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Abstract—The goal of this paper is to investigate the existence
of solutions for a nonlinear Hadamard fractional differential
equations involving the Hadamard fractional derivative with
hybrid Hadamard integral boundary conditions. The existence
results are obtained by using the generalization of Darbo’s fixed
point theorem combined with the technique of measures of
noncompactness in the Banach algebras.

Index Terms—Integral boundary conditions, Measure of non-
compactness, Hadamard fractional derivative, upper semicontin-
uous function

I. INTRODUCTION

Differential equations with fractional-order have gained
considerable importance due to their application in many fields
of science and technology as the mathematical modeling of
systems and processes in the fields of physics, chemistry, biol-
ogy, economics, control theory, signal and image processing,
biophysics, blood flow phenomena, aerodynamics, fitting of
experimental data ( see [5], [7], [15], [18], [20], [23] and the
references therein). Recently, the fractional-order differential
equations with integral boundary value problems have attracted
a great deal of attention and interests.

Existence of solutions for fractional differential equations
has been investigated by many authors in various types. We
quote some techniques of nonlinear analysis used to establish
the uniqueness, existence and multiplicity of solutons for
this kind of differential equations with complicated boundary
value conditions, such as, Banach fixed point theorem, Leray-
Schauder nonlinear alternative, Krosnoselskii’s fixed point
theorem on cones and Legget-Williams fixed point and other
approaches [1], [2], [10], [11], [16]

In the works mentioned above, compactness and Lipschitz
condition are satisfied, if not these techniques cannot be used.
Hence, there have been many published papers, which are
devoted to the existence of solutions of nonlinear integral
equations by using the technique of a suitable measure of
noncompactness in Banach algebras. We refer the readers to
[4], [6], [17], [19], [21], [24] and references therein.

Motivated and inspired by the works mentioned above, we
are concerned with the existence of solutions for the following
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nonlinear fractional differential hybrid equations with with
hybrid Hadamard integral boundary conditions

u®) | _
D1 [f(t,u(t))] =g(tu(t), 1<t<e 2<q<3
ny
subject to the boundary conditions
u(l) =0,
()],
Ftu®)) | = 12)

1

u (t) B »
(sl =
where DY is the Hadamard fractional derivative, I? is
the Hadamard fractional integral of order p > 0, f €
C([l,e] x R,R\ {0}) and g € C'([1,¢] x R, R).

The content of this paper is organised as follows. In Section
2, some required concepts are presented that will be used in
the sequel. In Section 3, we establish our main results by using
generalization of Darbos fixed point theorem combined with
the technique of measures of noncompactness in the Banach
algebras.

II. BASIC RESULTS

In this section, we give a collection of auxiliary facts which
will be needed further on (details can be found, e.g., in ). Let
C (I,R) be the Banach space of all continuous functions from
I into R with the norm

[ull oo = sup {fu(t)] - ¢ €I}

We begin by defining Hadamard fractional integrals and
derivatives, and we introduce some properties that can be used
thereafter.

Definition IL.1. [22] The Hadamard fractional integral of
order q € R™ for a function f € C[a,b], 0 <a <t <b< oo,
is defined as

50 =i [ (os?)" 10 %,
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= log, (.) .

Definition IL2. [22] Let 0 < a < b < o0 and § = t-%
The Hadamard derivative of fractional order q € R™ for a
function f € C"1([a,b],R) is defined as

DI (1) = 6" (I"7) (¢)

R ONACH IR

where n — 1 < q < n € Z*, n = [q] + 1 denotes the integer
part of the real number q.

Lemma IL.3. ( [22], Property 2.24) If a,a, B > 0, then

(Dq (10g Z)f**) () = F(Fﬁ)q) (log 2>5_q_1’

(ﬂ (log 2) B_1> (1) = r(r;ﬁ)q) <10g 2) e

Lemma IL4. ( [22]) Let ¢ > 0 and u € [1,00) N L' [1,00).
Then the solution of Hadamard fractional differential equation
D*u (t) =0 is given by

= Z ¢i (log )",
i=1

and the following formula holds:

where T (.) is the Gamma function and log (.)

n

u(t)+ Y cillogt)”™,

i=1

1D (t) =

for some ¢; € R, i =1,2,....,n, where n = [q] + 1.

Next, we present some definitions and properties of the non-
compactness measure. Let F be a real Banach space with norm
||I.|| and the zero element 0. We write B (u,r) to denote the
closed ball centered at u with radius r and especially, we write
B, in case of u = 0. If X is non-empty subset of E , then X
and ConvX denote the closure and the closed convex closure
of X, respectively. Moreover, let 9t indicate the family of
all nonempty bounded subsets of E and let 91 indicate its
subfamily of all relatively compact sets.

We use the following definition of the measure of noncom-
pactness given in [8].

Definition IL.S. A mapping p : Mg — Ry is said to be a
measure of noncompactness in E if it satisfies the following
conditions:

1. The family ker p = {X € Mg : p(X
and ker u € Ng.

) = 0} is non-empty

2XCY=>M( ) < p(Y).
1 (X) = pu( oan)
4 u()\XJr(l ANY) < X))+ Q=N pY) for X €

[0, 1].

5. If (X,,) is a sequence of closed sets from Mg such that
X1 CXp (n=1,2,...) and lim,_,oo (X)) = 0, then the
intersection set Ny, X,, is nonempty.
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In the sequel, we assume that the space E has the structure of
Banach algebras. For given subsets X, Y of a Banach algebra
E let us denote

XY ={azy: z€ E,y€ E}
The following definition contains a useful concept [9]

Definition I1.6. Let E be a Banach algebra. A measure of
non-compactness | in E said to satisfy condition (m) if it
satisfies the following condition:

p(XY) <[ X[ (V) + V][ (X)),
forany X, Y € Mg.

It is known that the family of all real-valued and continuous
functions defined on the interval. I = [1,e] is denoted by
C'[1,e]. Also, C[1,€]) is a Banach space with the standard
norm

€[l,e]}.

Obviously, space C (I) also has the structure of the Banach
Algebra.

Further, fix arbitrarily X € Mgy ¢ and € > 0. For v € X
denote by w (u, €) the modulus of continuity of u, i.e.,

u(s)|:

ull, =sup{lu(t)]: ¢

w (u,€) =sup {|u(t) — t,s €[l,e], |t —s| <e€}.

Further, let us put

w(X,e) =sup{w (u,€) : ue X}

and
wo (X) =limw (X, e€).

e—0

Then, function wq is a measure of noncompactness in space
C'[1,¢] (see [8]).

Proposition IL.1. [12], [14] The measure of noncompactness
wo on C'[1, ¢] satisfies condition (m).

Theorem IL.7. [13] Let C' be a nonempty, bounded, closed
and convex subset of a Banach space E and let T : C — C
be a continuous mapping. Suppose that there exists k € [0,1)
such that

p(TX) < kp(X),

for any non-empty subset X of C, where p is a measure of
non-compactness in E. Then T has a fixed point in C.

The next result known as a generalization of Darbos fixed
point theorem will play a pivotal role in the development of
the results in this paper.

Theorem IL8. ( [3]) Let C be a nonempty, bounded, closed
and convex subset of a Banach space E and let T : C — C'
be a continuous operator satisfying

p(TX) < o(p(X)),

for any non-empty subset X of C, where p is a measure of non-
compactness in E and ¢ : Ry — Ry is a nondecreasing
Sunction such that lim,,_, o, @™ (t) = 0 for each t € R,
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©" (t) denotes the n-iteration of ¢. Then T has a fixed point
in C.

Moreover, in [3] the authors proved the following lemma
which will be useful in our considerations.

Lemma IL9. Let ¢ : Ry — R, be a nondecreasing and
upper semicontinuous function. Then the following conditions
are equivalent:

(1) limy—s 100 ™ (t) =0, for any t > 0,

(i) ¢ (t) <t, for any t > 0.

By commodity, we will denote by o7 the class of functions

given by

o ={p: Ry = Ry : pisnondecreasing and

ngrfoo O™ (t) =0, foranyt € R+}
where ¢™ (t) denotes the n-iteration of .

III. MAIN RESULT

In this section , we intend to state our main theoretical
findings on the existence results. For convenience we put

AL (g — 1) +q—2
O=1————""(logn)’™ " =.
TErED R
Lemma IIL1. Let h € C ([1,¢],R). The solution function ug
of the for the hybrid Hadamard equation

(IIL1)

D1 [%] =h(t), 1<t<e 2<¢<3 (IIL2)
subject to the boundary conditions
u(l) =0,
wt) \ | _
(f (t,u(t))) t:l_ 0 (II1.3)
u (t) B Py
(rerut )| =29 @

if and only if the function uq is a solution for the following
Hadamard integral equation:

w(t) = f(tu () {qu)/lt (log z>q_1 Mds
ogt)!? n pta—1 (s
B (5 ) (e )™

ety | D )

(IIL4)

Proof. Let ug be a solution for hybrid equation (III.2) By
virtue of the lemma II.4, there exist constants ¢y, co, c3 € R
provided that

"

" _ u(t)
The conditions « (1) = 0, (m)

c1 = c3 = 0. Taking the Hadamard fracti(;rlza]] integral of order
p > 0 for (III.6) and using Lemmas ??- I1.3, we get that

" (f(z Ef)(t))> N r(q1+p) /j (10% Z)Mq_l @ds

I'(q— 1) (log t)P+q—2 )

F(p+q—1)

By using the Hadamard integral
(f(;tifgt)j | = AP0 (), we get

1 A K n\Pta—1 h(s)
—_ -— — 1 —_ —_
2 Q(F(q+p)/1 (ogs> s ds

ST GO0

where () is defined in (IIL.1).

= 0 imply that

+ C2

boundary condition

By inserting the values c; for ¢ = 1,2, 3 in (II1.6), we get

wo (£) = f (&, uo (1)) {qu) /lt <10g i)ql Mds

(logt)? ™2 A /” n\Pta=1 h(s)
log — —=d
+ Q T(g+p) )1 ( o8 s) s

T, () )}

This means that ug is a solution for integral equation (II1.4).
Conversely, one can easily see that ug is a solution function
for the hybrid boundary value problem of fractional order
(II1.2)(II1.3) whenever ug is a solution function for the frac-
tional integral equation (II1.4). O

Theorem IIL2. Suppose that f € C ([1,¢] x R,R\ {0}) and
g € C([1,e] x R,R). Also, we have the following assump-
tions:

(A1) There exists an upper semi-continuous function ¢ :
Ry — Ry such that ¢(t) < t for any t > 0, @ is
nondecreasing, and

[f (tuw) = f (o) <@ (ju—vl), tLe], u,v €R,

(A2) There are a continuous nondecreasing function W :
[0,00) — [0,00) and a continuous function £ : [1,e] —
Ry such that

lg (t,u)] < & @)W (Jul),
(A3) There exists p > 0 such that

p> o (p) + Fol IS ¥ (p) {1 1

- I'(g+1) 12

< AT (g+1)
L'(g+p+1)

o

and
1t t\ " h(s)
)= f(t,u(t){ — log — d €11 (p) 1 (A (g+1)
=it UU){F@/l (os3) 2 raen (1w (Faer e 1)) <t
+c1 (log )" + ¢ (log )72 + ¢5 (log t)q_3} , where
(IIL.5) Fo =sup{[f (£,0)] : t € [L,e]}.
ISSN: 2769-2507 116
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Then, the fractional hybrid BVP (I.1)(1.2) has at least one Then,
solution in C'[1,€]. T (q)|Hu (tn) — Hu (t) |

( < t8> ds/lt(logz)q_lg(s’s(s))ds>

Proof. In view of Lemma III.1, we define the operator 7" on  _

C'[1,€] by
 ((ozt) - (log t)(I‘Q) )
t AT (@) [T et g(s,u(s)
Tu(t)=f(t,U(t)){qu)/ (1) 2, (s [ (1o )™ el
Ry L N

(I1L.6)

d
L oy i ) < ( s [(15) - <1gt>] 9o (s) 2
+

. (<1ogt >q‘2 — (log t)"‘z) )

Obviously, u € C'[1, e] as a solution for hybrid (1)-(2) satisfies
the operator equation 7u = u. Now, we define two operators ” P+f1 1 ds
G and H on C|[1,¢] by q+p L lg (s, u () =

s
e\a- 1 ds
/ (1og 5> () ) -
In view of (A2), we obtain

|Hu (tn) — Hu (t)|

€11 (ull)
and = I'(q) 8

(I1L.7)

Gu(t) = f(t,u(t)),

I'(q) s s + q X
(log t)? > A /” n\PTa=1 g (s,u(s)) AT (q) /” n\Pta—1 ds /e e\9—1ds
log — log — - log = il
" Q L(g+p) )i (OgS) s s I'(¢g+p) 1 (OgS) s + 1 <0g5) s
! / " (1og &) e 5) ds)} (IIL8)
I'(@) /x s s ) Since the functions t — (logt)?, t (logt)q_2 are

continuous on [1, ¢], we have

v
LA P
for t € [1,¢]. Then Tu = (Gu) . (Hu) for any u € C'[1,¢]. noteo I'(g+1)
q—2 q—2
We divide the rest of the proof into five steps. n ((log tn) (log?) ) A' (¢ +1) (log 77)q+p +1 -0
Q I'(g+p+1) ’
Step 1. T applies C'[1, ¢] into itself. which yields
In order to show that Tu € C'[1, €], it is sufficient to show lim |(Hu) (t,) — (Hu) (t)| = 0.
that Gu, Hu € C'[1, €] for any u € C'[1, e]. The continuity of nteo

G arise from the continuity of f. Next, we will prove that if Then Hu is continuous at t. Therefore, Hu € [1,e], for
u € Cl,e], then Gu € C'[1,e]. To do this, let t € C'[1,e] be all w € C|[l,e]. This proves that if u € C[l,¢], then
fixed and {¢,} be a sequence in [1,€e] such that t, — t as Tu € C[1,e€].

n — oo. Without loss of generality, we may assume t,, > t.

ISSN: 2769-2507 117
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Step 2. An estimate of ||T'u|| for u € C'[1,¢].
Fix u € C[l,e] and ¢t € [1,¢e] . By assumptions (A2) and
(A3), one can write
[(Tw) ()] = [(Gu) @) [(Hu) (2)]

1f @ u ()] g (s,u(s))
I'(q) ) PR

log Q)

S

rra=t g (s, u(s))

ds

(logt)"™® ( AT (q)

] <F<q+p> [ ()
)" 1|g<s,:<s>>|ds)}

o)+ Fo
I(g+1)

{ / (bgz)q—l £ (ulell

(loglé)lq_2 {F (g+p) /1"

(o) Wi'”“)')ds}
o Q) + Fo) 1] @ ()

{ I'(g+1)
1+

pra=t |g (s, u (s))|

+ ds

prct g () (fu(s))

S

+

<

X
1 Al'(g+1) +1>}.

|Q|<F((I+p+1)

Hence,
7] < ) + Fol €] @ (ul)
Ha) (I1L.9)
RN @RI -
{1+ €] ( T'(g+p+1) +1>}

In view of assumption (A3), we deduce that operator 1" applies
B, into itself. In addition, from (IIL.9), it follows that

IGB, || < ¢ (p) + Fo,

e

Step 3. We show that G and H are continuous on the ball

and

1

2]

€1l (# (p))
I(g+1)

Al (¢ +1)
| HB,| < =
T(g+p+1)
B,.

First, we check that G is continuous on B,. To do this, we
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fix € > 0 and take u,v € B, with |ju —v|| < e. Then, for
telel,

[(Gu) (8) = (Go) ()] = [f (t,u(t) —
<@ (lu)—v(t
< ([lu— )
< Jlu =]

<

f
)

(t,v (1))
)

and, since ¢ tends to 0, we have checked that G is continuous
in B,.

Now, we prove that H is continuous in B,. To do this, we
fix € > 0 and take u,v € B, with |ju —v|| < e. Then, for
€ [1,e],

|(Hu) (t) = (Hv) (¢)]

STICTIONM

S

sty

N ICRC)
£yt g (nu(s)
Sl

1l

)

< AT (g+1)
C(g+p+1)
where

wy (J,€) = sup {lg (t,u) — g (t,v)] : PPl

Since g is uniformly continuous on the compact [1, e] X [—p, p],
we have wy (J,€) — 0 as ¢ — 0. Then, from (IIL.10), we
conclude that operator G is continuous on B,. As T'= G.H,
it follows that T" is continuous on B5,,.

(IIL.10)

teJ: uve[- lu —v| <€}

Step 4. . Estimate w (GX) and wo (HX) for ) # X C B,.

First, we estimate wp (GX). Fix € > 0, let v € X and let
t1,ty € J with |t2 — tl‘ < €. Then

[(Gu) (t2) = (Gu) (t1)] = | f (t2,u(t2)) — f (t1, u(t1))]

< |f (b2, u(t2)) — f(t2,u(t))]
+[f (b2, u (t1)) = f (t1, u (t))]
< @(lu(tz) —u(ta)]) +w(f,e)
<@ (w(u€)) +w(fe),
where
w(f,e) =sup{|f (ta,u) — f (t1,u)| : t1,t2 € J,
lta —t1] < €, u € [—p,p]}.
Therefore
w(GX,e) < p(w(u,e))+w(f,e). (TL11)
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Since f (¢,u) is uniformly continuous on the compact J x
[—p, p], w(f,e) — 0 when e — 0. Then, from (IIL.11) we
get

wo (GX) < ¢ (wo (X))

Next, we estimate wy (HX). Fix € > 0, take u € X and
ti,ta € J with |ta — t1] < e. Without loss of generality, we
can suppose that £; < t5. Then

[Hu (t2) — Hu ()]

to qg—1 q—1
< U {7 (i)™ (1) 2
I'(q) 1 s s s
t1 q—1
—I—/ (1ogtl> @
t S s

((log t2)q72 - (logtl)qu)
+ 0] X

(Pg(f L> / e )™"

AGHE)

< W {(log t2)" — (log £1)"

((log o (logtl)q_z)
+ 0] X

<W (logn)"*? + 1) } .

T(g+p+1)
Let [ (t) = (logt)? . Function [ is continuously differentiable
on [l,e]. Hence, for all ¢;,ta € [l,e], without loss of
generality, let ¢; < t2. Then there exist positive constants M
such that

‘l(tz) —1(t1)

ta — 11

= |l (’7’)| S Ml, T E (tl,tg) . (IHlZ)

On the other hand , ¢t — log¢ is 1-Lipschitz fuction on [1, €]
and 0 < ¢ — 2 < 1, then t — logt is a Holderian function
with exponent ¢ — 2. That is

‘(log tg)qi? — (log tl)q72‘ < |logts — 10gt1|q*2 <|ta — t1|q*2 I

(II1.13)
for all t1,tg € J, with t5 < t7.
From (II1.12) and (II1.13), we deduce

|Hu (t2) — Hu (t1)]

< el dlul)
- TI'(g+1)
er”? Al'(g +1) q+p
{M16+ ] (F(q+p+1) (log ) H)}’

this gives us wy (HX) = 0.

Step 5. Estimate wo (T'X) for § # X C B,,.

ISSN: 2769-2507

From definition 1.6, we have wy (XY) < || X[ wo (V) +
[IY||wo (X) and by using the estimates obtained in Steps 2
and 4, we deduce

wo (TX) = wo (GX.HX) < |GX || wo (HX) + | HX || wo (GX)

<SIGBy||wo (HX) + [[HB, || wo (GX)

[SICA)) { 1 ( Al (g +1) )}
<DL (T 4y X
STarn TR\ Faeprn T oo )

(I1.14)
In view of assumption (A3),
lEN @ (lul)) 1 AT(g+1)
W {1-’-@ (m—‘rl)} S 1, and from

(II1.14), we conclude that
wo (TX) < ¢ (wo(X)).

Then by Theorem II.8, operator 1" has at least one fixed
point in B,. which is a solution of problem (I.1)-(L.2). This
completes the proof. O
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