (r), the circle’s centre, and the
points of intersection between the two straight lines
and the circle for Sets 1, 2, and 3 corresponding to
Example 1.

Table 1(b) presents the values of angular
frequency o, radius r, and the coordinates of the
centre of the circle for Set 1 corresponding to
Example 1 (rectangular hysteresis). The ratio,
X1/X2 is taken from Table 1(a), where it is also
obtained from the plot as: X1/X2= (BD’)/(AD’)
Similarly, the ratio Xm1/Xm3=X1/X3 is taken from
Table 1(a), and from the plot it is expressed as
X1/X3= BD’/B’D’. These relations are used for
determining the required parameters listed in Table
1(b).

The values listed in Table 1 represent the ratios
Xi1/X; evaluated for different values of o, obtained
both analytically using Eqn. (16) and graphically

Kartik Chandra Patra, Asutosh Patnaik

from the normalised phase diagrams. Agreement
between the analytical values of Xi/X, and those
determined from the graphical ratio (BD'/AD’)
verifies the existence of a limit cycle.

2.1.2 Example: 2

The system under consideration is illustrated in
Figure 1. It consists of three linear dynamic
elements represented by their transfer functions. The
transfer functions are given by

Gl(s) = ( + 1)2
1

@)= 5 n
1

Go(s) = SG12)

In addition to these linear elements, the system
also contains three nonlinear (NL) elements. Each of
these nonlinear elements exhibits backlash
characteristics. The backlash widths are identical for
all three elements, with bi=b,=bs=1. The
characteristics of these nonlinear elements are
shown in Figure 4(a), Figure 4(b), and Figure 4(c),
respectively.

Table 1(a): Calculated Numerical Parameters for Set 1 of Example 1

Radius Centre
® N1 I\ N3 Xmi | Xmz | Xms 01 0.2 0.3 r (0.5 -1 )
"'2tan@,,
060 | 035 | 045 | 045 | 3.15 | 3.61 | 3.61 | -161.00 -106.40 -114.60 1.580 0.5, -1.46
061 | 0.36 | 046 | 0.46 | 3.07 | 3.49 | 349 | -162.10 -106.90 -115.20 1.630 0.5, -1.55
062 | 037 | 047 | 047 | 299 | 3.37 | 3.37 | -163.10 -107.30 -115.70 1.730 0.5, -1.66
0.63 | 0.38 | 048 | 048 | 292 | 3.26 | 3.26 -164.10 -107.70 -116.20 1.830 0.5, -1.76
0.64 | 040 | 050 | 050 | 2.85 | 3.16 | 3.16 | -166.30 -108.10 -116.80 2.110 0.5, -2.05
065 | 041 | 051 | 051 | 2.78 | 3.06 | 3.06 | -166.30 -108.60 -117.40 2.120 0.5, -2.06
0.70 | 048 | 057 | 057 | 247 | 262 | 2.62 -171.60 -110.80 -120.20 3.470 0.5, -3.40
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Table 1(b). presents the graphically constructed phase diagrams for Example 1 (rectangular hysteresis),
showing the variation of ® and the corresponding values of r for Set 1.

X4 )& X4
Centre X, Xz X+ Xmy
) , Xm, 3
Radius (0.5, BD' | =—— BD Xms .
(o) -1 =— Xm, | = Phasor Diagram
r ) AD’ Erom B'D’ | From the
2tan 6, From Table from Table 1a
lot lot
plo 1a plo
ENhB c D
b gl T 1Ng L
060 | 158 0.5, -1.46 0.87 0.87 AT A
2
F G
o B B
2
0.90
(The
results c
were
found to
be D
0.63 1.83 0.5, -1.76 0.97 0.90 0.91 .
consistent || op=3.5=Cy/R1=Cs
with the || oA=1=C;
values BB’ =1=C3
obtained EDD’, = gg X
=37=X2
from the || pip—39-x,
plot.) X1/X2 = BD*/AD’ = 0.97
X1/X3 = BD’/B’D’ = 0.91
0.64 2.11 0.5, -2.05 0.90 0.90
0.65 2.12 0.5, -2.06 0.91 0.91
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(a)

(b) ()

Fig. 4: Transfer characteristics illustrating how inputs are
mapped to outputs for the NL elements, N1, N2 and Ns.

The describing functions corresponding to the above
backlash-type nonlinear elements can be represented
as follows:

K | &m 1 .
NXp, ®) = {— [(z+B+=sin2B)? + cos*p
T, 2 2
2
4 —tan™?! % for X,, > b
;+B+551n2ﬂ 2

=0 for X, <z...(18)

N1 Xy, @) = %\/(g + B+ %SinZ B1)? + cos* B
...(19)
Ny (X2 ) = %\/(g + 5, + %SinZ B2)? + cos* B,
... (20)
N3 (X3, 0) = %\/(g +p; + %sinZ f3)? + cos* B3
. (2D)

The derivative of the describing function is obtained
as follows:
1

Nll(Xml, (1)) = ﬁx X
T J(§+B1+1/2 sin 2 B1)2+cos* B,

@x (5+B1+5sin2p,) + (1 + cos2p) +2 %

(cos2B; + 1) X (=2sin? B,)) (22)

fiXm1) =

%\/(g + B+ 1/2 sin 2 1)? + cos*fy — Ny (Xm1)
(23)

fi' Kma) =22 . X (2 X

\/(g+ﬁ1+1/2 sin 2 B1)2+cos*p,
(g+ﬁ1 +%sin251) + (1 +cos2p;) +2X
(cos2pB; +1) X (=2sin? B1)) Ny’ (Xpn1) ... (24)
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Again,

Ny (X2, w) =

%\/(g"'ﬁz +1/,5in 2 8,)2 + cos*p, (25)
Ny (X, w) = L2 X - X

T J(§+32+1/2 sin 2 ;)2 +cos*B,

@x (5+ B +35n2p,) + (1 +cos2,) + 2 X

(cos2B, + 1) X (—2sin? ;) ... (26)

f2(Xm2) =

G @t o 1/ 5in2 )+ costy = NyCte)
(27)

f2' (Xm2) = = x L X

T J(§+B2+1/2 sin 2 B,)2+cos* B,
(2 (g + 5, +%sin2[)’2) + (1 4+ cos2pBy) +

2(cos2f, + 1) X (—2sin? 32)) -

Ny'(Xin1) (28)

The relationships between N:—Xi, N2—Xz, and Ns—
Xs are implicit, transcendental in nature, and exhibit
memory-type behaviour. Therefore, the third
solution procedure described in [46] is adopted. In
Egs. (23), (25), and (27), the NL elements Ni, Nz,
and N3 appear in absolute form. For a fixed value of
o, these NL terms remain constant.

The ratios Xo/X; and Xa/X; are computed using
the NR method and subsequently compared with the
corresponding ratios obtained from the graphical
representation of the normalised phase diagrams. At
®=0.57 (see Table 2a), a close agreement between
the analytical and graphical values is observed,
confirming the presence of a limit cycle.

While solving Egs. (19)—(21) via the NR method,

phase angles are not explicitly included during the

iterative  computation.  However, they are

incorporated into the overall loop phase, as reflected

in Egs. (29)-(31). At each iteration, the phase

condition must be satisfied, given by

0 =180° = zZN; + 2N, + £N3 + £G, + 2G, +

£Gs.

The normalised phase diagrams are developed for

three separate parameter configurations:

e Set 1: Subsystems Si, S, Sz satisfy the
conditions C1<0, C,<0, and C3s>0 as illustrated
in Figure 5(a).

e Set 2: Subsystems Si, Sy, Ss correspond to
C2<0, C3<0, and C;>0 as shown in Figure 5(b).
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e Set 3: Subsystems Si, Sy, Ss are defined by
C3<0, C1<0, and C>>0 as presented in Figure
5(c).

Table 2 presents the values of 6, ,6,,,6,., and the
radius r, for Sets 1, 2, and 3 corresponding to
Example 2. It also includes the coordinates of the
intersection points formed between the two straight
lines and the circle for each parameter set. These
values are used for the analysis and comparison of
the system behaviour under the three different
configurations.

9L1 = 0N1(Xm1'w) + 951
HLZ = eNz(sz'w) + 952
9L3 = 0N3(Xm3,w) + 953
1
n= 2sinf;,
and centre is given by:

¢(3) - 7em
2 2tan;,

For set 1:
I -1 cos? By _rT_ -1
6., = [~tan <§+B1+§sin231> >~ 2tan” w]
o b
p1 = sin~(1 _X_rrlu ; (29)

2
0, =[—tan~t(—5F2 )\ _T_top12 ,
LZ [ <g+ﬁ2+%sinzﬁz ]

Br = sin"'(1—+2)
Xm2

— [—tan—1 cos?Bs T 1@
6., = [—tan <§+B3+%sinzﬁ3> > —tan™ Z],
o b
Bs = sin~1(1 _X_r;) (31)
1 2 2492 m2iV2Y2
(X, 161)% C+B,+1/,sin2B1)2+cos* B,
ora="" Lo (33)

R K T .
P (a6 [GaBat g sin2p) +cos* B

o0l (K X1 G) (Gt Bt/ 5in 261)7 +cos By
[— =

Ry

(34)
(Kszsz)\/(g+B2+1/2Sin2B2)2+cos4BZ
Y1, Y2, N1, and N2 denote the amplitudes of the
corresponding sinusoidal signals, while G1 & G»
represent the magnitudes (absolute values) of their
respective transfer functions.

FromFig. 4, K; = 1.2, and K, = K; = 1.4

. . 2 1 —1
Since, |G, (jw)| = 22755 G2 ()l = s s
G| 2V16+w?

Gyl (w2+1)

EqQ. (34) can be written as:
G _ 1714XXm1V16+w? \[(§+31+1/2 sin2fy)?+cos*fy
R Kz (@ 1) \/(§+ﬁz+1/2 sin2p;)%+cos*p,

(35)
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T .
C (K1Xm1G1)\/(§+B1+1/2 sin2p;)?+cos*B;

Cs p- :
3 (K3Xm3G3)\/(E+/3’3+1/2 sin 2B3)2+cos* B3

_ 1.714X X VAt w2 \/(§+/3’1+1/2 sin2f)?+cos*fy

Xz (w2+1) \/(§+[33+1/2sin2[33)2+cos4ﬁ3
In accordance with [46] the normalized phase
diagrams, for 3x3 systems, are constructed using

three distinct sets to illustrate the limit cycle
conditions, as depicted in Figure 5(a), (b), and (c).

(36)

The generalized point D: whose
coordinates
X=Xo+rcosB; Y =yo+rsind

Fig. 5(a): Geometrical representation of the normalized
phase diagram with C1<0, C,<0, and C3>0 (set 1)

b et /

Ry

The generalized point D: whose
coordinates:
X=Xo+rcosB;Y =yo+rsind

Fig. 5(b): Geometrical representation of the normalized
phase diagram with C,<0, C3<0, and C1>0 (set 2)

8(1.0) B’

N AT

oL

The generalized point D: whose
coordinates:
X=Xo+rcosB; Y =yo+rsind

Fig. 5(c): Geometrical representation of the normalized

phase diagram with C3<0, C1<0, and C»>0 (set 3)

Table 2(a) presents the values ®, N1, N2, N3, X,
Xmz, Xms, for Set 1 corresponding to Example 4
(Backlash). It also includes the values of 6, , 6;,,
6.,, the radius r, and the coordinates of the circle’s
centre.

From graphical plot, we obtain
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X, AD'

X, BD’
And from NR method, we get

Xmz _ X2

. Xml Xl .

Also from graphical and NR method respectively,
we get the following equations:

X; B'D'

X, BD’

Xm3_&

Xml B Xl

It may be noted that Table 2 presents the values of
Eqn. (38) for different values of . These values are
obtained using Eqgn. (38) as well as from the
graphical representation of the Normalised Phase

Diagrams. When the ratio ;2 computed from Eqn.
1

(38) agrees with the corresponding value

%obtained from graphical plot, the limit cycle

condition is satisfied. Similarly, the condition, Eqgn.
(40) is evaluated using Eq. (39), is verified when it

matches the graphical ratio %thereby confirming

the existence of limit cycles.

Table 2(b) presents the values of the radius r, and
the coordinates of the circle’s centre for Set 1
corresponding to Example 2 (Backlash).

2.2 Simulation using MATLAB

I. Program with MATLAB Code

Examples 1 and 2 are reconsidered within a 3x3
system (shown in Figure 1), which consists of three
NL elements (as detailed in Figures 2 and 4,
respectively) together with three linear transfer
functions.

By Partial Fraction Expansion of Gi(s), Gz(s) and
G3(S)Z

G()—Z 2 2
=575+ 1 (s+1)2
'2 -2 —2( 1 )
"s's+1's+1\s+1
G()_O.ZS 0.25
288) = S s+ 4
G()—O'S 0.5
3\8) = S s+ 2

For a small sampling period, T, TG(z) = G(s).
Figures 6 and 7 present the canonical and discrete
(digital) representations for Examples 1 and 2.
Figure 8 shows the Simulink-based simulation
model for investigating limit cycles in Example 1
involving rectangular hysteresis
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Fig. 6: Block diagram of a multi-loop control system
consisting of three interconnected subsystems (S; , S, ,
and Sz ), each implementing feedback control with
dynamic compensators and transfer function elements,
sharing common input signals and producing the output
C(s)

Cal+ve)

Fig. 7: The Digital representation of a hierarchical multi-
loop control system composed of three subsystems (S, ,
S,, and Sz ), showing feedback interconnections,
controller transfer functions, and signal flow paths
leading to the combined output C(s).
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Table 2(a). Numerical Results of Various Parameters for Example 2

i X X
® Xm Xmz Xm3 N1 N2 N3 01 0L 0.3 Radius | Zms | Zm2
r Xml Xml

0.52 3.85 2.85 2.85 1.30 1.26 1.26 -154.4 | -110.8 | -117.8 | -1.18 0.74 0.74

0.55 3.57 2.55 2.55 1.11 1.25 1.25 -157.9 | -1125 | -120.0 | -1.32 0.72 0.72

0.570 3.30 2.30 2.30 1.29 1.23 1.23 -160.6 -114.3 -122.18 -1.51 0.93 0.93

0.575 3.27 2.25 2.25 1.28 1.22 1.22 -161.1 | -1148 | -122.6 | -1.55 0.69 0.69

0.60 2.97 1.95 1.95 0.25 1.71 1.71 -1644 | -1176 | -128.3 | -1.86 0.65 0.65

0.62 2.63 1.67 1.67 0.28 1.79 1.79 -168.1 | -120.1 | -129.3 | -2.44 0.63 0.63

0.65 2.34 1.47 1.47 0.31 1.86 1.86 -172.0 | -123.9 | -132.7 | -3.61 0.62 0.62

0.67 2.34 1.43 1.43 0.311 2.57 2.57 -174.0 | -1249 | -133.9 | -481 0.61 0.61

0.695 2.34 1.47 1.4 0.30 3.24 3.24 -175.6 | -125.1 | -1345 | -6.56 0.62 0.62

0.696 2.34 1.43 1.4 0.305 3.26 3.26 -175.6 | -125.2 | -1345 | -6.62 0.61 0.61

0.70 2.34 1.43 1.43 0.30 3.38 3.384 | -1759 | -125.2 | -1346 | -7.12 0.62 0.62

Table 2(b): Normalized phase diagrams obtained graphically for various values of angular frequency ® together
with the corresponding amplitude ratios and radius r for Example 2 with backlash nonlinearity.

Xm2 Xm3
Radi Centre Xm2 X1 Xm3 X,
© arlus ©.5 -1 ) f:;nrln from f):(')"ﬁq From Phasor Diagram
>2wne,, | TOM | Taple | O | Table
pto 2a | P 2a
0.52 -11 0.5,-1.0 0.7 0.7
0.55 -1.3 0.5,-1.2 0.71 0.71
A (o] B B’
¢ ‘AD=32=x,
WA
0.57 -1.5 0.5, -1.4 1.07 1.0 | 1.13 | 1.13
C D
0.60 -1.8 0.5, -1.7 0.65 0.65 /
F
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0.62 2.4 0.5,-2.3 0.63

0.63

Z-transfer functions from Laplace functions:

2.0 2z
Gl(S)ZT:)Z —

—-2.0 -2z
=
s+1 z—eT
—-2.0 —2Tze T
=
(s+1)? (z—eT)?
Gy )_0.250 R 0.25z _
2\ z—1)
—0.250 —0.25z _
s+4 z—e 4T’
G3(s):0.55s = 0.5z(z — 1);
—0.55+2.0=>—-05z—¢e 2T
In Z-domain, we have,

1;

)

Wi(z) 2z
Y, (z) z-1

W1 (nT) = 2Y1 (nT) + W1(n—1T) .. (41)
W2(z) -2z

Y. (z) z—eT
W2 (nT) = -2Y1 (nT) +e~T W2(n — 1T) .. (42)
W3(z)  —2Tze "

Yi(z)  (z—e )2

&

il

Fig. 8: A Simulink-based simulation model for
investigating limit cycles in Example 1 involving
rectangular hysteresis.

W3 (nT)
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2Te TY;(n — 1T) + 2e"TW3(n — 1T) —
e 2TW3 (n — 2T) ... (43)
TU1(z)  0.25z
Lz @-1
U1 (nT) = 0.25Y2 (nT) + Ul(n — 1T).. (44)
TU2(2) -0.25 —
v (Zj = (Z_e_;) whence U2 (nT) = -0.25Y, (nT) +

e~*TU2(n — 1T) -- (45)

TV1(2) _ 0.5z -

SEN —(Z_l)whence V1l (nT) 0.5Y; (nT)
+V1(n = 1T) - (46)

Y20 _ 2957 \hence V2 (nT) = AK2*

Y3(z)  (z-e72T)
V2(n — 1T)-0.5Y3 (nT) -- (47)

Let (n — 1T) be taken as the zeroth instant. Then nT
may be considered as the first instant, and therefore
we have:

W1(n —1T) = WINO=WIN; W1 (nT) = WINI;
W2(n — 1T) = W2NO=W2N; W2 (n T) = W2N1
W3(n — 2T) = W3N (-1)=W3NN; W3 (n — 1T) =
W3NO= W3N ;

Now Ci(nT) = WN1 = Tx [W1 (nT) +W2 (nT) +
W3 (nT)]

Similarly, U1(n — 1T) = UINO = UIN;

Now C; (nT) =UN1= T* [0.25 Y, (nT) + UIN —
0.25Y; (nT) + AK3xU2N]

Similarly, V1(n — 1T) = TVIN1

V2(n — 1T) = V2N1

Now C3 (nT) = VN1 =Cs;

Iterative process continues accordingly (Figure 9).
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Fig. 9: A Simulink-based simulation model for
investigating limit cycles in Example 2 involving
backlash

X1=3.0; W = 0.6283 rad/sec .
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2.3.1 Usage of SIMULINK

The values of X1, Xz X3, Cy, C; & C3were computed
using SIMULINK for both Examples 1 and 2. These
plots were then validated by comparison with those
obtained from digital simulation and the graphical
method to assess the accuracy of the proposed
approach.

Fig. 10(a) and Fig. 10(b) present the digital
simulation and SIMULINK responses for Example
1, respectively. Fig. 11(a) and Fig. 11(b) show the
corresponding responses for Example 2. All
simulations were performed using a MATLAB code
developed to implement the proposed procedure.
The numerical results for Example 1 are
summarized in Table 3(a). Similarly, the plots for
Example 2 are presented in Table 3(b).

o8 C2=0.75; W = 0.6283 rad/sec

0.6
04
02

o

x2n1

02

04

06

o 10 20 30 40 50 o 10
Time in sec

X2=3.48; W = 0.6283 rad/sec

unt
N
x3n1
°

)

0

20

Time in sec

C3=2.2; W = 0.6283 rad/sec

08
30 40 50 o 10 20 30 40 50

Time in sec

X3=3.5; W = 0.6283 rad/sec

vin

0 10 20 30 40 50 o 10
Time in sec

20

Time in sec

30 40 50 o 10 20 30 40 50
Time in sec

Fig. 10(a): The results of the digital simulation for Example 1, based on the rectangular hysteresis model, are presented
along with their corresponding graphical outputs. The analysis focuses on the variables C1, Cy, Cs, X1, Xz and Xs.
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C1=3.1; W = 0.6031 rad/sec X1=3.5; W = 0.5994 rad/sec
4 ? 4k i
L4 2
‘l 0
-2 2+
50 100 50 200
6 20 40 ﬁ‘l] 80 100 120 14:.0 160 180 200

X2=3.5; W = 0.5994 rad/sec

1 4+ d
0.5} { 2
0 | 0
05! 2
0 033333333 1 13333333 2 23333333 3 33333333 ° 20 40 60 8 100 120 140 160 180 200
X3=23.5; W = 0.5994 rad/sec
af C3=1.3; W =0.5994 rad/sec 14
ol
0 ]
0
2+ 4
20 1
4 ]

0 200 40 60 8 100 120 140 160 180 200 © 2 4 6 80 100 120 140 160 180 200

Fig. 10(b): Simulink results of Example 1, focusing on the rectangular hysteresis model. The analysis focuses on the
variables Cy, Cz, Cs, X1, X2 and Xa.

<k
2 ]
0
2
- C1=3.4; & = 0.6094 rad/sec 4r | X1=32;0=0.6094 radisec |
-6 20 40 60 80 100 0 20 40 60 80 100

C2=1.0; ® = 0.6031 rad/sec

X2=3.4; & = 0.6031 rad/sec

0 I
| 1 1 | . ! 4
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15
0
ar C3=10.7; @ = 0.5969 rad/sec X2=3.7; ® = 0.6031 rad/sec
| L L & L 1 i i 1 4
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Fig. 11(a): The results of the digital simulation for Example 2, based on the backlash model are presented along with
their corresponding graphical outputs. The analysis focuses on the variables C,, Cy, Cs, X1, X2 and Xa.
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X1=2.8; w = 0.6283 rad/sec C1=2.8; w = 0.6283 rad/sec C2=0.31; w = 0.6283 rad/sec
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< 02
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3 4 04
] 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
Time in sec Time in sec Time in sec
C3=1.1; w = 0.6283 rad/sec
3 X2=2.7; w = 0.6283 rad/sec 12 2 4 X3=2.6; w = 0.6283 rad/sec
2 1 3
1 0.8 2
0 -~ 06 -
- c -
E ) >
1 0.4 0
2 0.2 1
3 0 2
-4 02 -3
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
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Fig. 11(b): The results of the simulink of Example 2, based on the backlash model are presented along with their
corresponding graphical outputs. The analysis focuses on the variables Cy, Cy, Cs, X1, X2 and Xz

Table 3(a). Comparative results for Example 1 (Rectangular Hysteresis) obtained through various analytical
and simulation methods.

I§llo Technique o X, X X C C Cs
1 Graphical 060 | 360 | 370 | 390 | 350 | 100 | 1.00
2 Simulation 060 | 300 | 340 | 350 | 300 | 070 | 130
3 SIMULINK 060 | 350 | 350 | 350 | 310 | 150 | 130

Table.3(b). Comparative results for Example 2 (Backlash) obtained through various analytical and simulation
methods.

l&\\’llé Technique o X1 X2 X3 Cy C Cs
1 Graphical 0.50 3.00 3.20 3.30 2.90 1.00 1.00
2 Simulation 0.60 2.80 2.70 2.60 2.80 0.30 1.10
3 SIMULINK 0.60 3.20 3.40 3.70 3.40 1.00 0.70
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3. Signal Stabilization Analysis in a
3x3 NL system

3.1 Implementation of a Deterministic Signal
Generation and Analysis

After confirming the existence of LC in the
autonomous system, the quenching phenomenon
was investigated by introducing high-frequency
(HF) excitation signals (of > 10ws) [5]. When the
amplitude B1 of the forcing term Bl sin ot was
increased while keeping the remaining inputs
constant or zero, the system exhibited complex
oscillatory behaviour. These oscillations consisted
of components at the forcing frequency s, the
natural limit-cycle frequency s, and their
combinations.

Consequently, the system response contained
frequency components of the form kiws = Kaos
where ki, k» are integers [38, 46].

In the second configuration, identical forcing signals
of the form Bsinwst were applied simultaneously at
all three input locations, namely U, Uz, & U3, These
sinusoidal inputs were introduced at the same time
and with equal amplitude. The arrangement of this
excitation scheme is illustrated in Figure 12(a) for
Example 1. The corresponding configuration for
Example 2 is shown in Figure 12(b). As the
amplitude B was slowly increased, the limit-cycle
frequency s progressively shifted. Eventually, the
system matched with the forcing frequency s
indicating suppression (quenching) of the limit
cycle. Beyond this point, the system response was
dominated by forced oscillations at .

Rectangular
Hysteresis =
(=]
/] J
R T =
Dead Relay1
Zone1 =
2 I
‘-.._J -
Rectangular
. Hysteresis E
A— = - c2
u=s 17 7 Dead Relay2
‘ Zone2
w=8.0rad/sec
Ak
|
o Rectangular 5
Hysteresis lﬁl
SESEN
Dead Relay3
T Zone3
<
™~

Fig. 12(a): SIMULINK model of the proposed multi-
subsystem control structure showing three interconnected
subsystems (S;, S,, and Ss;) with rectangular
hysteresis, dead-zone nonlinearities, and feedback loops

E-ISSN: 2769-2507

52

Kartik Chandra Patra, Asutosh Patnaik

used to generate outputs C; , C, , and C;
input excitation.

under step

The simulation results for signal stabilization under
deterministic inputs for Example 1 and Example 2
are shown in Fig. 13 and Fig. 14, respectively.

o0

g0

w =10 rad/sec

eld

Relay2
Backlash2

Fig. 12(b): Simulink block diagram of a multi-loop
control system with step inputs, relay elements, backlash
nonlinearities, and three subsystem outputs (C1, C2, C3),
each governed by distinct transfer functions and feedback
paths.

Figure 13 shows the steady-state values of the
system variables as Ciss, Cass, Cass and Xuss, Xoss,
XSss-

[ Xy,p = 8.02 radsec = wy
1 €y, w=8.2 rad/fsec=w; 5
- - ‘
Qs X0 HAvne
0 57
0 200 400 600 15 20 Tz; 30 35 40
Time {a) ime
Ko W= 8,05 rad/sec =
04 ( 5
8 02 Gy 0= 818 radlfsec= 0 | o of
0 5
0 200 400
Time
0
0.2} Gy, w=7.87 radfsec= w;
804
0.6 1 [
0.8
0 200 400 600 10 15 _— 20 5
Time (C}

Fig. 13: Response of the system in Example 1
(rectangular hysteresis) when subjected to a deterministic
input U = 5 sin(8t) with particular emphasis on the
resulting forced oscillations and the associated
stabilization of the system response.
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€., w=10.1 rad/sec = w; 5 Xy 0= 9.91 radsec = w,

™1 -
o X0

0 5
0 200 400 600 (a) 10 20 30
Time Time
[ Xy 0= 9,92 rad/sec =
1 5 |
s 0.5/ Casw =102 radlfseC = 0y 8 0 I‘ | ‘| !
0 | 5
0 200 400 eoo(e 15 120 125 130
Time Time

X3,,, W= 9.95 rad/sec = wy

0 5
0.2}/

1) 9o
O 0.4 €y w=100rad/seczw; >
0.6 -5
0 200 400 600 (<) 540 545 550 555
Time Time

Fig. 14: The response of the system in Example 2
(Backlash) when subjected to a deterministic input U =5
sin(10t) with particular emphasis on the resulting forced
oscillations and the associated stabilization of the system
response.

3.2 Implementation of a Gaussian signal

The concept of signal stabilization using Gaussian
excitations has previously been examined for SISO
NL systems [45, 47, 48]. More recent studies have
emphasized robust analysis and design frameworks
that explicitly account for uncertainty and stochastic
effects. Despite these advances, the extension of
Gaussian-based stabilization techniques to NL
multivariable systems with memory—particularly
even for 2x2 configurations—remained unresolved
until it was addressed in [39].

In this work, that limitation is further explored by
analyzing the suppression of LC in a 3x3 NL system
subjected to stochastic excitation. Examples 1 and 2,
which exhibit self-sustained oscillations under
autonomous conditions, are revisited. To achieve
stabilization and reduce these oscillations, Gaussian
random inputs characterized by mean m and
variance ¢ are applied at each input node. The
results indicate that, for appropriate choices of m
and ¢, the limit cycle oscillations are effectively
suppressed  or  significantly reduced. The
corresponding simulation setups are depicted in Fig.
15(a) and Fig. 16(a) for Example 1 and Example 2,
respectively, while the resulting system responses
are presented in Fig. 15(b) and Fig. 16(b).
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Variance= 0,05
Gaussian

iad

Lowpass

Lowpass Filter

Dead Relay?
Zoned

| <
N
Fig. 15(a): System representation derived from Figure 9
used to study forced oscillatory behaviour in Example 3
(rectangular hysteresis) under a Gaussian excitation with
mean 60.0 and variance 0.050.

0! I ] 0
e Steady value X steadyval
=U | with no oscillations I 1 Sty ValLE
5 50 th fla > 50 with no oscillations
-100 | I | -100
750 _ 800 850 700 750 800
Time (a) Time
0
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N i 2: Steady value
s 10 with no esdillations Q =100 u:-:th m: us:i‘llatiuns
-20
-30 -200
615 620 625 630 (p) 860 880 900 920 940
Time Time
0+ I
10- Cyy Steadyvalue 0
8 :20 l with no oscillations ‘,x., .50 ., stedyvelue
with no oscillations
a0k | -100
820 840 ' 860 880 (c) 750 800 850 900
Time

Time

Fig. 15(b): Analysis of forced oscillations during signal
stabilization under Gaussian excitation (mean 60.0,
variance 0.050) for Example 3 with rectangular
hysteresis.
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=[]

Dead  Relay

Stept
Mean = 60 and

Variance = 0.05
Gaussian

M)

Qﬁ@é@
Lo 2

Lowpass

Lowpass Filter

Fig. 16(a): System formulation derived from Figure 9
used to study forced oscillatory response in Example 4
(backlash) subjected to a Gaussian excitation with mean
300 and variance 0.0250.

0 Cy. steadyvalue
G 400 with no ostillations « -400 w’?:::;e:s‘i\i'”‘::::s
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Time (al Time
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Fig 16(b): Analysis of forced oscillations during signal
stabilization under Gaussian excitation (mean 60.0,
variance 0.0250) for Example 3 with backlash.
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4 Limit cycle suppression in a 3D NL
system using PP technique

The PP technique, originally developed for SISO
systems [37], can be extended to the suppression of
LC or self-sustained oscillations in three
dimensional NL systems. The method is based on
assigning the closed-loop eigenvalues to preferred
locations in the complex plane. This is achieved
through the use of an appropriate state-feedback
scheme. By selecting suitable eigenvalue positions,
the dynamic response of the system can be shaped
as desired. To implement this approach, a state-
feedback gain matrix K [k, k2, ks] is designed. The
gain values are chosen so that the closed-loop
dynamics attain the specified pole configuration.
The K can be computed using PP by suitably
selecting the desired pole locations, provided that
the system satisfies the condition of complete state
controllability [49]. In addition, an optimal gain
matrix K can be obtained from the Riccati equation.
This provides a more systematic and performance-
oriented design framework [40, 50].

4.1 Limit cycle suppression in a 3x3 NL
system using state feedback-based
arbitrary PP

The PP method, implemented via state feedback, is
employed to suppress limit cycles by appropriately
assigning the closed-loop pole locations. A general
multivariable nonlinear (NL) system, in [46], is
depicted in Fig. 17(a). This system consists of
several interconnected nonlinear elements. Multiple
feedback loops are also present and play an
important role in governing the overall dynamics.
The interactions among these components determine
the behaviour and response of the system. For
investigation and to show the existence of limit
cycles the system is reduced to its autonomous form
by setting the external input U=0, thereby
eliminating any forcing effects. This simplification
isolates the system’s intrinsic behavior, allowing the
analysis to focus solely on self-sustained oscillations
arising from the internal nonlinear interactions. The
resulting configuration, shown in Figure 17(b),
represents a streamlined system structure. In this
form, the interaction between the nonlinearities and
feedback paths can be more readily examined for
the existence, stability, and characteristics of limit
cycles.
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Fig. 17(a): Block diagram of a general multivariable
nonlinear system showing interconnected gain matrices
(G1, G2, G3), a nonlinear element (N), and a feedback
path (H), with input vector [K] and output vector [n].

U=0 ‘ C
Y

+ X
|:>®:: N [— €
L

Fig. 17(b): Simplified autonomous form of the nonlinear
system (U = 0), showing the nonlinear block (N), linear
dynamics (G), and feedback path (H), used to analyze
self-sustained oscillations and limit cycles.

By applying first-harmonic linearization to the
nonlinear (NL) element, its effect is approximated
by an equivalent gain that depends on the amplitude
and frequency of the assumed sinusoidal response.
This transforms the original nonlinear system into a
quasi-linear representation, enabling the use of
frequency-domain analysis. As a result, the
governing matrix equation for the system in Figure
17(b) is obtained by combining this equivalent gain
with the linear dynamics of the blocks and feedback
path. The resulting equation relates the oscillation
amplitude and frequency through a set of nonlinear
algebraic conditions, which must be satisfied
simultaneously. Solving these conditions allows the
determination of possible limit cycles, including
their  existence, amplitude, and stability
characteristics:

X =-HC, -HGN(X) = AX ... (48)
where C = GN(x) X and A = -HGN(X)

The above equation (48) defines a self-mapping of
the state (or harmonic) vector X, meaning that the
system dynamics map X back onto itself through the
matrix operator A. In this context, a limit cycle
corresponds to a non-trivial, steady oscillatory
solution that remains invariant under this mapping.

As highlighted in the article [44], two fundamental
conditions must be fulfilled for such a solution to
occur. First, for any non-zero (non-trivial) vector X,
the matrix A must contains an eigenvalue A=1. This
eigenvalue (=1) condition ensures that the
magnitude of X is preserved after one full mapping,
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indicating neither growth nor decay of the
oscillation—an essential requirement for sustained
periodic motion.

Second, the eigenvector corresponding to this
eigenvalue (=1) must be collinear with the matrix X.
This means that the direction of X remains
unchanged under the transformation imposed by A,
ensuring consistency in the waveform shape and
phase across successive cycles. Together, these two
conditions guarantee that the system admits a self-
consistent oscillatory solution, thereby confirming
the existence of a limit cycle along with its
associated amplitude and structure.

4.1.1 Application of arbitrary PP for limit cycle
suppression in Example 1 involving rectangular
hysteresis nonlinearity

The suppression of limit cycles through arbitrary
pole placement (PP) is practicable when the system
is fully state controllable [49]. This condition
ensures that the system states can be influenced
through suitable control inputs. The controllability
matrix is given by:

S=[B ABA?B....] e (49)
Where,
—N;G;  —NzGz N3G
A = NlGl —N2G2 —N3G3
—N1G;  NpG;  —N3Gs
0
-l
1
[ 1.0 1.0 -1.0
H=|-10 1.0 1.0 ]
.L1.0 —-1.0 1.0
G (w) 0.0 0.0
Gw)=] 0 Gy(w) 0.0
| 0.0 0.0 G3(w)
N, (X;) 0 0
0 0 N3(Xs)
X1
X - le

X;
C,

-l
C,

From Table 1(b) for Example 1, LC shows at, w =
0.63 rad/sec

Xm1= 2.92, Xm2= Xm3 2326

Nl(Xml, (.0) = 0.38; Nz(sz, 0)) = 0.48, Ng(Xma, 0)) =
0.48
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. 2
At w = 0.63,|G,(jw)]| = T ohiiaan: =

2

w(w?+1) =2.27
. _ 1 _ 1 _

|G, (jo)| = T ey - avierat - 0.39
S

0 037 -0.39
S=]0 -0.37 0.53

1 -037 -0.11
Or |S|=0.3460 # 0
< [x(t)]=AX + BU (50)
Closed-loop state-space representation of a linear
system with state feedback control in Fig. 18.

U X

X=AX+BU |——r

]

Fig. 18: Closed-loop state-space representation of a
linear system with state feedback control u=Kx,
illustrating the dynamics x=Ax+Bu.

The control law : u = —KX (51)

Putting K into the Eqn. (65) by Eqn. (66), results in,
£ (D))= (A-BK)X (52)
Upon substituting the values of A, B and K, the

Characteristic Equation is given by
[Al — (A—BK)] =0or

So,
(A + N;Gy) N, G, —N3G3
—N; Gy (A + N2Gy) N3G3 =
NGy +k; —N,Gy—k, % + NyGs+ks
0....(53)

A3 +0%(1.44+k3)+A(1.05 + 0.371k, + 0.37k, +
1.07k3) +(0.25+0.40k5 + 0.14k,)=0--- (54)

Let the poles arbitrarily selected as, A; = A, =
—2.0,A3 = —3.0, the characteristic equation results
in:

WHTAE48A+12=0 ... (55)

7 =1.44 + k3, whence k3 = 4.83 -- (56)

12 = (0.25 + 0.34ks + 0.14k:) = 0.25+0.86+0.14k;,
so, k; =70.92 .. (57)

8 = 1.05 4+ 26.31 + 0.37k, + 5.20,s0,k, =
—66.24 (58)
0.0 0.0 0.0
Hence K = [0.0 0.0 0.0] =
k1 k2 k3
0.0 0.0 0.0
0.0 0.0 0.0 |--+(59)
70.9 —-66.2 +4.8

We have,
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Al =
—0.88 —-0.19 0.37
0.88 —0.19 —0.37
-0.88—-7092 —-0.194+66.25 —0.37—4.83
(60)
The responses obtained from a digital simulation of
the autonomous system, presented in Fig. 19.

4.1.2 Application of arbitrary PP via state
feedback for limit cycle suppression in Example
2 with backlash NL systems:

From Table 2(b), it is observed that Example 2
(Backlash) exhibits a limit cycle. This occurs at ® =
0.57 rad/sec.

Nl(Xm1, (D) = 1.290, Nz(sz, 0)) = 1.230, N3(Xm3, (D)
=1.230

Xmt = 3.0, Xmz = Xz =2.3, 01 = -160.62°, Q2 = -
114.38°, 6.3 = -122.18°

At o =0.57 rad/sec
2 2

|G (jw)| = oo~ e - 21965
|G, ()| = == L - 0.4342

V(022 +(4w)? = wV16+m?2
. __ 1 _
|G3(jw)| = — 0.8436
The controllability matrix,

0 1.03 -3.41
S=(0 —-1.03 4.51

11 -1.03 -236
Or |S] = 1.151 which is not equal to zero.

So, arbitrary PP is indeed feasible in this
framework, as noted in [49]. For the autonomous
case, the closed-loop system structure is illustrated
in Figure 18, where state feedback is employed to
regulate the system dynamics. The corresponding
state-space representation is given by Equation

(52), < [x(t)]= (A-BK) X. On substitution of A, B

and K, the characteristic equation is represented as
Equation (53):

A3 4+12(N; Gy +N, G+ N3 Gy +k ) +A(2G; G, N, N, +2
G1G3N;N3+2N,N3G,Ga+ kg N3Gg+ksN; Gy +
k3N, G,+k,N3G3)+( 2k, G,G3N, N3 +4
N;1N;N3Gy G, G3+2k3G; Gy, N, )=0

For Example 2, the numerical values of Ni(Xmi, ®),
N2(Xm2, ®), and N3(Xms, ®), together with |G; (jw)]|,
|G, (jw)| |G3(jw)| are substituted into Equation (53)
at = 0.57 rad/sec Upon simplification, we obtain
the following result:
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A3 +1%(2.78+0.53+1.03+k3)+A(2.97+5.77+1.10
6+ 1.03k,+3.31k; +
1.03k,)+(6.16+2.97k3+1.10k,)=0...(61)

The poles are arbitrarily selected at A; = A, =
—3,A; = —4, the characteristic equation
becomes:

A3 +1002+33)1+36=0 (62)

Response Curves x1,x2,x3 versus t

0.1 ; T
[ —x1
—x2
% 0.05 x3 | x3
N— »
x
*x oC -
x2 x1
-0.05° ¥
4 6 8 10
t sec
(a)
ot Response Curves C1,C2,C3 versus t
04 | »
‘ —C1
) i |—C2
o‘ 0.02! x3 ‘ c3
o~ | ¥ -
(&) /\._A»» e - — =
o O v
x1 x2
-0.02' : - :
0 2 4 6 8
tsec
(b)

Fig. 19: Limit cycle suppression in Example 1 via
arbitrary PP using state feedback.

By equating the coefficients of the corresponding
powers of A, the following relationships are
obtained:

10 =4.35 + k3,
whence k3 = 5.64
36 = (6.16 + 2.97ks + 1.08k1)
whence, k; = 12.02
33=297+577+ 1.10 + 1.0k, + 3.3k3

+ 1.03k,,
whence k, = —7.76
0.0 0.0 0.0
Hence K=(0.0 0.0 0.0
k1 k2 k3
00 0.0 0.0
= [ 00 0.0 0.0..(63
120 —-7.7 +5.6
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Eqn. (52) gives, (A — BK) = A,,

-2.78 -0.53 1.03
A=| 278 —-0.53 -1.03]..... (64)
—-14.80 7.76 —6.68

The responses obtained from a digital simulation of
the autonomous system, presented in Fig. 20.

Response Curves x1,x2,x3 versus t

¥ 3 =1
—2
% 0.05 (a) x3| -
% ;
‘;; D \ F/ﬂ———;—
h %2 %1
-0.05
0 2 4 [ B
tsec
" Response Curves C1,C2,C3 versus t
) %3
3 0.02; A —ct
ol | —C2 b
o a o (b)
O e *®
)
-0.02" . . .
0 2 4 6 ]
t sec

Fig. 20: Limit cycle suppression in Example 4 via
arbitrary PP using state feedback

421 Example 1 (Optimal
feedback gain matrix)

selection of the

The Riccati equation is expressed as follows:

A'F + FA—BEF

+Q =0 (65)
And K = B'F/R --- (66)

0 1.0 0.0 0.0
It is mentioned B=|0], Q = [0.0 0.0 0.0|, R =
1 0.0 0.0 0.0

1.0,

Considering, the symmetric property of the matrix,
F, we have,

—NiGy NiGy o —NyGy
A'F = [—NZGZ —N,G, N3G,
N3Gz —N3Gz —N3Gs
fir fiz fis
for faz faz| e (67)
fs1 fz2 fa3
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fir fiz fiz|[[-N1Gy —N3G;  N3Gs

FA = |fa1 faz faz|| NiGi —N2Gz  —N3Gs
fa1 faz  f33|L=N1G; NGy  —N3G3
...... (68)

FBB'F fi3fz1 fisfsz  fisfss

R = f23f31 f23f32 f23f33 ... (69)
f33f31 fazfzz  f3fa3

Upon substituting Example 3 values into Eq. 67
results in

(=0.1f;; — 0.1fy; + 0.1fs;) (—0.1f;, — 0.1y, + 0.1f3,) (—=0.1f;; — 0.1f55 + 0.1f55)
(+0.3f;; — 0.3fy; — 0.3f31)  (+0.3f;, — 035, — 0.3f3;)  (+0.3fi5 — 0.3f55 — 0.3f33)

=A'F ceeee (70)
And also upon substituting Example 3 values into
Eq. 68 results in:

(=0.8f;; +0.8f,; — 0.8f31) (—0.8f;, +0.8f;, —0.8f3;) (—0.8f;3 + 0.8f33 — 0.81‘33)]

(—0.8f}; + 0.8f;, —0.8f;3) (—=0.1f;; — 0.1f;, + 0.1f;3) (+0.3f;; — 0.3f;, — 0.3f33)
(—0.8f; + 0.8f5, — 0.8fy3) (—=0.1f;y —0.1f5, + 0.1f53) (+0.3f5; — 0.3f, — 0.3f53)
(—0.8f3; + 0.8f3, — 0.8f33) (—0.1f3 —0.1f5, + 0.1f33) (+0.3f3; — 0.3f3, — 0.3f33)

1 = (71)

Similarly, upon inserting Example 1 values into Eq.
(69) - (71) and the Q in Egn. 65 results in:
(-1.77F; + 1.776,,-1.77f, 5 -£;52 +1)=0

...... (72)
(-0.881f;,-0.19f, ; +0.88f,,-0.19f, ;+0.881f, 5-f13
f3)=0 e (73)
(-1.25f13+0.37f11+0.88f23-0.37f12-0.88f33-f13
f33):0 ...... (74)
(-0.19 f11-1.07f1,+0.88f»+ 0.19f;3 — 0.88fx3 - fi3
f3)=0 e (75)
(-0.38 f12-0.38 f2,+0.38 f,5-f,3%)=0 - (76)
(-0.19 f13+0.37 f,1-0.19 f23- 0.37f22+0.19f33 - f23 f33)

=0 @ e (77)
0.37f11 — 1.25f;3 + 0.88f,; — 0.37f;, - 0.86f33 - fisfs3

0.37 f,—0.37 £, - 0.19 f13 —0.56 f23 +0.19 f33 — f23
f33 =0 ce0eee (79)

0.74f13 — 0.74f23 - 0.74f33 — f332 =0 (80)

From Equation (77) and (79), subtraction gives the
relation, f,3 = f3, =0

Similarly, subtracting Equation (74) and (78), leads
to a trivial solution.

By subtracting Equations (73) and (75), the relation
fi, = 2f;3 is obtained. From Equation (76), it

Using Equation (80), we obtain
0.472 (fy5 —f33) =f332 ......... (82)

From Equation (77), the following expression is
derived:

= 019f13 + 037f21 - O37f22 + 019f33 == 0
...... (83)

Equation (73) gives f;; = —9.73f;,

From Equation (72), the quadratic equation becomes
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34.495 — 177 f;5 — f2% + 1 = 0, which yields the
solutions f;3=32.75 or — 0.31

Other wvalues are f;, =0.310r—0.06,f,, =
—65.50 0r 0.36,f33 = —341.14 or 0.03

f;; = —637.07 or — 0.59, f,5 = 0

Thus, the complete set of solutions is determined
from the above simultaneous relations.

fi7 fiz fi3
F=|fi, f; O
fiz 0 fi3

From Equation (66),

f11 f12 f13
K=R"1BF=1[001] [flz fo o]
f13 0 f33
whence k; = 32.75 or — 0.031, k, = 0, ks = -341.144
S0 N1y J— (84)
Hence
—0.88 —0.19 0.37
A-BK=A;= | 088 —0.19 —0.37]
085 0.19 —0.40

The responses of the corresponding C and X are
shown in Fig. 21.

Response Curves x1,x2.x3 versus t

0.8 H3
-~ E —x1
o s
2 fal oo
o 0.2 ———
= L
ﬂ '-:..'-" :ll:]. - S
0.2 - w2
o 2 L ] a8
t sec
Response Curves C1,C2,C3 versus t
L %3
ey 0.2 ————
[+ o 1
e o g c1
o =1 —c2
= ’/ (b) =
0 i -
xd
0.1
[i] 2 4 ] ]

t Sad

Fig. 21: Responses showing the LC Suppression via State
Feedback (Optimal Feedback Gain, Example 1)

4.2.2 Example 2 (Optimal Feedback Gain Matrix
Selection)

The Riccati Equation is

A'F+FA- FBR™IB'F+Q=0 .. (65)

And K=R™ 1 B'F - (66)

_NlGl _NZGZ N3G3
Assuming A= | NyG; —N,G, —N3G3
0 1.0 0.0 0.0
B= 0], Q= !0.0 0.0 0.0], R=1.0,
1 0.0 0.0 0.0
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fll f12 f13

Let F= f21 fzz f23 ConSidel‘ing F to be
f31 f32 f33

symmetric matrix:

A'F =

(=N3Gafyy + NyGafyy = NiGafsy) - (=NiGafip + Ny Gafyp = NiGafsp) - (=NiGyfys + Ny Gyfps — Ny Gafisg)
(=N2Gofiy = NyGofyy + NaGafyy)  (=N2Gafip = NaGafy + NpGofyy)  (—N2Gafys — NaGafys + NyGyfys)
(+N5Gsfiy = NyGafpy = N3Gafyr)  (+N3Gafip — N3Gafzy = N3Gafyo)  (+N3Gafys — N3Gafs — N3Gafys)

(=NiGyfyy + NiGifiz = NiGifis)  (=NpGafiy = NaGofiy + NoGofis) - (#N3Gafyy — NaGafip — N3Gafia)
(=NiGyfpy + NiGafpp = NiGafps)  (=N2Gafyy = NaGafyr + NoGafas)  (+N3Gafyy — N3Gafyr — N3Gafos)
(=NiGafsy + NiGafyp = NiGafss)  (=N2Gofyy — NaGofaz + NoGafss)  (+N3Gafay — N3Gafaz — NjGafis)

- (86)
f13f31 f13f32 f13f33
FBRIB'F=(fy3f3;  fafs, fosfasf e (87)
f3sf3;  f33f3,  fs3fss

Substituting the values of Example 2, where

—-2.782 —-0.534 1.038

A=] 2782 —0.534 —1.038] and Eqn. 85 can be
—2.782 0.534 —1.038

written as

(—2.782f,, + 2.782f,, — 2.782f,;)  (~2.782f,, + 2.782f,, — 2.782f,,) (~2.782f,, + 2.782f,, — 2.782f,,)
(—0.534f,; — 0.534f,, +0.534f,;)  (=0.534f,, — 0.534f,, + 0.534f,;) (=0.534f,; — 0.534f,; + 0.534f,,)
(1.038f,, — 1.038f,, — 1.038f;) (1038, — 1.038f,, — 1.038f,,)  (1.038f,, — 1.038f,, — 1.038f,,)

=A'F oo (88)

Upon inserting the values from Example 4, Eqgn.
(83) is expressed as:

(—2.782f,, + 2.782f,, — 2.782f,;)  (—0.534f,, — 0.534f,, + 0.534f,,) (~1.038f,, — 1.038f,, — 1.038f,,)
(~2.782f,, +2.782f,, — 2.7826,,)  (~0.534F,, — 0.534f,, + 0.534f,;)  (1.038f,, — 1.038f,, — 1.038,5)
(~2.782f,, + 27826, — 2.782E;)  (~0.534f,5 — 0.5346 + 0.534f,;)  (1.038f;, — 1.038f,, — 1.038f;,)

=FA ... (89)
And also upon substituting the values from Egns.
(87) - (89), along with Q, into Riccati Eqgn. (65)
gives:
(‘5.564f11 + 5.564f12'5.564f13 'f132 +1): 0"' e (90)

(—3.316f12—2.782f23+2.782f22'0.534f11+0.534f13'f13
f23)=0 (91)

(—3.82f13+2.782 f,3-2.782 f33-1.038f1;—1.038 f1— fi3
fi)=0 e (92)

(70534 f11-3.316f1,+0.534f 3+ 2782f22 — 2.782f»3 — f13
f23): 0 (93)

(-1.068f12-1.068F,2+1.068f,5-f,52)=0 -+ (94)

(-0.534f1371.572f23+0.534f33+ 1.038f1,-1.038f - 3 f33)
=0 e (95)

1.038f11 — 1.038f1 — 3.82f13 + 2.782f,5 — 2.782f33 — f13 f33
=0 .. (96)

1.038f1, — 1.038f, — 1.572f,3 — 0.534f;5 + 0.534f33 — 23
fi3=0 e (97)

2.076f13 — 2.076f23 — 2.076fs3 — f552 = 0-- (98)
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Subtracting, Equation (91) — Equation (93) = trivial
solution and Equation (95) — Equation (97) = trivial
solution.

By taking the difference between Equations (97)
and (92), it is obtained that, piu = 0. By
simultaneously solving Eqgns. (90)—(98) the values
obtained are, fi3 = 1.010, fi» = 1.013. In a similar
manner, solving the set with Eqn. (94) gives s =
2.030 or — 0.970 whereas solving the set with Eqgn.
(98) gives f33=0.39 or — 2.11.

From Egn. (81), K=R™ ! B'F

Or [klkz k3]=[(0Xf11 + OXflz + 1Xf13)( OXflz +
OXfZZ + 1Xf23)( 0Xf13 + OXf23 + 1Xf33)]

Or [kik, k31=[(f13) (f23) (f33) 1
=[1.0 200r—09 03o0r—21],

We get, k; = 1.0, k,= 2.0or—09and k; =
03or—21 e (99)
S0, A-BK=As=
—2.78 —0.53 1.03
2.78 —0.53 -1.03 | e
—3.79 —1500r1.50 —-1.430r1.07

(100)
For Example 2, the responses

X1 Cy N;Gyxq

X = [xz and C = |C,| = [NZGZXZI and in the
X3 C3 N3Gs3x3

autonomous state, obtained through digital

simulation with As, These simulated results are
presented in Fig. 22.

" Response Curves C1,C2,C3 varsus t

1]
o3 —c1
< 0.05 *3 cz  (a)
o | x1 cz
5 o P g

w2

t sec

Response Curves x1,x2 =3 versus t

0.3
b —M1
o 0.2}
— X2
2 x3  (b) x2
0.1}
— | 1
t o /_'._- -’f _._ ‘
0.1 — 2
) 2 4 53 8
t sec

Fig. 22: Response curve showing the LC Suppression
using Optimal Feedback Gain, K (Example 2).
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5. Conclusion

The presence of limit cycles (LCs) is a clear
indication of system instability. Their occurrence
can significantly degrade the overall performance of
practical control systems. In many engineering
applications, persistent oscillations caused by LCs
reduce accuracy, efficiency, and reliability. In
robotic and automation systems, LCs adversely
affect both speed control and position control,
leading to poor tracking performance and unwanted
vibrations. Similarly, in multi-area power systems,
they can create serious difficulties in load—
frequency control, thereby reducing the stability and
coordination of interconnected areas. Only a limited
number of studies have investigated the suppression
or complete elimination of LCs in 2x2 systems
containing memory-type  nonlinearities.  The
available results therefore remain restricted to
lower-order systems.

The present work extends this line of analysis to
3x3 systems. In particular, the study focuses on the
guenching of LCs through signal stabilization. It
also examines the suppression of LCs by employing
a PP approach. The proposed graphical approach
offers enhanced insight into the problem owing to
its simplicity and ease of implementation. The
effectiveness of the method is demonstrated through
numerical examples and is further verified using
graphical analysis, digital simulations, and
implementation in the SIMULINK environment of
MATLAB.

The main contributions of this work are as follows:

(1) LCs can be eliminated through signal
stabilization using deterministic signals. They can
also be suppressed by employing Gaussian signals.
This dual approach accounts for uncertainties and
helps ensure robust system performance.

(2) LC in 3x3 systems with memory-type
nonlinearities can be suppressed using state
feedback techniques. This includes arbitrary pole
placement under the condition of complete state
controllability. It also includes the optimal
determination of the feedback gain matrix K
through the Riccati equation, representing a novel
application not previously reported.

Future work may focus on a comprehensive analysis
of  synchronization and  desynchronization
phenomena under both deterministic and stochastic
signal stabilization frameworks. Additionally, the
proposed approaches can be extended to general
nxn systems incorporating both memory and non-
memory type Nonlinearities. Furthermore, the
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development of a fully analytical framework for LC
analysis in 3x3 systems with memory-type
nonlinearities remains an open research problem. It
continues to be an important direction for future.
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