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Abstract: - The paper presents an innovative graphical technique that uses computer graphics in conjunction 

with geometric tools in the estimation of limit cycles (LC) in 3×3 nonlinear (NL) systems with rectangular 

hysteresis and backlash Nonlinearities. In the event the system exhibits LCs under autonomous conditions, the 

work explores the possibility of mitigating/quenching limit cycling oscillations through signal stabilization 

using high-frequency deterministic/Gaussian signals. In addition, another attempt is taken to suppress LCs by 

the pole placement (PP) technique through state feedback. The state feedback gain matrix K is determined 

either by arbitrary selection ensuring a complete state controllability condition or by optimal selection from the 

Riccati equation. To avoid the mathematical complexity of formulation for 3×3 memory-type Nonlinearities, in 

particular for estimation/prediction of LCs, a novel graphical method is developed using the most common and 

popular describing function (DF), assuming harmonic balance with proper justification that the linear 

components of systems possess low-pass characteristics. The complexity and criticality in the mathematical 

expression (which diminish problem insight) are mitigated when the system exhibits LC predominantly at a 

single frequency. The proposed methods are demonstrated through practical examples and validated using 

digital simulations, implemented via a program developed in MATLAB. These results are further substantiated 

by those obtained using the SIMULINK toolbox in the MATLAB environment. 
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1 Introduction 
Researchers have been focusing on prediction LCs 

in 2×2 NL systems for several decades [1-40]. In 

fact, the issue is more significant and severe in the 

case of memory-type nonlinearities. In [41-43] 

where it has been addressed a little. It was surprising 

that till [5], practically no literature was available 

that addresses the mitigating/quenching of such 

LCs. In [38], the researchers have discussed the 

quenching of LC in memory-type Nonlinearities and 

elaborated the concept of synchronization and 

desynchronization (using incremental describing 

function (IDF)). They illustrated these phenomena 

through examples in 2×2 NL systems lucidly. 

However, literature scarcely available addresses 3×3 

NL systems. In [30], it has been stated that the 

boiler turbine unit is a 3×3 system that demonstrates 

NL dynamics over a wide range of operating 

conditions. Some chemical processes are inherently 

multi-dimensional in nature. These processes can 

often be represented by a 3×3 model. Limit cycles 

(LCs) have been observed in such systems. In [31, 

32, 42, 44], the researchers have confined their 

research to non-memory-type Nonlinearities in the 

3-dimensional case. The describing function (DF) 

technique is absolutely/totally suitable for prediction 

of limit cycles [4, 5, 10, 11, 13, 20, 45]. 

Prediction/estimation of LC in 3×3 NL systems 

well-suited with the configuration of general 3×3 

systems in [46] draws attention and is thus presented 

in this work. Analytically dealing with this problem 

using mathematical formulation, following the 

above structure particularly for memory-type 

Nonlinearities, is extremely complex and involved 

and critical (which loses insight into the problem, 

even with the assumption of harmonic 

linearization/balance [40]). It is always justified 
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since the linear parts of the system possesses low-

pass characteristics. To make the problem still less 

complex and simple, it is assumed the exhibition of 

LC is predominantly at a single frequency, 

particularly for multidimensional cases. Under these 

circumstances the graphical method has been 

developed for prediction/estimation of LCs in 3×3 

memory type NL systems. The graphical approach 

provides an explicit and novel insight into the 

problem. The backlash is a very common and, in 

some cases, inherent characteristic in physical 

systems, which causes any third or higher-order 

system to exhibit LCs. The existence or exhibition 

of limit cycles (LCs) acts as a constraint on control 

performance. In the robotics and automation 

industry, it adversely affects speed and position 

control. This issue has been addressed in 

multivariable systems [26, 27, 31, 34, 40]. Another 

notable adverse effect of LC due to the inherent 

backlash characteristics of speed governors hampers 

the performance in load frequency control (LFC) 

[31, 43]. 

The present work is proposed in sequences as 

given below. Immediately after the Notation Table, 

section 1 introduces the subject as given in the 

Introduction. Section 2 introduces a graphical 

method for the estimation and prediction of LC in 

3×3 systems exhibiting memory-type nonlinearities. 

The procedure has been illustrated through Example 

1 (Rectangular Hysteresis) and Example 2 

(Backlash-type nonlinearities). These may be 

considered as extensions/advancements presented in 

[38, 40, 46]. 

Section 3 narrates the process of signal 

stabilization and illustrates it through memory-type 

nonlinearities (rectangular hysteresis and backlash) 

by deterministic/Gaussian signals. In Section 4, LC 

suppression is achieved via a pole-placement 

approach using a state feedback gain matrix K. This 

matrix is obtained either by arbitrary selection, 

subject to complete state controllability [49], or by 

optimal design based on the Riccati equation [50]. 

Analysis of system 3×3 dynamics NL system has 

been presented in section 3 as shown in Fig. 1. 

Under autonomous conditions (U = 0), the 

governing equations for determining the LC 

expression in the frequency domain are given by X 

= –HC and C = GN(X)X. Combining these relations 

yields X = –HGNX = AX, where A = –HGN, as 

presented in [40], which facilitates eigenvalue 

computation as described in Section 2.1 of [44]. Xi 

denotes the amplitude of the input sinusoidal signal, 

and Ci represents the amplitude of the 

corresponding output signal. 

 

2 Analysis of Limit Cycles in 3×3 

Systems Subject to Memory-Based 

Nonlinearities and Their Dynamic 

Characteristics 
 

2.1 Graphical Method 
Due to the high level of complexity and the 

extensive analytical computations involved, a 

graphical method [44, 46] has been adopted to 

investigate LC in 3×3 nonlinear systems. The 

analysis focuses on simplifying the investigation of 

system behavior using this approach. A system 

composed of three interconnected subsystems is 

considered, as depicted in Fig. 1. In this 

configuration, N1, N2, and N3 represent three 

nonlinear elements, each exhibiting rectangular 

hysteresis-type input–output characteristics. These 

characteristics are shown in Fig. 2(a), 2(b), and 2(c), 

respectively. The elements G1(s), G2(s), and G3(s) 

denote the transfer functions of the three linear 

components within the system.  

 
Fig. 1: A group of multivariable NL systems with a 3×3 

structure  

International Journal of Electrical Engineering and Computer Science 
DOI: 10.37394/232027.2026.8.4 Kartik Chandra Patra, Asutosh Patnaik

E-ISSN: 2769-2507 39 Volume 8, 2026



 
Fig. 2: Rectangular hysteresis behaviour observed in the 

NL components N1, N2 and N3 

A graphical approach based on a normalized 

phasor diagram, as discussed in [40], is employed 

for the analysis of 3×3 multivariable systems for the 

investigation of LC. The approach is demonstrated 

through Examples 1 and 2. The analysis is carried 

out under the assumption that the system exhibits 

self-sustained oscillations. These oscillations are 

assumed to occur predominantly at a single 

frequency. 

The presence of rectangular hysteresis 

Nonlinearities introduces additional phase 

contributions to the overall loop phase. These 

contributions combine with the phase angles 

generated by the linear subsystems G1 (j), G2 (j) 

and G3 (j), corresponding to subsystems S1, S2 and 

S3 respectively. The existence of LC is governed by 

three necessary conditions [46]: 

1. Phase Condition 

For memory-type Nonlinearities, the total loop 

phase must satisfy: 

𝜃 = 180𝑜 = ∠𝑁1 + ∠𝑁2 + ∠𝑁3 + ∠𝐺1 + ∠𝐺2 + ∠𝐺3 

Where ∠𝐺𝑖 represents the phase of the linear 

elements and ∠𝑁𝑖 denotes the phase contribution of 

the NL elements through their describing functions.  

2. Gain Condition 

The loop gain must satisfy: 

𝐶1

𝑅1
×

𝐶2

𝑅2
×

𝐶3

𝑅3
= 1 

where,  

𝐶1

𝑅1
=

𝐺1(𝑗𝜔)𝑁1(𝑋𝑚1, 𝜔)

1 + 𝐺1(𝑗𝜔)𝑁1(𝑋𝑚1, 𝜔)
 

 

𝐶2

𝑅2
=

𝐺2(𝑗𝜔)𝑁2(𝑋𝑚2, 𝜔)

1 + 𝐺2(𝑗𝜔)𝑁2(𝑋𝑚2, 𝜔)
 

 
𝐶3

𝑅3
=

𝐺3(𝑗𝜔)𝑁3(𝑋𝑚3, 𝜔)

1 + 𝐺3(𝑗𝜔)𝑁3(𝑋𝑚3, 𝜔)
 

 

3. Amplitude Ratio Condition 
The amplitude relationships among the system 

variables must satisfy: 
𝑋1

𝑋2
=

𝑉1

𝑉2
,

𝑋2

𝑋3
=

𝑉2

𝑉3
,

𝑋3

𝑋1
=

𝑉3

𝑉1
 

where  

𝑋1 = 𝑋𝑚1,  𝑋2 = 𝑋𝑚2, 𝑋3 = 𝑋𝑚3  

The quantities 𝑉1, 𝑉2, and 𝑉3  are the eigenvectors 

corresponding to the eigenvalues 𝜆1, 𝜆2, and 𝜆3 of 

the system matrix A, respectively. 

 

2.1.1 For the Example 1  

Let the system be considered as illustrated in Fig. 2 

featuring:  

𝐺1(𝑠) =
2.0

𝑠(𝑠 + 1.0)2
 

𝐺2(𝑠) =
1.0

𝑠(𝑠 + 4.0)
 

𝐺2(𝑠) =
1.0

𝑠(𝑠 + 2.0)
 

and the nonlinear (NL) elements exhibit rectangular 

hysteresis (RH) characteristics with parameters M1 

= 1.0, M2 = 1.126, and M3 = 1.126. The 

corresponding values are H = 1.0 and h = H/2 = 0.5, 

as shown in Fig. 3(a), Fig. 3(b), and Fig. 3(c). The 

DF for a RH nonlinearity is expressed as:  

N (Xm, ) = |
𝑌

𝑋𝑚
< |   = 0 , X<

𝐻

2
    …(1)   

4𝑀

ø𝑋
 < - sin -1 𝐻

2𝑋
,      X>

𝐻

2
 

This expression can be expanded in the (a + jb) 

form. This is consistent with Eqs. (2), (4), and (6). 

𝑁1(𝑋1, 𝜔1) =
4𝑀1

𝜋𝑋1
[cos (𝑠𝑖𝑛−1 1

2𝑋1
) − 𝑗

1

2𝑋1
] … (2) 

𝑁1΄(𝑋1, 𝜔1) =
−4𝑀1

𝜋𝑋1
2 cos (𝑠𝑖𝑛−1 1

2𝑋1
) +

2

𝜋𝑋1
4 ×

1

√1−(1
4𝑋1

⁄ )
+ 𝑗

4𝑀1

𝜋𝑋1
3                   … (3) 

𝑁2(𝑋2, 𝜔2) =
4𝑀2

𝜋𝑋2
[cos (𝑠𝑖𝑛−1 1

2𝑋2
) − 𝑗

1

2𝑋2
] … (4) 

𝑁2΄(𝑋2, 𝜔2) =
−4𝑀2

𝜋𝑋2
2 cos (𝑠𝑖𝑛−1 1

2𝑋2
) +

2

𝜋𝑋2
4 ×

1

√1−(1
4𝑋2

⁄ )
+ 𝑗

4𝑀2

𝜋𝑋2
3             … (5) 

𝑁3(𝑋3, 𝜔3) =
4𝑀3

𝜋𝑋3
[cos (𝑠𝑖𝑛−1 1

2𝑋3
) − 𝑗

1

2𝑋3
]… (6) 
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𝑁3΄(𝑋3, 𝜔3) =
−4𝑀3

𝜋𝑋3
2 cos (𝑠𝑖𝑛−1 1

2𝑋3
) +

2

𝜋𝑋3
4 ×

1

√1−(1
4𝑋3

⁄ )
+ 𝑗

4𝑀3

𝜋𝑋3
3 … (7) 

The Newton–Raphson (NR) method was applied to 

solve Equations (2), (4), and (6). During the 

iterative computations, the phase angles were not 

explicitly incorporated. Instead, they were 

introduced later in the loop angle evaluations. This 

is shown in Equations (8) to (10). On the other hand, 

the phase angle constraint is also considered, as 

indicated in Eqn. (i):  

𝜃 = 180𝑜 = ∠𝑁1 + ∠𝑁2 + ∠𝑁3 + ∠𝐺1 + ∠𝐺2 + ∠𝐺3 

was evaluated at each iteration.  

Normalized phase diagrams (NPD) were developed 

for three distinct configurations. In Set 1, 

subsystems S1, S2, and S3 are considered with C1 

(−), C2 (−), and C3 (+), as shown in Fig. 3(a). In Set 

2, the arrangement is S2, S3, and S1 with C2 (−), C3 

(−), and C1 (+), as illustrated in Fig. 3(b). In Set 3, 

subsystems S1, S3, and S2 are analyzed with C3 (−), 

C1 (−), and C2 (+), as shown in Fig. 3(c). 

 

For set 1: θL1
=  θN1(X1,ω) + θG1(jω) 

θL1
= − sin−1

H

2X1
−

π

2
− 2 tan−1 ω     … (8) 

For set 2: θL2
=  θN2(X2,ω) + θG2(jω) 

orθL2
=  − sin−1 H

2X2
−

π

2
− tan−1 ω

4
     … (9) 

For set 3: θL3
=  θN3(X3,ω) + θG3(jω) 

or  θL3
=  − sin−1 H

2X3
−

π

2
− tan−1 ω

2
… (10) 

In the graphical approach, θL1
 describes a circular 

path, whereas θL2
 follows a straight-line trajectory. 

Meanwhile θL3
also moves along a straight line, but 

in the direction opposite to that of θL2
. The circle 

has a radius of: 

𝑟 =
1

2 sin 𝜃𝐿1

 

and the centre is at  

(0.5,
−1

2 tan 𝜃𝐿1

) ... (11) 

The intersection of the circle and the straight line 

occurs at the point (ui, vi). This point can be 

determined using the following approach: 

𝑢𝑖 =
𝑣𝑖

tan 𝜃𝐿2

− 1     … (12) 

& 𝑣𝑖 =

3 cot 𝜃𝐿2+cot 𝜃𝐿1±√(3 cot 𝜃𝐿2+cot 𝜃𝐿1)2−8𝑐𝑠𝑐2𝜃𝐿2

2𝑐𝑠𝑐2𝜃𝐿2

 . . . (13) 

 

Fig. 3: Illustrates the normalised phase diagrams for three 

different parameter sets. (a) For Set 1, coefficients C1 

and C2 are negative, while C3 is positive. (b) For Set 2, 

C2 and C3 take negative values, whereas C1 is positive. 

(c) For Set 3, C3 and C1 are negative, while C2 is 

positive. 

Using ω as a constant, the NPD corresponding to the 

three subsystem sets are illustrated in Figure 3(a), 

(b), and (c). Each figure represents a distinct 

arrangement of the subsystems under consideration. 

The limit cycle conditions can be analyzed using 

any one of these sets. Similarly, the associated 

system parameters can be evaluated from each 

configuration. 

N2=(11-32)2± 

√(11 − 32)4 −  8(2 + 16)(1 − 2)22    (14) 

(a

) 
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N1= 
(2−1)

8
 N2 + 

92−4

8
        ⋯  (15)    

𝑋𝑚1

𝑋𝑚2
 =

𝑋1

𝑋2
 = 

(1+2)√[2(
2

+16−2𝑁2)+𝑁2
2]

2𝑁1√2+16
     ⋯ (16)  

𝑋1

𝑋2
 = 

𝐵𝐷𝑖

𝐴𝐷𝑖
 = √

(1−𝑢𝑖)2+(𝑢𝑖)2

(1+𝑢𝑖)2+(𝑢𝑖)2                 ⋯ (17)  

θL1
= 𝜃𝑁1(𝑋𝑚1,) + 𝜃𝐺1  

θL2
= 𝜃𝑁2(𝑋𝑚2,) + 𝜃𝐺2   

θL3
= 𝜃𝑁3(𝑋𝑚3,) + 𝜃𝐺3  

Table 1(a) presents the values of θL1
, θL2

, θL3
, 

along with the radius (r), the circle’s centre, and the 

points of intersection between the two straight lines 

and the circle for Sets 1, 2, and 3 corresponding to 

Example 1. 

Table 1(b) presents the values of angular 

frequency ω, radius r, and the coordinates of the 

centre of the circle for Set 1 corresponding to 

Example 1 (rectangular hysteresis). The ratio, 

X1/X2 is taken from Table 1(a), where it is also 

obtained from the plot as: X1/X2= (BD’)/(AD’) 

Similarly, the ratio Xm1/Xm3=X1/X3 is taken from 

Table 1(a), and from the plot it is expressed as 

X1/X3= BD’/B’D’. These relations are used for 

determining the required parameters listed in Table 

1(b).  

The values listed in Table 1 represent the ratios 

X1/X2 evaluated for different values of ω, obtained 

both analytically using Eqn. (16) and graphically 

from the normalised phase diagrams. Agreement 

between the analytical values of X1/X2 and those 

determined from the graphical ratio (BD′/AD′) 

verifies the existence of a limit cycle. 
 

2.1.2 Example: 2 

The system under consideration is illustrated in 

Figure 1. It consists of three linear dynamic 

elements represented by their transfer functions. The 

transfer functions are given by  

𝐺1(𝑠) =
2

𝑠(𝑠 + 1)2
 

𝐺2(𝑠) =
1

𝑠(𝑠 + 4)
 

𝐺2(𝑠) =
1

𝑠(𝑠 + 2)
 

In addition to these linear elements, the system 

also contains three nonlinear (NL) elements. Each of 

these nonlinear elements exhibits backlash 

characteristics. The backlash widths are identical for 

all three elements, with b1=b2=b3=1. The 

characteristics of these nonlinear elements are 

shown in Figure 4(a), Figure 4(b), and Figure 4(c), 

respectively. 

 

 

 

 

 

 

 
Table 1(a): Calculated Numerical Parameters for Set 1 of Example 1

 

 
 

 N1 N2 N3 Xm1 Xm2 Xm3 θL1 θL2 θL3 
Radius 

r 

Centre 

(𝟎. 𝟓,
−𝟏

𝟐 𝐭𝐚𝐧 𝜽𝑳𝟏

) 

0.60 0.35 0.45 0.45 3.15 3.61 3.61 -161.00 -106.40 -114.60 1.580 0.5, -1.46 

0.61 0.36 0.46 0.46 3.07 3.49 3.49 -162.10 -106.90 -115.20 1.630 0.5, -1.55 

0.62 0.37 0.47 0.47 2.99 3.37 3.37 -163.10 -107.30 -115.70 1.730 0.5, -1.66 

0.63 0.38 0.48 0.48 2.92 3.26 3.26 -164.10 -107.70 -116.20 1.830 0.5, -1.76 

0.64 0.40 0.50 0.50 2.85 3.16 3.16 -166.30 -108.10 -116.80 2.110 0.5, -2.05 

0.65 0.41 0.51 0.51 2.78 3.06 3.06 -166.30 -108.60 -117.40 2.120 0.5, -2.06 

0.70 0.48 0.57 0.57 2.47 2.62 2.62 -171.60 -110.80 -120.20 3.470 0.5, -3.40 
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Table 1(b). presents the graphically constructed phase diagrams for Example 1 (rectangular hysteresis), 

showing the variation of ω and the corresponding values of r for Set 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Radius 

r 

Centre 

(𝟎. 𝟓, 
−𝟏

𝟐 𝐭𝐚𝐧 𝜽𝑳𝟏

) 

𝑿𝟏

𝑿𝟐

=
𝐁𝐃’

𝐀𝐃’
 

From 

plot 

𝑿𝟏

𝑿𝟐

=
𝑿𝒎𝟏

𝑿𝒎𝟐
 

From 

Table 

1a 

𝑿𝟏

𝑿𝟑

=
𝐁𝐃’

𝐁′𝐃’
 

from 

plot 

𝑿𝒎𝟏

𝑿𝒎𝟑
 

From the 

Table 1a 

Phasor Diagram 

0.60 1.58 0.5, -1.46  0.87  0.87 

 

0.63 1.83 0.5, -1.76 0.97 0.90 0.91 

0.90 

(The 

results 

were 

found to 

be 

consistent 

with the 

values 

obtained 

from the 

plot. ) 

 

0.64 2.11 0.5, -2.05  0.90  0.90 

 

0.65 2.12 0.5, -2.06  0.91  0.91 

 

OD’ = 3.5 = C1/R1 = C1 

OA = 1 = C2  

BB’ = 1= C3  

BD’ = 3.6 = X1   

AD’ = 3.7 = X2 

B’D’=3.9 = X3 

X1/X2 = BD’/AD’ = 0.97 

X1/X3 = BD’/B’D’ = 0.91 
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(a)         (b)                           (c) 

Fig. 4: Transfer characteristics illustrating how inputs are 

mapped to outputs for the NL elements, N1, N2 and N3. 

The describing functions corresponding to the above 

backlash-type nonlinear elements can be represented 

as follows:  

𝑁(𝑋𝑚,) =  {
𝐾

𝜋
√(

𝜋

2
+ 𝛽 +

1

2
𝑠𝑖𝑛2 𝛽)2 + cos4 𝛽} 

∠ − tan−1 (
cos2 𝛽

𝜋

2
+𝛽+

1

2
𝑠𝑖𝑛2 𝛽

)    for   𝑋𝑚 >  
𝑏

2
   

= 0    𝑓𝑜𝑟 𝑋𝑚 <
𝑏

2
 …. (18) 

𝑁1(𝑋𝑚1,) =
𝐾1

𝜋
√(

𝜋

2
+ 𝛽1 +

1

2
𝑠𝑖𝑛2 𝛽1)2 + cos4 𝛽1   

…. (19) 

𝑁2(𝑋𝑚2,) =
𝐾2

𝜋
√(

𝜋

2
+ 𝛽2 +

1

2
𝑠𝑖𝑛2 𝛽2)2 + cos4 𝛽2   

…. (20) 

𝑁3(𝑋𝑚3,) =
𝐾3

𝜋
√(

𝜋

2
+ 𝛽3 +

1

2
𝑠𝑖𝑛2 𝛽3)2 + cos4 𝛽3    

…. (21) 

The derivative of the describing function is obtained 

as follows: 

𝑁1΄(𝑋𝑚1, 𝜔) =
𝐾1

𝜋
×

1

√(
𝜋

2
+𝛽1+1

2⁄ sin 2 𝛽1)2+𝑐𝑜𝑠4𝛽1

×

(2 × (
𝜋

2
+ 𝛽1 +

1

2
sin 2 𝛽1) + (1 + cos 2𝛽1) + 2 ×

( cos 2𝛽1 + 1) × (−2𝑠𝑖𝑛2 𝛽1))    … (22) 

 

𝑓1(𝑋𝑚1) =

 
𝐾1

𝜋
√(

𝜋

2
+ 𝛽1 + 1

2⁄ sin 2 𝛽1)2 + 𝑐𝑜𝑠4𝛽1 − 𝑁1(𝑋𝑚1)               

…                 (23) 

 

𝑓1΄(𝑋𝑚1) =
𝐾1

𝜋
×

1

√(
𝜋

2
+𝛽1+1

2⁄ sin 2 𝛽1)2+𝑐𝑜𝑠4𝛽1

× (2 ×

(
𝜋

2
+ 𝛽1 +

1

2
sin 2 𝛽1) + (1 + cos 2𝛽1) + 2 ×

( cos 2𝛽1 + 1) × (−2𝑠𝑖𝑛2 𝛽1)) 𝑁1΄(𝑋𝑚1)  …  (24) 

 

Again,     

 

𝑁2(𝑋𝑚2, 𝜔) =
𝐾2

𝜋
√(

𝜋

2
+ 𝛽2 + 1

2⁄ sin 2 𝛽2)2 + 𝑐𝑜𝑠4𝛽2   …    (25) 

 

𝑁2΄(𝑋𝑚2, 𝜔) =
𝐾2

𝜋
×

1

√(
𝜋

2
+𝛽2+1

2⁄ sin 2 𝛽2)2+𝑐𝑜𝑠4𝛽2

×

(2 × (
𝜋

2
+ 𝛽2 +

1

2
sin 2 𝛽2) + (1 + cos 2𝛽2) + 2 ×

( cos 2𝛽2 + 1) × (−2𝑠𝑖𝑛2 𝛽2))   … (26) 

 

𝑓2(𝑋𝑚2) =

 
𝐾2

𝜋
√(

𝜋

2
+ 𝛽2 + 1

2⁄ sin 2 𝛽2)2 + 𝑐𝑜𝑠4𝛽2 − 𝑁2(𝑋𝑚2)                         

… (27) 

 

𝑓2΄(𝑋𝑚2) =
𝐾1

𝜋
×

1

√(
𝜋

2
+𝛽2+1

2⁄ sin 2 𝛽2)2+𝑐𝑜𝑠4𝛽2

×

(2 (
𝜋

2
+ 𝛽2 +

1

2
sin 2 𝛽2) + (1 + cos 2𝛽2) +

 2( cos 2𝛽2 + 1) × (−2𝑠𝑖𝑛2 𝛽2)) −

 𝑁1΄(𝑋𝑚1)    …      (28) 

The relationships between N1–X1, N2–X2, and N3–

X3 are implicit, transcendental in nature, and exhibit 

memory-type behaviour. Therefore, the third 

solution procedure described in [46] is adopted. In 

Eqs. (23), (25), and (27), the NL elements N1, N2, 

and N3 appear in absolute form. For a fixed value of 

ω, these NL terms remain constant. 

The ratios X2/X1 and X3/X1 are computed using 

the NR method and subsequently compared with the 

corresponding ratios obtained from the graphical 

representation of the normalised phase diagrams. At 

ω=0.57 (see Table 2a), a close agreement between 

the analytical and graphical values is observed, 

confirming the presence of a limit cycle. 

While solving Eqs. (19)–(21) via the NR method, 

phase angles are not explicitly included during the 

iterative computation. However, they are 

incorporated into the overall loop phase, as reflected 

in Eqs. (29)–(31). At each iteration, the phase 

condition must be satisfied, given by  

𝜃 = 180𝑜 = ∠𝑁1 + ∠𝑁2 + ∠𝑁3 + ∠𝐺1 + ∠𝐺2 +
∠𝐺3.  

The normalised phase diagrams are developed for 

three separate parameter configurations:  

 Set 1: Subsystems S1, S2, S3 satisfy the 

conditions C1<0, C2<0, and C3>0 as illustrated 

in Figure 5(a).  

 Set 2: Subsystems S1, S2, S3 correspond to 

C2<0, C3<0, and C1>0 as shown in Figure 5(b).  
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 Set 3: Subsystems S1, S2, S3 are defined by 

C3<0, C1<0, and C2>0 as presented in Figure 

5(c). 

 Table 2 presents the values of 𝜃𝐿1
, 𝜃𝐿2

, 𝜃𝐿3
, and the 

radius r, for Sets 1, 2, and 3 corresponding to 

Example 2. It also includes the coordinates of the 

intersection points formed between the two straight 

lines and the circle for each parameter set. These 

values are used for the analysis and comparison of 

the system behaviour under the three different 

configurations. 

𝜃𝐿1
= 𝜃𝑁1(𝑋𝑚1,) + 𝜃𝐺1

 
𝜃𝐿2

= 𝜃𝑁2(𝑋𝑚2,) + 𝜃𝐺2
 

𝜃𝐿3
= 𝜃𝑁3(𝑋𝑚3,) + 𝜃𝐺3

 

𝑟1 =
1

2 𝑠𝑖𝑛 𝜃𝐿1

 

and centre is given by: 

𝐶 (
1

2
) −

1

2 tan 𝜃𝐿1

 

For set 1: 

𝜃𝐿1
= [−𝑡𝑎𝑛 −1 (

𝑐𝑜𝑠2𝛽1
𝜋

2
+𝛽1+

1

2
𝑠𝑖𝑛2𝛽1

) −
𝜋

2
− 2𝑡𝑎𝑛−1𝜔] ,  

𝛽1 =  𝑠𝑖𝑛−1(1 −
𝑏1

𝑋𝑚1
);  (29) 

𝜃𝐿2
= [−𝑡𝑎𝑛−1 (

𝑐𝑜𝑠2𝛽2
𝜋

2
+𝛽2+

1

2
𝑠𝑖𝑛2𝛽2

) −
𝜋

2
− 𝑡𝑎𝑛−1 𝜔

4
],     

𝛽2 =  𝑠𝑖𝑛−1(1 −
𝑏2

𝑋𝑚2
)     (30) 

𝜃𝐿3
= [−𝑡𝑎𝑛−1 (

𝑐𝑜𝑠2𝛽3
𝜋

2
+𝛽3+

1

2
𝑠𝑖𝑛2𝛽3

) −
𝜋

2
− 𝑡𝑎𝑛−1 𝜔

2
],       

𝛽3 =  𝑠𝑖𝑛−1(1 −
𝑏3

𝑋𝑚3
)     (31) 

𝐶1

𝑅1
=  

𝐶1

𝐶2
=

𝑌1𝐺1

𝑌2𝐺2
=

𝑋𝑚1𝑁1𝐺1

𝑋𝑚2𝑁2𝐺2
  (32) 

Or 
𝐶1

𝑅1
=

(𝑋𝑚1𝐺1)
𝐾1
𝜋

√(
𝜋

2
+𝛽1+1

2⁄ sin 2𝛽1)2+𝑐𝑜𝑠4𝛽1

(𝑋𝑚2𝐺2)
𝐾2
𝜋

√(
𝜋

2
+𝛽2+1

2⁄ sin 2𝛽2)2+𝑐𝑜𝑠4𝛽2

   (33) 

Or
𝐶1

𝑅1
=

(𝐾1𝑋𝑚1𝐺1)√(
𝜋

2
+𝛽1+1

2⁄ sin 2𝛽1)2+𝑐𝑜𝑠4𝛽1

(𝐾2𝑋𝑚2𝐺2)√(
𝜋

2
+𝛽2+1

2⁄ sin 2𝛽2)2+𝑐𝑜𝑠4𝛽2

     (34) 

Y1, Y2, N1, and N2 denote the amplitudes of the 

corresponding sinusoidal signals, while G1 & G2 

represent the magnitudes (absolute values) of their 

respective transfer functions. 

From Fig.  4, 𝐾1 = 1.2,  and 𝐾2 = 𝐾3 = 1.4 

Since, |𝐺1(𝑗𝜔)| =
2

𝜔(𝜔2+1)
;  |𝐺2(𝑗𝜔)| =

1

𝜔√16+𝜔2
 ;   

|
𝐺1

𝐺2
| =

2√16 + 𝜔2

(𝜔2 + 1)
 

Eq. (34) can be written as:  

𝐶1

𝑅1
=

1.714×𝑋𝑚1√16+𝜔2

𝑋𝑚2(𝜔2+1)

√(
𝜋

2
+𝛽1+1

2⁄ sin 2𝛽1)2+𝑐𝑜𝑠4𝛽1

√(
𝜋

2
+𝛽2+1

2⁄ sin 2𝛽2)2+𝑐𝑜𝑠4𝛽2

      

(35) 

𝐶1

𝐶3
=

(𝐾1𝑋𝑚1𝐺1)√(
𝜋

2
+𝛽1+1

2⁄ sin 2𝛽1)2+𝑐𝑜𝑠4𝛽1

(𝐾3𝑋𝑚3𝐺3)√(
𝜋

2
+𝛽3+1

2⁄ sin 2𝛽3)2+𝑐𝑜𝑠4𝛽3

  

= 
1.714×𝑋𝑚1√4+𝜔2

𝑋𝑚2(𝜔2+1)

√(
𝜋

2
+𝛽1+1

2⁄ sin 2𝛽1)2+𝑐𝑜𝑠4𝛽1

√(
𝜋

2
+𝛽3+1

2⁄ sin 2𝛽3)2+𝑐𝑜𝑠4𝛽3

  (36) 

In accordance with [46] the normalized phase 

diagrams, for 3×3 systems, are constructed using 

three distinct sets to illustrate the limit cycle 

conditions, as depicted in Figure 5(a), (b), and (c). 
 

 
Fig. 5(a): Geometrical representation of the normalized 

phase diagram with C1<0, C2<0, and C3>0 (set 1) 

 
Fig. 5(b): Geometrical representation of the normalized 

phase diagram with C2<0, C3<0, and C1>0 (set 2) 

 
Fig. 5(c): Geometrical representation of the normalized 

phase diagram with C3<0, C1<0, and C2>0 (set 3) 

 

Table 2(a) presents the values , N1 , N2 , N3, Xm1, 

Xm2, Xm3, for Set 1 corresponding to Example 4 

(Backlash). It also includes the values of 𝜃𝐿1
, 𝜃𝐿2

, 

𝜃𝐿3
, the radius r, and the coordinates of the circle’s 

centre. 

From graphical plot, we obtain  
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….. 

(38) 

….. 

(40) 

….. 

(39) 

𝑋2

𝑋1
=

𝐴𝐷′

𝐵𝐷′
 

And from NR method, we get 
𝑋𝑚2

𝑋𝑚1
=

𝑋2

𝑋1
 

Also from graphical and NR method respectively, 

we get the following equations: 

𝑋3

𝑋1
=

𝐵′𝐷′

𝐵𝐷′
 

 
𝑋𝑚3

𝑋𝑚1
=

𝑋3

𝑋1
 

 

It may be noted that Table 2 presents the values of 

Eqn. (38) for different values of . These values are 

obtained using Eqn. (38) as well as from the 

graphical representation of the Normalised Phase 

Diagrams. When the ratio 
𝑋2

𝑋1
 computed from Eqn. 

(38) agrees with the corresponding value 
𝐴𝐷′

𝐵𝐷′
 obtained from graphical plot, the limit cycle 

condition is satisfied. Similarly, the condition, Eqn. 

(40) is evaluated using Eq. (39), is verified when it 

matches the graphical ratio 
𝐵′𝐷′

𝐵𝐷′
 thereby confirming 

the existence of limit cycles.    

Table 2(b) presents the values of the radius r, and 

the coordinates of the circle’s centre for Set 1 

corresponding to Example 2 (Backlash). 

 
2.2 Simulation using MATLAB 
I. Program with MATLAB Code 

Examples 1 and 2 are reconsidered within a 3×3 

system (shown in Figure 1), which consists of three 

NL elements (as detailed in Figures 2 and 4, 

respectively) together with three linear transfer 

functions. 

By Partial Fraction Expansion of G1(s), G2(s) and 

G3(s):  

G1(s) =
2

s
−

2

s + 1
−

2

(s + 1)2

∶
2

s
,

−2

s + 1
,

−2

s + 1
(

1

s + 1
) 

G2(s) =
0.25

s
−

0.25

s + 4
 

G3(s) =
0.5

s
—

0.5

s + 2
 

For a small sampling period, T, TG(z)  G(s). 

Figures 6 and 7 present the canonical and discrete 

(digital) representations for Examples 1 and 2. 

Figure 8 shows the Simulink-based simulation 

model for investigating limit cycles in Example 1 

involving rectangular hysteresis 

 

 

 
Fig. 6: Block diagram of a multi-loop control system 

consisting of three interconnected subsystems (S₁ , S₂ , 

and S₃ ), each implementing feedback control with 

dynamic compensators and transfer function elements, 

sharing common input signals and producing the output 

C(s) 

 
Fig. 7: The Digital representation of a hierarchical multi-

loop control system composed of three subsystems (S₁ , 

S₂ , and S₃ ), showing feedback interconnections, 

controller transfer functions, and signal flow paths 

leading to the combined output C(s). 
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Table 2(a). Numerical Results of Various Parameters for Example 2 

 

Table 2(b): Normalized phase diagrams obtained graphically for various values of angular frequency ω together 

with the corresponding amplitude ratios and radius r for Example 2 with backlash nonlinearity. 

 Xm1 Xm2 Xm3 N1 N2 N3 θL1 θL2 θL3 
Radius 

r 

𝑋𝑚3

𝑋𝑚1

 
𝑋𝑚2

𝑋𝑚1

 

0.52 3.85 2.85 2.85 1.30 1.26 1.26 -154.4 -110.8 -117.8 -1.18 0.74 0.74 

0.55 3.57 2.55 2.55 1.11 1.25 1.25 -157.9 -112.5 -120.0 -1.32 0.72 0.72 

0.570 3.30 2.30 2.30 1.29 1.23 1.23 -160.6 -114.3 -122.18 -1.51 0.93 0.93 

0.575 3.27 2.25 2.25 1.28 1.22 1.22 -161.1 -114.8 -122.6 -1.55 0.69 0.69 

0.60 2.97 1.95 1.95 0.25 1.71 1.71 -164.4 -117.6 -128.3 -1.86 0.65 0.65 

0.62 2.63 1.67 1.67 0.28 1.79 1.79 -168.1 -120.1 -129.3 -2.44 0.63 0.63 

0.65 2.34 1.47 1.47 0.31 1.86 1.86 -172.0 -123.9 -132.7 -3.61 0.62 0.62 

0.67 2.34 1.43 1.43 0.311 2.57 2.57 -174.0 -124.9 -133.9 -4.81 0.61 0.61 

0.695 2.34 1.47 1.4 0.30 3.24 3.24 -175.6 -125.1 -134.5 -6.56 0.62 0.62 

0.696 2.34 1.43 1.4 0.305 3.26 3.26 -175.6 -125.2 -134.5 -6.62 0.61 0.61 

0.70 2.34 1.43 1.43 0.30 3.38 3.384 -175.9 -125.2 -134.6 -7.12 0.62 0.62 

 
Radius 

r 

Centre 

(𝟎. 𝟓,
−𝟏

𝟐 𝐭𝐚𝐧 𝜽𝑳𝟏

) 

𝑿𝒎𝟐

𝑿𝒎𝟏

 

𝒇𝒓𝒐𝒎  
𝒑𝒍𝒐𝒕 

𝑿𝒎𝟐

𝑿𝒎𝟏

 

𝒇𝒓𝒐𝒎 

Table 

2a 

𝑿𝒎𝟑

𝑿𝒎𝟏

 

from 

plot 

𝑿𝒎𝟑

𝑿𝒎𝟏

 

From 

Table 

2a 

Phasor Diagram 

0.52 -1.1 0.5, -1.0  0.7  0.7 

 

0.55 -1.3 0.5, -1.2  0.71  0.71 

 

0.57 -1.5 0.5, -1.4 1.07 1.0 1.13 1.13 

 

0.60 -1.8 0.5, -1.7  0.65  0.65 
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Z-transfer functions from Laplace functions: 

𝐺1(𝑠):
2.0

𝑠


2𝑧

𝑧 − 1
; 

−2.0

𝑠 + 1
⇒

−2𝑧

𝑧 − 𝑒−𝑇 
; 

 
−2.0

(𝑠 + 1)2
⇒

−2𝑇𝑧 𝑒−𝑇

(𝑧 − 𝑒−𝑇)2
 

𝐺2(𝑠):
0.250

𝑠
⇒

0.25𝑧

(𝑧 − 1)
; 

−0.250

𝑠 + 4
⇒

−0.25𝑧

𝑧 − 𝑒−4𝑇
; 

𝐺3(𝑠): 0.5𝑠 ⇒ 0.5𝑧(𝑧 − 1); 

−0.5𝑠 + 2.0 ⇒ −0.5𝑧 − 𝑒−2𝑇 

In Z-domain, we have, 
W1(z)

Y1(z)
=

2z

z − 1
 

W1 (nT)  =  2Y1 (nT)  +  W1(n − 1̅̅ ̅̅ ̅̅ ̅T) .. (41) 
W2(z)

Y1(z)
=

−2z

z − e−T
 

W2 (nT) = -2Y1 (nT) +e−T W2(n − 1̅̅ ̅̅ ̅̅ ̅T) .. (42) 

W3(z)

Y1(z)
=

−2Tze−T

(z − e−T)2
 

 

Fig. 8: A Simulink-based simulation model for 

investigating limit cycles in Example 1 involving 

rectangular hysteresis. 

W3 (nT) 

 

 

=  −2Te−TY1(n − 1̅̅ ̅̅ ̅̅ ̅T) + 2e−T W3(n − 1̅̅ ̅̅ ̅̅ ̅T) −
 e−2TW3 (n − 2̅̅ ̅̅ ̅̅ ̅T) … (43) 

𝑇𝑈1(𝑧)

𝑌2(𝑧)
=

0.25𝑧

(𝑧 − 1)
 

U1 (nT) =  0.25Y2 (nT) + U1(n − 1̅̅ ̅̅ ̅̅ ̅T). . (44) 
𝑇𝑈2(𝑧)

𝑌2(𝑧)
=

−0.25𝑧

(𝑧−e−4T)
whence U2 (nT) = -0.25Y2 (nT) + 

e−4TU2(n − 1̅̅ ̅̅ ̅̅ ̅T) -- (45) 
𝑇𝑉1(𝑧)

𝑌3(𝑧)
=

0.5𝑧

(𝑧−1)
whence V1 (nT) =0.5Y3 (nT) 

+V1(n − 1̅̅ ̅̅ ̅̅ ̅T) -- (46) 
𝑉2(𝑧)

𝑌3(𝑧)
=

−0.5𝑧

(𝑧−e−2T)
whence V2 (nT) = AK2* 

V2(n − 1̅̅ ̅̅ ̅̅ ̅T)-0.5Y3 (nT)  -- (47) 

Let (n − 1̅̅ ̅̅ ̅̅ ̅T) be taken as the zeroth instant. Then nT 

may be considered as the first instant, and therefore 

we have:  

W1(n − 1̅̅ ̅̅ ̅̅ ̅T) = W1N0W1N; W1 (nT) = W1N1; 

W2(n − 1̅̅ ̅̅ ̅̅ ̅T) = W2N0W2N; W2 (n T) = W2N1 

W3(n − 2̅̅ ̅̅ ̅̅ ̅T) = W3N (-1)W3NN; W3 (n − 1̅̅ ̅̅ ̅̅ ̅T) = 

W3N0 W3N ;  

Now C1(nT) = WN1 = T∗ [W1 (nT) +W2 (nT) + 

W3 (nT)] 

Similarly, U1(n − 1̅̅ ̅̅ ̅̅ ̅T) = U1N0  U1N;  

Now C2 (nT) =UN1= T* [0.25 Y2 (nT) + U1N – 

0.25Y2 (nT) + AK3∗U2N]  

Similarly, V1(n − 1̅̅ ̅̅ ̅̅ ̅T) =  TV1N1 

V2(n − 1̅̅ ̅̅ ̅̅ ̅T) = V2N1 

Now C3 (nT) = VN1 = C3 

Iterative process continues accordingly (Figure 9). 

 

 

 

 

 

 

 

 

  

0.62 2.4 0.5, -2.3  0.63  0.63 
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Fig. 9: A Simulink-based simulation model for 

investigating limit cycles in Example 2 involving 

backlash 

2.3.1 Usage of SIMULINK 

The values of X1, X2, X3, C1, C2 & C3 were computed 

using SIMULINK for both Examples 1 and 2. These 

plots were then validated by comparison with those 

obtained from digital simulation and the graphical 

method to assess the accuracy of the proposed 

approach.  

Fig. 10(a) and Fig. 10(b) present the digital 

simulation and SIMULINK responses for Example 

1, respectively. Fig. 11(a) and Fig. 11(b) show the 

corresponding responses for Example 2. All 

simulations were performed using a MATLAB code 

developed to implement the proposed procedure. 

The numerical results for Example 1 are 

summarized in Table 3(a). Similarly, the plots for 

Example 2 are presented in Table 3(b). 

 

 

Fig. 10(a): The results of the digital simulation for Example 1, based on the rectangular hysteresis model, are presented 

along with their corresponding graphical outputs. The analysis focuses on the variables C1, C2, C3, X1, X2 and X3. 
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Fig. 10(b): Simulink results of Example 1, focusing on the rectangular hysteresis model. The analysis focuses on the 

variables C1, C2, C3, X1, X2 and X3. 

 

Fig. 11(a): The results of the digital simulation for Example 2, based on the backlash model are presented along with 

their corresponding graphical outputs. The analysis focuses on the variables C1, C2, C3, X1, X2 and X3. 
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Fig. 11(b): The results of the simulink of Example 2, based on the backlash model are presented along with their 

corresponding graphical outputs. The analysis focuses on the variables C1, C2, C3, X1, X2 and X3/ 

 
 

 

Table 3(a). Comparative results for Example 1 (Rectangular Hysteresis) obtained through various analytical 

and simulation methods. 

Sl. 

No 
Technique  X1 X2 X3 C1 C2 C3 

1 Graphical 0.60 3.60 3.70 3.90 3.50 1.00 1.00 

2 Simulation 0.60 3.00 3.40 3.50 3.00 0.70 1.30 

3 SIMULINK  0.60 3.50 3.50 3.50 3.10 1.50 1.30 

Table.3(b). Comparative results for Example 2 (Backlash) obtained through various analytical and simulation 

methods. 

Sl. 

No 
Technique  X1 X2 X3 C1 C2 C3 

1 Graphical 0.50 3.00 3.20 3.30 2.90 1.00 1.00 

2 Simulation 0.60 2.80 2.70 2.60 2.80 0.30 1.10 

3 SIMULINK  0.60 3.20 3.40 3.70 3.40 1.00 0.70 
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3. Signal Stabilization Analysis in a 

3×3 NL system  

3.1 Implementation of a Deterministic Signal 

Generation and Analysis 

After confirming the existence of LC in the 

autonomous system, the quenching phenomenon 

was investigated by introducing high-frequency 

(HF) excitation signals (ωf > 10ωs) [5]. When the 

amplitude B1 of the forcing term B1 sin ωft was 

increased while keeping the remaining inputs 

constant or zero, the system exhibited complex 

oscillatory behaviour. These oscillations consisted 

of components at the forcing frequency ωf, the 

natural limit-cycle frequency ωs, and their 

combinations.  

Consequently, the system response contained 

frequency components of the form k1f  ±  k2s 

where k1, k2 are integers [38, 46]. 

In the second configuration, identical forcing signals 

of the form Bsinft were applied simultaneously at 

all three input locations, namely U1, U2, & U3, These 

sinusoidal inputs were introduced at the same time 

and with equal amplitude. The arrangement of this 

excitation scheme is illustrated in Figure 12(a) for 

Example 1. The corresponding configuration for 

Example 2 is shown in Figure 12(b). As the 

amplitude B was slowly increased, the limit-cycle 

frequency ωs progressively shifted. Eventually, the 

system matched with the forcing frequency f 

indicating suppression (quenching) of the limit 

cycle. Beyond this point, the system response was 

dominated by forced oscillations at f. 

 

  
Fig. 12(a): SIMULINK model of the proposed multi-

subsystem control structure showing three interconnected 

subsystems (S₁ , S₂ , and S₃ ) with rectangular 

hysteresis, dead-zone nonlinearities, and feedback loops 

used to generate outputs C₁ , C₂ , and C₃  under step 

input excitation. 

The simulation results for signal stabilization under 

deterministic inputs for Example 1 and Example 2 

are shown in Fig. 13 and Fig. 14, respectively.  

 

Fig. 12(b): Simulink block diagram of a multi-loop 

control system with step inputs, relay elements, backlash 

nonlinearities, and three subsystem outputs (C1, C2, C3), 

each governed by distinct transfer functions and feedback 

paths. 

Figure 13 shows the steady-state values of the 

system variables as C1ss, C2ss, C3ss and X1ss, X2ss, 

X3ss. 

 
Fig. 13: Response of the system in Example 1 

(rectangular hysteresis) when subjected to a deterministic 

input U = 5 sin(8t) with particular emphasis on the 

resulting forced oscillations and the associated 

stabilization of the system response. 

 

International Journal of Electrical Engineering and Computer Science 
DOI: 10.37394/232027.2026.8.4 Kartik Chandra Patra, Asutosh Patnaik

E-ISSN: 2769-2507 52 Volume 8, 2026



 
 

Fig. 14: The response of the system in Example 2 

(Backlash) when subjected to a deterministic input U = 5 

sin(10t) with particular emphasis on the resulting forced 

oscillations and the associated stabilization of the system 

response. 

3.2 Implementation of a Gaussian signal 

The concept of signal stabilization using Gaussian 

excitations has previously been examined for SISO 

NL systems [45, 47, 48]. More recent studies have 

emphasized robust analysis and design frameworks 

that explicitly account for uncertainty and stochastic 

effects. Despite these advances, the extension of 

Gaussian-based stabilization techniques to NL 

multivariable systems with memory—particularly 

even for 2×2 configurations—remained unresolved 

until it was addressed in [39]. 

In this work, that limitation is further explored by 

analyzing the suppression of LC in a 3×3 NL system 

subjected to stochastic excitation. Examples 1 and 2, 

which exhibit self-sustained oscillations under 

autonomous conditions, are revisited. To achieve 

stabilization and reduce these oscillations, Gaussian 

random inputs characterized by mean m and 

variance ϕ are applied at each input node. The 

results indicate that, for appropriate choices of m 

and ϕ, the limit cycle oscillations are effectively 

suppressed or significantly reduced. The 

corresponding simulation setups are depicted in Fig. 

15(a) and Fig. 16(a) for Example 1 and Example 2, 

respectively, while the resulting system responses 

are presented in Fig. 15(b) and Fig. 16(b). 

 

 

 
Fig. 15(a): System representation derived from Figure 9 

used to study forced oscillatory behaviour in Example 3 

(rectangular hysteresis) under a Gaussian excitation with 

mean 60.0 and variance 0.050. 

 
Fig. 15(b): Analysis of forced oscillations during signal 

stabilization under Gaussian excitation (mean 60.0, 

variance 0.050) for Example 3 with rectangular 

hysteresis.  
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Fig. 16(a): System formulation derived from Figure 9 

used to study forced oscillatory response in Example 4 

(backlash) subjected to a Gaussian excitation with mean 

300 and variance 0.0250. 
 

 
Fig 16(b): Analysis of forced oscillations during signal 

stabilization under Gaussian excitation (mean 60.0, 

variance 0.0250) for Example 3 with backlash. 
 

 

 

 

4 Limit cycle suppression in a 3D NL 

system using PP technique 

The PP technique, originally developed for SISO 

systems [37], can be extended to the suppression of 

LC or self-sustained oscillations in three 

dimensional NL systems. The method is based on 

assigning the closed-loop eigenvalues to preferred 

locations in the complex plane. This is achieved 

through the use of an appropriate state-feedback 

scheme. By selecting suitable eigenvalue positions, 

the dynamic response of the system can be shaped 

as desired. To implement this approach, a state-

feedback gain matrix K [k1, k2, k3] is designed. The 

gain values are chosen so that the closed-loop 

dynamics attain the specified pole configuration. 

The K can be computed using PP by suitably 

selecting the desired pole locations, provided that 

the system satisfies the condition of complete state 

controllability [49]. In addition, an optimal gain 

matrix K can be obtained from the Riccati equation. 

This provides a more systematic and performance-

oriented design framework [40, 50]. 

4.1 Limit cycle suppression in a 3×3 NL 

system using state feedback-based 

arbitrary PP 

The PP method, implemented via state feedback, is 

employed to suppress limit cycles by appropriately 

assigning the closed-loop pole locations. A general 

multivariable nonlinear (NL) system, in [46], is 

depicted in Fig. 17(a). This system consists of 

several interconnected nonlinear elements. Multiple 

feedback loops are also present and play an 

important role in governing the overall dynamics. 

The interactions among these components determine 

the behaviour and response of the system. For 

investigation and to show the existence of limit 

cycles the system is reduced to its autonomous form 

by setting the external input U=0, thereby 

eliminating any forcing effects. This simplification 

isolates the system’s intrinsic behavior, allowing the 

analysis to focus solely on self-sustained oscillations 

arising from the internal nonlinear interactions. The 

resulting configuration, shown in Figure 17(b), 

represents a streamlined system structure. In this 

form, the interaction between the nonlinearities and 

feedback paths can be more readily examined for 

the existence, stability, and characteristics of limit 

cycles. 

International Journal of Electrical Engineering and Computer Science 
DOI: 10.37394/232027.2026.8.4 Kartik Chandra Patra, Asutosh Patnaik

E-ISSN: 2769-2507 54 Volume 8, 2026



 
Fig. 17(a): Block diagram of a general multivariable 

nonlinear system showing interconnected gain matrices 

(G1, G2, G3), a nonlinear element (N), and a feedback 

path (H), with input vector [k] and output vector [n]. 

 

Fig. 17(b): Simplified autonomous form of the nonlinear 

system (U = 0), showing the nonlinear block (N), linear 

dynamics (G), and feedback path (H), used to analyze 

self-sustained oscillations and limit cycles. 

By applying first-harmonic linearization to the 

nonlinear (NL) element, its effect is approximated 

by an equivalent gain that depends on the amplitude 

and frequency of the assumed sinusoidal response. 

This transforms the original nonlinear system into a 

quasi-linear representation, enabling the use of 

frequency-domain analysis. As a result, the 

governing matrix equation for the system in Figure 

17(b) is obtained by combining this equivalent gain 

with the linear dynamics of the blocks and feedback 

path. The resulting equation relates the oscillation 

amplitude and frequency through a set of nonlinear 

algebraic conditions, which must be satisfied 

simultaneously. Solving these conditions allows the 

determination of possible limit cycles, including 

their existence, amplitude, and stability 

characteristics: 

X = -HC, -HGN(X) = AX  … (48)   

where C = GN(x) X and A = -HGN(X) 

The above equation (48) defines a self-mapping of 

the state (or harmonic) vector X, meaning that the 

system dynamics map X back onto itself through the 

matrix operator A. In this context, a limit cycle 

corresponds to a non-trivial, steady oscillatory 

solution that remains invariant under this mapping. 

As highlighted in the article [44], two fundamental 

conditions must be fulfilled for such a solution to 

occur. First, for any non-zero (non-trivial) vector X, 

the matrix A must contains an eigenvalue λ=1. This 

eigenvalue (=1) condition ensures that the 

magnitude of X is preserved after one full mapping, 

indicating neither growth nor decay of the 

oscillation—an essential requirement for sustained 

periodic motion. 

Second, the eigenvector corresponding to this 

eigenvalue (=1) must be collinear with the matrix X. 

This means that the direction of X remains 

unchanged under the transformation imposed by A, 

ensuring consistency in the waveform shape and 

phase across successive cycles. Together, these two 

conditions guarantee that the system admits a self-

consistent oscillatory solution, thereby confirming 

the existence of a limit cycle along with its 

associated amplitude and structure. 

4.1.1 Application of arbitrary PP for limit cycle 

suppression in Example 1 involving rectangular 

hysteresis nonlinearity     

The suppression of limit cycles through arbitrary 

pole placement (PP) is practicable when the system 

is fully state controllable [49]. This condition 

ensures that the system states can be influenced 

through suitable control inputs. The controllability 

matrix is given by:   

S = [B AB A2B … … ]                   ⋯   (49) 

Where,  

A = [

−N1G1 −N2G2 N3G3

N1G1 −N2G2 −N3G3

−N1G1 N2G2 −N3G3

] 

B = [
0
0
1

] 

H = [
1.0 1.0 −1.0

−1.0 1.0 1.0
1.0 −1.0 1.0

]  

G(ω) = [

G1(ω) 0.0 0.0

0 G2(ω) 0.0

0.0 0.0 G3(ω)
] 

N(X) = [

N1(X1) 0 0

0 N2(X2) 0

0 0 N3(X3)
] 

X = [
X1

X2

X3

] 

C = [

C1

C2

C3

] 

From Table 1(b) for Example 1, LC shows at, ω =
0.63 rad/sec 
Xm1= 2.92, Xm2= Xm3 =3.26 

N1(Xm1, ω) = 0.38; N2(Xm2 , ω) = 0.48, N3(Xm3, ω) = 

0.48 
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𝐴𝑡 ω = 0.63, |G1(jω)| = 
2

√(ω−ω3)2+(2ω2)2
=

2

ω(ω2+1)
 = 2.27 

|G2(jω)| = 
1

√(ω2)2+(4ω)2
 = 

1

ω√16+ω2
 = 0.39 

|G3(jω)| =
1

ω√ω2+4
 = 0.75 

S = [
0 0.37 −0.39
0 −0.37 0.53
1 −0.37 −0.11

] 

Or |S| = 0.3460 ≠ 0 
d

dt
[x(t)]=AX + BU                   ⋯                  (50)      

Closed-loop state-space representation of a linear 

system with state feedback control in Fig. 18.  

 

Fig. 18: Closed-loop state-space representation of a 

linear system with state feedback control u=−Kx, 

illustrating the dynamics x=Ax+Bu. 

The control law : u = −KX          (51) 

Putting K into the Eqn. (65) by Eqn. (66), results in, 
d

dt
[x(t)]= (A-BK)X       ⋯               (52) 

Upon substituting the values of A, B and K, the 

Characteristic Equation is given by    

⟦𝐼 − (𝐴 − 𝐵𝐾)⟧ = 0 𝑜𝑟                                                                                                    
So,    

[

( + N1G1) N2G2 −N3G3

−N1G1 ( + N2G2) N3G3

N1G1 + k1 −N2G2 − k2  + N3G3 + k3

] =

0 …. (53)  


3
+

2
(1.44+k3)+(1.05 + 0.371k1 + 0.37k2 +

1.07k3) +(0.25+0.40k3 + 0.14k1)=0 ⋯     (54) 

Let the poles arbitrarily selected as, λ1 = λ2 =
−2.0, λ3 = −3.0, the characteristic equation results 

in: 


3
+7

2
+8+12=0    ….  (55) 

7 = 1.44 + k3, whence k3 = 4.83 ⋯          (56) 

12 = (0.25 + 0.34k3 + 0.14k1) = 0.25+0.86+0.14k1,  

so, k1 = 70.92 ..          (57) 

8 = 1.05 + 26.31 + 0.37k2 + 5.20, so, k2 =
 −66.24   (58) 

Hence K = [
0.0 0.0 0.0
0.0 0.0 0.0
k1 k2 k3

] = 

[
0.0 0.0 0.0
0.0 0.0 0.0

70.9 −66.2 +4.8
] ⋯(59) 

We have,  

A1 = 

[
−0.88 −0.19 0.37
0.88 −0.19 −0.37

−0.88 − 70.92 −0.19 + 66.25 −0.37 − 4.83
] ⋯ 

(60) 

The responses obtained from a digital simulation of 

the autonomous system, presented in Fig. 19. 

 

4.1.2 Application of arbitrary PP via state 

feedback for limit cycle suppression in Example 

2 with backlash NL systems: 

From Table 2(b), it is observed that Example 2 

(Backlash) exhibits a limit cycle. This occurs at ω = 

0.57 rad/sec. 

N1(Xm1, ω) = 1.290, N2(Xm2, ω) = 1.230, N3(Xm3, ω) 

= 1.230 

Xm1 = 3.0, Xm2 = Xm3 =2.3, θL1 = -160.62o, θL2 = -

114.38o, θL3 = -122.18o 

At ω = 0.57 rad/sec 

|G1(jω)| = 
2

√(ω−ω3)2+(2ω2)2
=

2

ω(ω2+1)
 = 2.1565 

|G2(jω)| = 
1

√(ω2)2+(4ω)2
 = 

1

ω√16+ω2
 = 0.4342 

|G3(jω)| =
1

ω√ω2+4
 = 0.8436 

The controllability matrix,  

𝑆 = [
0 1.03 −3.41
0 −1.03 4.51
1 −1.03 −2.36

] 

Or |S| = 1.151 which is not equal to zero. 

So, arbitrary PP is indeed feasible in this 

framework, as noted in [49]. For the autonomous 

case, the closed-loop system structure is illustrated 

in Figure 18, where state feedback is employed to 

regulate the system dynamics. The corresponding 

state-space representation is given by Equation 

(52), 
d

dt
[x(t)]= (A-BK) X. On substitution of A, B 

and K, the characteristic equation is represented as 

Equation (53): 


3
+

2
(N1G1+N2G2+N3G3+k3)+(2G1G2N1N2+2

G1G3N1N3+2N2N3G2G3+ k1N3G3+k3N1G1+

k3N2G2+k2N3G3)+( 2k1G2G3N2N3 +4

N1N2N3G1G2G3+2k3G1G2N1N2
)=0  

For Example 2, the numerical values of  N1(Xm1, ω), 

N2(Xm2, ω), and N3(Xm3, ω), together with |G1(jω)|, 
|G2(jω)| |G3(jω)| are substituted into Equation (53) 

at ω = 0.57 rad/sec Upon simplification, we obtain 

the following result: 
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
3
+

2
(2.78+0.53+1.03+k3)+(2.97+5.77+1.10

6+ 1.03k1+3.31k3 +
1.03k2)+(6.16+2.97k3+1.10k1)=0…(61) 

The poles are arbitrarily selected at λ1 = λ2 =
−3, λ3 = −4, the characteristic equation 

becomes: 


3
+10

2
+33+36=0  (62) 

 

Fig. 19: Limit cycle suppression in Example 1 via 

arbitrary PP using state feedback. 

By equating the coefficients of the corresponding 

powers of λ, the following relationships are 

obtained: 

10 = 4.35 + k3, 

whence k3 = 5.64 

36 = (6.16 + 2.97k3 + 1.08k1)   

whence, k1 = 12.02  

33 = 2.97 + 5.77 + 1.10 + 1.0k1 + 3.3k3

+ 1.03k2,  

whence k2 =  −7.76    

Hence K = [
0.0 0.0 0.0
0.0 0.0 0.0
k1 k2 k3

]  

= [
0.0 0.0 0.0
0.0 0.0 0.0

12.0 −7.7 +5.6
] … (63) 

Eqn. (52) gives, (A – BK) = A2,  

A2 = [
−2.78 −0.53 1.03
2.78 −0.53 −1.03

−14.80 7.76 −6.68
] … .. (64) 

The responses obtained from a digital simulation of 

the autonomous system, presented in Fig. 20.  

 

Fig. 20: Limit cycle suppression in Example 4 via 

arbitrary PP using state feedback 

4.2.1 Example 1 (Optimal selection of the 

feedback gain matrix)  

The Riccati equation is expressed as follows: 

𝐴′𝐹 + 𝐹𝐴 −
𝐹𝐵𝐵′𝐹

𝑅
+ 𝑄 = 0 ⋯ ⋯ (65)  

And K = B′F/R ⋯ (66) 

It is mentioned B=[
0
0
1

], Q = [
1.0 0.0 0.0
0.0 0.0 0.0
0.0 0.0 0.0

], R = 

1.0, 

Considering, the symmetric property of the matrix, 

F, we have,   

 A′F = [

−N1G1 N1G1 −N1G1

−N2G2 −N2G2 N2G2

N3G3 −N3G3 −N3G3

] 

[

𝑓11 𝑓12 𝑓13

𝑓21 𝑓22 𝑓23

𝑓31 𝑓32 𝑓33

]  ⋯ ⋯ (67) 

International Journal of Electrical Engineering and Computer Science 
DOI: 10.37394/232027.2026.8.4 Kartik Chandra Patra, Asutosh Patnaik

E-ISSN: 2769-2507 57 Volume 8, 2026



FA = [

𝑓11 𝑓12 𝑓13

𝑓21 𝑓22 𝑓23

𝑓31 𝑓32 𝑓33

] [

−N1G1 −N2G2 N3G3

N1G1 −N2G2 −N3G3

−N1G1 N2G2 −N3G3

] 

 ⋯ ⋯ (68) 

𝐹𝐵𝐵′𝐹

𝑅
= [

𝑓13𝑓31 𝑓13𝑓32 𝑓13𝑓33

𝑓23𝑓31 𝑓23𝑓32 𝑓23𝑓33

𝑓33𝑓31 𝑓33𝑓32 𝑓33𝑓33

]   …. (69) 

Upon substituting Example 3 values into Eq. 67 

results in  

[

(−0.8𝑓11 + 0.8𝑓21 − 0.8𝑓31) (−0.8𝑓12 + 0.8𝑓22 − 0.8𝑓32) (−0.8𝑓13 + 0.8𝑓23 − 0.8𝑓33)

(−0.1𝑓11 − 0.1𝑓21 + 0.1𝑓31) (−0.1𝑓12 − 0.1𝑓22 + 0.1𝑓32) (−0.1𝑓13 − 0.1𝑓23 + 0.1𝑓33)

(+0.3𝑓11 − 0.3𝑓21 − 0.3𝑓31) (+0.3𝑓12 − 0.3𝑓22 − 0.3𝑓32) (+0.3𝑓13 − 0.3𝑓23 − 0.3𝑓33)
] 

   = A′ F ⋯ ⋯ (70) 

 And also upon substituting Example 3 values into 

Eq. 68 results in: 

[

(−0.8𝑓11 + 0.8𝑓12 − 0.8𝑓13) (−0.1𝑓11 − 0.1𝑓12 + 0.1𝑓13) (+0.3𝑓11 − 0.3𝑓12 − 0.3𝑓13)

(−0.8𝑓21 + 0.8𝑓22 − 0.8𝑓23) (−0.1𝑓21 − 0.1𝑓22 + 0.1𝑓23) (+0.3𝑓21 − 0.3𝑓22 − 0.3𝑓23)

(−0.8𝑓31 + 0.8𝑓32 − 0.8𝑓33) (−0.1𝑓31 − 0.1𝑓32 + 0.1𝑓33) (+0.3𝑓31 − 0.3𝑓32 − 0.3𝑓33)
] 

                                     =FA        ⋯ ⋯ (71)  

Similarly, upon inserting Example 1 values into Eq. 

(69) - (71) and the Q in Eqn. 65 results in: 

(-1.77f11 + 1.77f12-1.77f13 -f13
2 +1)= 0  

  ⋯ ⋯ (72) 

(-0.881f12-0.19f11+0.88f22-0.19f13+0.881f23-f13 

f23)=0  ⋯ ⋯ (73) 

(-1.25f13+0.37f11+0.88f23-0.37f12-0.88f33-f13 

f33)=0  ⋯ ⋯ (74) 

(-0.19 f11-1.07f12+0.88f22+ 0.19f13 – 0.88f23 - f13 

f23)= 0         ⋯ ⋯ (75) 

(-0.38 f12-0.38 f22+0.38 f23-f23
2)=0 ⋯ (76) 

(-0.19 f13+0.37 f21-0.19 f23- 0.37f22+0.19f33 - f23 f33 ) 

= 0             ⋯ ⋯ (77) 

0.37f11 – 1.25f13 + 0.88f23 – 0.37f12 - 0.86f33 - f13f33 

= 0 ⋯(78) 

0.37 f12 – 0.37 f22 - 0.19 f13 – 0.56 f23 + 0.19 f33 – f23 

f33 = 0 ⋯ ⋯ (79) 

0.74f13 – 0.74f23 - 0.74f33 – f33
2  = 0⋯ (80) 

From Equation (77) and (79), subtraction gives the 

relation,  f23 =  f32 = 0 

Similarly, subtracting Equation (74) and (78), leads 

to a trivial solution.  

By subtracting Equations (73) and (75), the relation 

f12 =  2f13 is obtained. From Equation (76), it 

follows that f22 =  −f12  … (81) 

Using Equation (80), we obtain 

0.472 (f13 – f33) = f33
2 ……… (82)  

From Equation (77), the following expression is 

derived: 

 - 0.19f13 + 0.37f21 − 0.37f22 + 0.19f33 = 0 

…… (83) 
Equation (73) gives f11 = −9.73𝑓12 

From Equation (72), the quadratic equation becomes 

34.495 − 177 f13 − f13
2 + 1 = 0, which yields the 

solutions f13= 32.75 or – 0.31 

Other values are f12 = 0.31 or − 0.06, f22 =
 −65.50 or 0.36, f33 =  −341.14 or 0.03 

f11 = −637.07 or − 0.59, f23 = 0 

Thus, the complete set of solutions is determined 

from the above simultaneous relations. 

F = [

f11 f12 f13

f12 f22 0
f13 0 f33

] 

From Equation (66),  

K =R−1 B′F = 1 [0 0 1] [

f11 f12 f13

f12 f22 0
f13 0 f33

] 

whence k1 = 32.75 or – 0.031, k2 = 0, k3 = -341.144 

or 0.032.  ----------- (84) 

Hence  

A – BK = A3 =  [
−0.88 −0.19 0.37
0.88 −0.19 −0.37

−0.85 0.19 −0.40
] 

The responses of the corresponding C and X are 

shown in Fig. 21.  
 

 
Fig. 21: Responses showing the LC Suppression via State 

Feedback (Optimal Feedback Gain, Example 1) 

 

4.2.2 Example 2 (Optimal Feedback Gain Matrix 

Selection) 

The Riccati Equation is  

A′F+FA- FBR−1B′F+Q=0 .. (65)  

And K = R−1 B′F ⋯ ⋯ (66) 

Assuming A =  [

−N1G1 −N2G2 N3G3

N1G1 −N2G2 −N3G3

−N1G1 N2G2 −N3G3

] 

B=[
0
0
1

], Q = [
1.0 0.0 0.0
0.0 0.0 0.0
0.0 0.0 0.0

], R = 1.0, 
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Let 𝐹 = [

𝑓11 𝑓12 𝑓13

𝑓21 𝑓22 𝑓23

𝑓31 𝑓32 𝑓33

] considering F to be 

symmetric matrix:  

A′F  =  

[

(−N1G1f11 + N1G1f21 − N1G1f31) (−N1G1f12 + N1G1f22 − N1G1f32) (−N1G1f13 + N1G1f23 − N1G1f33)

(−N2G2f11 − N2G2f21 + N2G2f31) (−N2G2f12 − N2G2f22 + N2G2f32) (−N2G2f13 − N2G2f23 + N2G2f33)

(+N3G3f11 − N3G3f21 − N3G3f31) (+N3G3f12 − N3G3f22 − N3G3f32) (+N3G3f13 − N3G3f23 − N3G3f33)
] 

⋯ ⋯ (85) 

FA =  

[

(−N1G1f11 + N1G1f12 − N1G1f13) (−N2G2f11 − N2G2f12 + N2G2f13) (+N3G3f11 − N3G3f12 − N3G3f13)

(−N1G1f21 + N1G1f22 − N1G1f23) (−N2G2f21 − N2G2f22 + N2G2f23) (+N3G3f21 − N3G3f22 − N3G3f23)

(−N1G1f31 + N1G1f32 − N1G1f33) (−N2G2f31 − N2G2f32 + N2G2f33) (+N3G3f31 − N3G3f32 − N3G3f33)
] 

⋯ (86) 

FBR−1B′F=[

f13f31 f13f32 f13f33

f23f31 f23f32 f23f33

f33f31 f33f32 f33f33

] ⋯ (87) 

Substituting the values of Example 2, where  

A = [
−2.782 −0.534 1.038
2.782 −0.534 −1.038

− 2.782 0.534 −1.038
]  and Eqn. 85 can be 

written as  

[

(−2.782f11 + 2.782f12 − 2.782f13) (−2.782f12 + 2.782f22 − 2.782f23) (−2.782f13 + 2.782f23 − 2.782f33)

(−0.534f11 − 0.534f12 + 0.534f13) (−0.534f12 − 0.534f22 + 0.534f23) (−0.534f13 − 0.534f23 + 0.534f33)

(1.038f11 − 1.038f12 − 1.038f13) (1.038f12 − 1.038f22 − 1.038f23) (1.038f13 − 1.038f23 − 1.038f33)
] 

 = A′ F ⋯ ⋯ (88) 

Upon inserting the values from Example 4, Eqn. 

(83) is expressed as: 

[

(−2.782f11 + 2.782f12 − 2.782f13) (−0.534f11 − 0.534f12 + 0.534f13) (−1.038f11 − 1.038f12 − 1.038f13)

(−2.782f12 + 2.782f22 − 2.782f23) (−0.534f21 − 0.534f22 + 0.534f23) (1.038f21 − 1.038f22 − 1.038f23)

(−2.782f13 + 2.782f23 − 2.782f33) (−0.534f13 − 0.534f23 + 0.534f33) (1.038f31 − 1.038f23 − 1.038f33)
] 

                              = FA                ⋯ ⋯ (89) 

And also upon substituting the values from Eqns. 

(87) - (89), along with Q, into Riccati Eqn. (65) 

gives: 

(-5.564f11 + 5.564f12-5.564f13 -f13
2 +1)= 0⋯ ⋯ (90)  

(–3.316f12–2.782f23+2.782f22-0.534f11+0.534f13-f13 

f23)=0 ⋯ (91) 

(–3.82f13+2.782 f23–2.782 f33–1.038f11–1.038 f12– f13 

f33)=0                       ⋯ ⋯ (92) 

(–0.534 f11-3.316f12+0.534f13+ 2.782f22 – 2.782f23 – f13 

f23)= 0                   ⋯ (93) 

(–1.068f12–1.068f22+1.068f23-f23
2)=0 ⋯ (94) 

(-0.534f13–1.572f23+0.534f33+ 1.038f12-1.038f22 - f23 f33 ) 

= 0             ⋯ ⋯ (95) 

1.038f11 – 1.038f12 – 3.82f13 + 2.782f23 – 2.782f33 – f13 f33 

= 0               ⋯ ⋯ (96) 

1.038f12 – 1.038f22 – 1.572f23 – 0.534f13 + 0.534f33 – f23 

f33 = 0              ⋯ ⋯ (97) 

2.076f13 – 2.076f23 – 2.076f33 – f33
2  = 0⋯ (98) 

Subtracting, Equation (91) – Equation (93) = trivial 

solution and Equation (95) – Equation (97) = trivial 

solution. 

By taking the difference between Equations (97) 

and (92), it is obtained that, p11 = 0.  By 

simultaneously solving Eqns. (90)–(98) the values 

obtained are, f13 = 1.010, f12 = 1.013. In a similar 

manner, solving the set with Eqn. (94) gives f23 = 

2.030 or – 0.970 whereas solving the set with Eqn. 

(98) gives f33 = 0.39 or – 2.11.  

From Eqn. (81), K = R−1 B′F  

Or ⌈k1k2 k3⌉=⌈(0xf11 + 0xf12 + 1xf13)( 0xf12 +
0xf22 + 1xf23)( 0xf13 + 0xf23 + 1xf33) ⌉  

Or ⌈k1k2 k3⌉=⌈(f13)  ( f23)   (f33) ⌉  

=  ⌈1.0      2.0 or − 0.9   0.3 or − 2.1 ⌉ , 

 We get, k1 = 1.0, k2 = 2.0 or − 0.9 and k3 = 

0.3 or − 2.1    ⋯ ⋯ (99) 

So, A – BK = A4 =  

 [
−2.78 −0.53 1.03
2.78 −0.53 −1.03

−3.79 −1.50 or 1.50 −1.43 or 1.07
]  ⋯ ⋯ 

(100) 

For Example 2, the responses  

X = [

x1

x2

x3

] and C = [

C1

C2

C3

] = [

N1G1x1

N2G2x2

N3G3x3

] and in the 

autonomous state, obtained through digital 

simulation with A4, These simulated results are 

presented in Fig. 22.  

 
 

Fig. 22: Response curve showing the LC Suppression 

using Optimal Feedback Gain, K (Example 2). 
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5. Conclusion 

The presence of limit cycles (LCs) is a clear 

indication of system instability. Their occurrence 

can significantly degrade the overall performance of 

practical control systems. In many engineering 

applications, persistent oscillations caused by LCs 

reduce accuracy, efficiency, and reliability. In 

robotic and automation systems, LCs adversely 

affect both speed control and position control, 

leading to poor tracking performance and unwanted 

vibrations. Similarly, in multi-area power systems, 

they can create serious difficulties in load–

frequency control, thereby reducing the stability and 

coordination of interconnected areas. Only a limited 

number of studies have investigated the suppression 

or complete elimination of LCs in 2×2 systems 

containing memory-type nonlinearities. The 

available results therefore remain restricted to 

lower-order systems.  

The present work extends this line of analysis to 

3×3 systems. In particular, the study focuses on the 

quenching of LCs through signal stabilization. It 

also examines the suppression of LCs by employing 

a PP approach. The proposed graphical approach 

offers enhanced insight into the problem owing to 

its simplicity and ease of implementation. The 

effectiveness of the method is demonstrated through 

numerical examples and is further verified using 

graphical analysis, digital simulations, and 

implementation in the SIMULINK environment of 

MATLAB. 

The main contributions of this work are as follows: 

(1) LCs can be eliminated through signal 

stabilization using deterministic signals. They can 

also be suppressed by employing Gaussian signals. 

This dual approach accounts for uncertainties and 

helps ensure robust system performance. 

(2) LC in 3×3 systems with memory-type 

nonlinearities can be suppressed using state 

feedback techniques. This includes arbitrary pole 

placement under the condition of complete state 

controllability. It also includes the optimal 

determination of the feedback gain matrix K 

through the Riccati equation, representing a novel 

application not previously reported.  

Future work may focus on a comprehensive analysis 

of synchronization and desynchronization 

phenomena under both deterministic and stochastic 

signal stabilization frameworks. Additionally, the 

proposed approaches can be extended to general 

n×n systems incorporating both memory and non-

memory type Nonlinearities. Furthermore, the 

development of a fully analytical framework for LC 

analysis in 3×3 systems with memory-type 

nonlinearities remains an open research problem. It 

continues to be an important direction for future.   
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