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1   Introduction 
Increasing the effectiveness of programming classes 
largely depends on the availability of literature 
corresponding to the level of training of students. 
Therefore, they are actively published books, [1], [2], 
[3], [4], [5] with system explanations of set of 
algorithms as well as articles devoted to concrete 
themes such as loops [6], numeral systems [7], 
Chinese remainder theorem [8], sorting [9], recursion 
[10], [11], dynamic programming [12], [13], graphs 
[14], [15], maximum flow [16], binary indexed tree 
[17], wavelet tree [18], string hashing [19].  
 
 
2   Problem Formulation 
It has been very accurately noted that the study of 
programming automatically leads to an increase in 
motivation for doing mathematics, as well as to an 
improvement in the quality of assimilation of 
mathematical knowledge, [20]. This is especially true 
when the topics of study in programming are closely 
related to mathematical concepts. One of these topics 
is the topic "Working with Bits". In parallel with 
studying the theoretical foundations of the topic, it is 

also important to develop computational thinking 
[21] and assess its quality [22]. The study of 
programming in Gomel begins for those interested in 
the first grade, so in grades 5-8 there are children 
who have approached the topic “Working with bits” 
according to the curriculum, but, of course, books 
intended for university and high school students are 
not suitable for their learning. 
 
 
3   Problem Solution 
The author has been teaching programming to 
schoolchildren of different ages for many years [23] 
based on the distance learning instrumental system 
DL.GSU.BY [24], developed under the supervision 
of the author. All this time, the author has been 
creating literature for self-study by schoolchildren, 
trying to present the material in the simplest, clearest, 
and most understandable form possible. This article 
provides an example of such material for learning to 
solve problems in computer science on the topic of 
"Working with bits". Such material may be of 
interest to teachers both as an illustration of the 
teaching methodology and in terms of content. At the 
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same time, the author believes that this material can 
be very useful and interesting for both schoolchildren 
involved in self-study. All those interested are invited 
to the following order of work: put the article aside 
and try to independently complete the proposed task 
after reading the conditions of the task. 
 

3.1   Enumeration of the Set of All Subsets 
Often, we have to solve problems in which, in order 
to obtain answers, we need to go through and analyze 
all possible combinations of a certain set of elements. 
We discuss the theory in the process of solving the 
following Olympiad tasks. 
 
3.2 Going to the Movies (USA Computing 

Olympiad, 2008, April) 
Farmer John is taking some of his cows to the 
movies! While his truck has a limited capacity of C 
(100 <= C <= 5000) kilograms, he wants to take the 
cows that, in the aggregate, weigh as much as 
possible without exceeding the limit C.  

Given N (1 <= N <= 16) cows and their 
respective weights W_i, determine the weight of the 
heaviest group of cows that FJ can take to the 
movies. 
INPUT FORMAT: 
* Line 1: Two space-separated integers: C and N 
* Lines 2..N+1: Line i+1 contains a single integer: 
W_i 
 
SAMPLE INPUT (file cowflix.in): 
259 5 
81 
58 
42 
33 
61 
OUTPUT FORMAT: 
* Line 1: A single integer that is the weight of the 
heaviest group of cows that can go to the movies 
SAMPLE OUTPUT (file cowflix.out): 
242 
OUTPUT DETAILS: 
81+58+42+61 = 242; this is the best possible sum 
Directions for solution: 

 
To get the answer, you need to go through all 

possible combinations of one, two, three, ... fourteen, 
fifteen, and sixteen cows. Each time add up their 
weights, compare them with the carrying capacity, 

and remember the largest of the total weights that 
does not exceed the carrying capacity. 

In such problems, you can use the binary 
representation of numbers. 

Recall that a binary number is a sequence of 
zeros and ones, such as the binary counting sequence 
from 0 to 15, shown below (Table 1). 
 
Table 1. Decimal and binary counting from 0 to 15 

0 0 
1 1 
2 10 
3 11 
4 100 
5 101 
6 110 
7 111 
8 1000 
9 1001 

10 1010 
11 1011 
12 1100 
13 1101 
14 1110 
15 1111 

 
It turns out that this sequence provides us with an 

enumeration of all possible combinations of four 
elements. Let the first column be responsible for the 
presence/absence of the first element, the second 
column be responsible for the presence/absence of 
the second element, the third column be responsible 
for the presence/absence of the third element, and the 
fourth column be responsible for the 
presence/absence of the fourth element (for example, 
0 means that the element is absent, and 1 that the 
element is present). Then, line 0000 means that all 
elements are absent (empty set), line 1111 means that 
all elements are present, and line 1100 means that the 
first and second elements are present, and the third 
and fourth are absent. 

Thus, if we create an integer variable i and count 
in it (using the operator i:=i+1) from 0 to 15, we will 
get the set of all combinations of 4 elements. And if 
we have 6 elements, then what is the maximum 
number we need to count to? Up to 63 (2 to the 6th 
power minus 1). In general, if we have K elements, 
then we need to count from 0 to 2 to the power of K 
minus 1. 

During the calculation process, it is necessary to 
convert the value of the variable I into a binary 
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representation and check whether this combination of 
elements fits the problem condition. 

Below is a code in the Pascal programming 
language that solves this problem. 

 
#include <bits/stdc++.h> 
using namespace std; 
int main() 
{ 
    ifstream cin("cowflix.in"); 
    ofstream cout("cowflix.out"); 
    int c,n,a[1000],max,i,x,sum,k; 
    cin >> c >> n; 
    for (i=1; i<=n; i++) cin >> a[i-1]; 
    max=0; 
    for (i=1; i<32*1000; i++) 
    { 
        x=i; 
        sum=0; k=0; 
        while (x!=0) 
        { 
            if (x%2!=0) sum=sum+a[k]; 
            k++; 
            x=x >> 1; 
        } 
        if ((sum<=c) and (sum>max)) max=sum; 
    } 
    cout << max; 
} 
  
Explanations: 

 
The weights of the cows are read into the array 

a[i] from 0 to 15. Accordingly, the cows are 
numbered from 0 to 15. The variable k indicates the 
number of the cow and, at the same time, the number 
of the bit (digit in binary representation) of the 
number i. The bits are also numbered from 0 to 15 
from right to left.     

 
3.3   Cow Pizza (USA Computing Olympiad 

2006 April Bronze) 
Oh, how the cows love their pizza! Even though they 
are picky, they do love variety, too. They order from 
the local pizza parlor that features T (1 <= T <= 20) 
different toppings in addition to a complete set of soft 
drinks and healthy salads. 

The toppings are conveniently numbered 1..T so 
the cows can order by number. Your job is to 
calculate how many possible pizzas can be created 
given that some cows will not tolerate various 

combinations of toppings (e.g., some cows simply 
will not eat Anchovies or the combination of 
Mushrooms and Asparagus). Given a set of N (1 <= 
N <= 52) constraints, figure out how many pizzas can 
be made using all possible combinations of the 
ingredients (which, of course, includes no ingredients 
at all). Each constraint is a set of numbers of size 1..T 
that lists the ingredients that disqualify a pizza from 
being considered. A constraint like "5 3" means that 
no pizza can contain ingredient  #5 and also 
ingredient #3. This means pizzas with ingredients 3, 
5, and 6 will not be counted as acceptable. 

 
INPUT FORMAT: 
* Line 1: Two space-separated integers: T and N 
*Lines 2..N+1: Each line describes a constraint  
   using space-separated integers. The first integer  
  is the number of ingredients in the constraint, Z  
  (1 <= Z <= T). The subsequent Z integers          
(which are unique) list the ingredient(s) whose 
combination disqualifies a pizza from consideration 
for the cows. 
SAMPLE INPUT (file pizza.in): 
6 5 
1 1 
2 4 2 
3 3 2 6 
1 5 
3 3 4 6 
INPUT DETAILS: 
Six ingredients numbered 1..6. Five constraints: No 
pizza can contain ingredient 1, no pizza can contain 
ingredients numbered 2 and 4, etc. 
OUTPUT FORMAT: 
* Line 1: A single integer that is the total number  
   of pizzas that can be created using the number of  
   Ingredients and constraints. 
SAMPLE OUTPUT (file pizza.out): 
10 
OUTPUT DETAILS: 
 
This includes pizzas with: no incredients; ingredient 
1; ingr's 2, 3;  ingr's 2, 6; ingr 2; ingr's 3, 4; ingr's 3, 
6; ingr 3; ingr's 4, 6;  and ingr 4. 
 
Instructions for solving the problem: 

First of all, let's pay attention to the error in the 
explanations of the answer (OUTPUT DETAILS in 
the original). The answer 10 itself is correct, but the 
given list of permitted combinations of seasonings is 
not. For example, pizza with seasoning 1 is 
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prohibited by the first restriction. And this is not a 
translation error. Those who wish can check that the 
English (original) version of the conditions contains 
the same numbers in OUTPUT DETAILS. The error 
was deliberately not corrected to emphasize once 
again that this is possible in real Olympiads. If the 
participant has the opportunity, he should check with 
the jury, and if not, MAKE A DECISION HIMSELF. 
Compared to the previous task (enumerating all 
possible options), a complication is introduced here - 
it is necessary to exclude some options from 
consideration, and generalized lists of these 
prohibited options are presented: for example, 
exclude all options containing element 1 or all 
options containing elements 4 and 2.  And here the 
binary system comes to our aid. You can create an 
array of numbers p2, which are powers of 2 from 0 to 
20 (there are a maximum of 20 spices). And directly 
at the input, encode the forbidden combination of 
options into the number e, and their sequence into the 
array z[i]. See the fragment of code below: 
 
Int p2[21] = {1,2,4,8,16,32,64, 128,256,512,1024, 
2048,4096,8192,16384,32768,64*1024,128*1024,25
6*1024,512*1024,1024*1024}; 
… 
    cin >> t >> n; 
    for (i=1; i<=n; i++)  { 
        cin >> k; e=0; 
        for (j=1; j<=k; j++)  { 
            cin >> x; 
            e+=p2[x-1]; 
        } 
         z[i]=e; 
   } 
And the check whether the combination z[i] prohibits 
the current version of x is performed as follows: 
   1)     j=x & z[i]; 
 

As a result, the variable j will receive the value 0 
at all positions where z[j] contains 0, and at all other 
positions (where z[j]=1) the value of the 
corresponding bit from the variable x will be copied 
there. 
  
Let us recall the truth table for the and operation. 
             x z[i]   and 
             0 0         0 
             0 1         0 
             1 0         0 
             1 1         1    

   2) j=j ^ z[i]; 
Now, if j and z[i] have the same bits in one 

position (0 in both variables, or 1 in both variables), 
then the corresponding bit of variable j will receive 
the value 0. But if j and z[i] have different values (0 
in one and 1 in the other, or 1 in one and 0 in the 
other), then the corresponding bit of variable j will 
receive the value 1. 
      return j!=0; 
 

This statement assigns the function the value true 
if the variable j is not equal to 0 and the constraint 
z[i] does not prohibit the combination x. 
The full text of the decision is provided below. 
 
#include <bits/stdc++.h> 
using namespace std; 
int p2[21] = {1,2,4,8,16,32,64,128,256,512,1024, 
2048,4096,8192,16384,32768,64*1024,128*1024,25
6*1024,512*1024,1024*1024}; 
int t,n,i,j,k,z[53],x,e; 
 
bool good2 (int i,int x) { 
    int j; 
    j=x & z[i]; 
    j=j ^ z[i]; 
    return j!=0; 
} 
 
bool good (int x) { 
    int i=1; 
    while ((i<=n) && (good2(i,x))) i++; 
    return i>n; 
} 
int main() { 
    ifstream cin("pizza.in"); 
    ofstream cout("pizza.out"); 
    cin >> t >> n; 
    for (i=1; i<=n; i++)  { 
        cin >> k; e=0; 
        for (j=1; j<=k; j++) { 
           cin >> x; 
           e+=p2[x-1]; 
         } 
        z[i]=e; 
    } 
    j=1; 
    for (i=1; i<p2[t]-1; i++) 
        if (good(i))  j++; 
     cout << j; 
} 
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3.4 Problem the Water Bowls (USA 

Computing Olympiad 2006 January 

Bronze) 
The cows have a line of 20 water bowls from which 
they drink. The bowls can be either right-side-up 
(properly oriented to serve refreshing cool water) or 
upside-down (a position which holds no water). They 
want all 20 water bowls to be right-side-up and thus 
use their wide snouts to flip bowls. Their snouts, 
though, are so wide that they flip not only one bowl 
but also the bowls on either side of that bowl (a total 
of three or -- in the case of either end bowl -- two 
bowls).  

Given the initial state of the bowls 
(1=undrinkable, 0=drinkable -- it even looks like a 
bowl), what is the minimum number of bowl flips 
necessary to turn all the bowls right-side-up? 
INPUT FORMAT: 
* Line 1: A single line with 20 space-separated  
    integers 
SAMPLE INPUT (file bowls.in): 
0 0 1 1 1 0 0 1 1 0 1 1 0 0 0 0 0 0 0 0 
OUTPUT FORMAT: 
* Line 1: The minimum number of bowl flips  
    necessary to flip all the bowls right-side-up (i.e.,  
    to 0).  For the inputs given, it will always be  
    possible to find some combination of flips that 
    will manipulate the bowls to 20 0's. 
 
SAMPLE OUTPUT (file bowls.out): 
3 
OUTPUT DETAILS: 
Flip bowls 4, 9, and 11 to make them all drinkable: 
0 0 1 1 1 0 0 1 1 0 1 1 0 0 0 0 0 0 0 0 [initial state] 
0 0 0 0 0 0 0 1 1 0 1 1 0 0 0 0 0 0 0 0 [after flipping 
bowl 4] 
0 0 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 [after flipping 
bowl 9] 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 [after flipping 
bowl 11] 
 
Directions for solution: 

First, when entering, it is necessary to convert the 
entered sequence of 0 and 1 into a number 
represented by the following binary sequence: 
    b=0; 
    for (i=1; i<=20; i++) { 
        cin >> k; 
        if (k==1) b=b+p2[20-i]; 
    } 
Here P2 is again an array of powers of two.    

B is the number corresponding to the entered binary 
sequence. The main iteration loop might look like 
this: 

mn=1e9; 
for (i=0; i<=p2[20]-1; i++) { 
        k=numbit(i); 
        if ((k<mn) && (zero(i,b))) mn=k; 
} 
 

Here the units in the number I will indicate 
which cylinders need to be turned over as central 
ones. The numbit(i) function calculates the number 
of ones in the number i. The function zero(i,b) checks 
whether turning over the initial state of cylinders b 
according to the law i will lead to the required state 
0. 

If there are fewer units than the current 
minimum, and flipping it turns it into 0, then we 
remember the new number of units (the cylinders that 
need to be flipped as central ones). 

The number of ones in a number x is calculated 
using the AND operation. Recall that the numbers in 
the p2 array (powers of two) are characterized by 
having a 1 in one bit and zeros in all the others. 

 
    k=0; 
    for (i=0; i<=19; i++) 
        if ((x & p2[i])!=0) k++; 
 
Finally, the test to see if combination i takes the 
original sequence b to the zero state is as follows: 
      b – original cylinders 
      i – defines the cylinders to be turned over 
 
if ((i & p2[0])  !=0) b=b^(p2[0]+p2[1]); 
if ((i & p2[19])!=0) b=b^(p2[19]+p2[18]); 
for (j=1; j<=18; j++)  
   if ((i & p2[j])!=0) b=b^(p2[j-1]+p2[j]+p2[j+1]) 
return b==0; 
 

Let us also recall that, according to the problem 
statement, in the case of extreme cylinders (0 and 
19), only one neighboring one is flipped. And in the 
case of "middle cylinders" (1 through 18), it and both 
its neighbors - to the left and to the right - are flipped. 
The flipping is performed using the xor operation. If 
the result is that the variable b gets the value 0, then 
the combination I flips all the cylinders back to their 
original state. The full text of the decision is provided 
below. 
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#include <bits/stdc++.h> 
using namespace std; 
int p2[21],i,k,j,b,mn; 
 
int numbit(int x) { 
    int k,i; 
    k=0; 
    for (i=0; i<=19; i++) 
        if ((x & p2[i])!=0) k++; 
    return k; 
} 
 
bool zero(int i,int b){ 
    int j; 
    if ((i & p2[0])!=0) b=b^(p2[0]+p2[1]); 
    if ((i & p2[19])!=0) b=b^(p2[19]+p2[18]); 
for (j=1; j<=18; j++) 
     if ((i & p2[j])!=0) b=b^(p2[j-1]+p2[j]+p2[j+1]); 
return b==0; 
} 
 
int main() { 
    ifstream cin("bowls.in"); 
    ofstream cout("bowls.out"); 
    p2[0]=1; 
    for (i=1; i<=20; i++) p2[i]=2*p2[i-1]; 
    b=0; 
    for (i=1; i<=20; i++) { 
        cin >> k; 
        if (k==1) b=b+p2[20-i]; 
    } 
    mn=1e9; 
    for (i=0; i<=p2[20]-1; i++) { 
        k=numbit(i); 
        if ((k<mn) && (zero(i,b))) mn=k; 
    } 
    cout << mn; 
} 
 

3.5  Training Methodology 
The described problems are part of a package of 
problems on the topic “Working with bits”. The 
student is asked to solve problems in order of 
increasing difficulty. The DL system provides 
automatic verification of solutions in the 
programming languages Pascal, C++, Python, Java, 
C#, and the original author’s set of tests. If a 
student’s solution on some test produces an answer 
that is not equal to the author’s, the student can take 
the input data and the author’s answer on this test 
from the DL system, find an error in his program, 

correct it and send it for testing again. If a student 
cannot develop a complete solution to a problem, he 
receives a teacher's description of the solution to the 
problem, including the source text of the correct 
solution in Pascal, parses it, and, if necessary, can 
consult with other students or the teacher. Then he 
marks what is needed in his notebook. And he always 
rewrites the solution without using the notes. More 
precisely, he can use notes, but in this case, he must 
rewrite the solution from a blank screen, and so on 
until he writes the solution completely himself, from 
the first to the last letter. 
 
 
4   Conclusion 
This article provides material for teaching how to 
solve computer science problems on the topic 
"Working with bits". The technical basis of the 
methodology is the developed instrumental system of 
distance learning (Distance Learning Belarus - 
http://dl.gsu.by). All the tasks given in the article can 
be passed in the course "Methods of 
Algorithmization". 
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