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Abstract: -This study aimed to investigate micro-pores' impact on the elastic energy of materials using open-
source simulation. The finite element method analyzed linearly elastic, homogeneous, and isotropic materials. 
The domain is modeled as an isotropic elastic material with a constant thickness and is treated as a two-
dimensional rectangular plate. The positions and diameters of the micro-pores were varied. The results indicate 
that the position and diameter of the micro-pores within the domain significantly influence the magnitude of 
elastic energy. Larger pore diameters correspond to higher values of elastic energy. Additionally, the elastic 
energy value of the micro-pores remains relatively constant, though it is smaller when the pores are located at 
the ends of the material. This suggests that the elasticity at the end of the material is reduced due to pressure-
induced movement. Furthermore, varying the diameter of the micro-pores leads to more noticeable changes in 
material shape, with larger diameters resulting in more pronounced alterations. 
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1   Introduction 
Mechanical properties such as elastic modulus of 
materials can be affected by variations in pore shape 
and distribution, [1]. Micromechanical modeling 
mostly focuses on practical changes in the shape of 
a material, which is usually determined by various 
factors such as ultimate strength, Young's modulus, 
and Poisson's ratio, [2]. Micromechanical modeling 
for predicting the linearly elastic limit properties 
also extends to effective stress-strain behavior 
beyond the tensile flow stress in anisotropic sheet 
samples, [3]. Apart from the material's length, 
width, and thickness, the micro-pore effect is also 
part of the geometric effect, which contributes 
significantly to the change in the shape of the 
material. It should be noted that the microstructure 
of porous materials in practical existence consists of 
pores distributed irregularly in various sizes and 
shapes. In particular, the distribution mode of these 
pores also clearly affects the overall elasticity of the 
material, [4]. The difference in the arrangement and 
distribution of the pore structure plays a vital role in 
optimizing the pore topology and achieving the 

desired effective material properties or tailoring 
specific textures, [5].  

Recent experimental findings show that stress 
transfer increases with increasing porosity [6], 
suggesting that numerical modeling only considers 
idealized pore arrangements. Hence, the stress 
induced by the external excitations can be 
transferred more smoothly in this microstructure but 
provides physical insight into how microscopic 
porous shapes affect macroscopic mechanical 
responses through systematic analysis. This feature 
may give novel ideas for designing porous 
structures or bio-implants with specific 
requirements, [7]. The use of approaches on a 
uniaxial compression of micro-porous rubber [8], 
compared with the experimental data for the stress–
stretch and volume change–stretch data of 
elastomers in uniaxial tension [9] under certain 
conditions for physical background and 
characteristic behavior found that the constitutive 
response of an elastic material offers different 
insights about the observed elasticity micro-pores 
phenomenon.  
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In this study, we focus on the shape of the 
material and the elastic properties of the micro-
porous material, which are only isotropic, with 
uniaxial stress tensors considered, [10]. The initial 
and boundary conditions could be the same for 
subsystems, which requires the assumption that both 
subsystems receive the exact amounts of pressure. 
Numerical techniques can be conveniently utilized 
to analyze porous structural materials with 
vacancies, [11]. We also assume that the stress 
tensors are equal and that the model requires 
information about the material structure, especially 
its components. We can find local solutions 
following these patches to divide the computational 
region into illustrations and individual small 
patches, obtaining a deformation solution using the 
Finite Element Method (FEM), [12], [13], [14], 
[15]. However, one needs proficiency in matrix 
algebra and good computer commands to apply 
powerful tools to engineering problems and obtain 
valuable solutions. 

 
 

2   Numerical Formulation 
In this paper, we denote the gradient and divergence 
concerning x = (x1,x2)T ∈ ℝ2 by ∇ and div, 
respectively. We denote the Lebesgue space on Ω 
by L2(Ω) and the ℝ2-valued Lebesgue space by L2 
(Ω; ℝ2). We also often use the Sobolev space 
defined by H1(Ω) ∶= {u ∈ L2(Ω); ∇u ∈ L2(Ω; ℝ2)}, 
and its trace space on the boundary ΓD, u denotes the 
unknown displacement field u(x)=((u1(x),u2(x))T ∈ 
ℝ2. Then, the strain tensor e[u](x) is defined by  
𝑒[𝑢](𝑥) = 𝑒𝑖𝑗[𝑢](𝑥) 

𝑒𝑖𝑗[𝑢] = 𝑒𝑗𝑖[𝑢] ≔
1

2
(

𝜕𝑢𝑖

𝜕𝑥𝑗
+

𝜕𝑢𝑗

𝜕𝑥𝑖
),   and the stress 

tensor is denoted by σ[u](x) = (σij[u](x)) ∈ 𝑅𝑠𝑦𝑚
2𝑥2  and 

defined as σ[u] ∶= Ce[u], the elasticity tensor 
C(x)=(cijkl(x)) asumed in symmetry condition, so the 
overall constitutive equation follows Hooke's law 
 

σij[𝑢](𝑥): = 𝑐𝑖𝑗𝑘𝑙(𝑥)𝑒𝑘𝑙[𝑢](𝑥)                    (1) 
 

If the representative volume element is assumed 
homogeneous, isotropic and linearly elastic, then  
𝑐𝑖𝑗𝑘𝑙(𝑥) or anisotropic elastic tensor expressed as 
𝑐𝑖𝑗𝑘𝑙(𝑥) = 𝜆𝛿𝑖𝑗𝛿𝑘𝑙 + 𝜇(𝛿𝑖𝑘𝛿𝑗𝑙 + 𝛿𝑖𝑙𝛿𝑗𝑘).  Here, λ 

and μ are Lame constant and δij is a delta cronecker, 
so eq (1) become: 

 
 𝜎𝑖𝑗 = 𝜆𝑒𝑘𝑘𝛿𝑖𝑗 + 2𝜇𝑒𝑖𝑗                   (2) 

 
For each elastic fracture mechanics, a small 

displacement represents deformation[16] where the 

superscript T denotes the transposition, equation 2 
be written as: 

  
[𝑢] = 𝜆(𝑑𝑖𝑣 𝑢)𝐼 + 2𝜇𝑒[𝑢]     

𝑡𝑟 𝜎[𝑢] = (3𝜆 + 2𝜇) 𝑑𝑖𝑣 𝑢,      
𝜎𝑖𝑗[𝑢] = (3𝜆 + 2𝜇)𝑒𝑖𝑖[𝑢]                        (3) 

 
Therefore, the strain component can be 

expressed as a function of the stress component in 
eq.3 by combining:  

𝑒𝑖𝑗[𝑢] =
1

2𝜇
𝜎𝑖𝑗[𝑢] −

𝜆

2𝜇(3𝜆 + 2𝜇
 𝑡𝑟 𝜎𝑘𝑘[𝑢]𝛿𝑖𝑗  

 
If the stress tensor is uniaxial,  

σ11 = σ, and  σ22 = σ33 = σ12 = σ23 = σ31 = 0, the 
corresponding strain comp e12 = e23 = e31 = 0, then 
𝑒11 =

1

𝜇

𝜆+2𝜇

(3𝜆+2𝜇
 [𝑢], 

 𝑒22 = 𝑒33 =
−𝜆

2𝜇(3𝜆 + 2𝜇
 [𝑢] 

 
Young's modulus and Poisson's ratio defined as:  

𝐸 =
𝜎11

𝑒11
=

𝜇(3𝜆 + 2𝜇)

𝜆 + 𝜇
, 𝑣 =

𝑒22

𝑒11
=

𝜆

2(𝜆 + 𝜇)
 

the Lame constant form: 
 =

𝐸

(1+)(1−2)
, =

𝜆

2(1+)
                (4) 

 
Assume that an elastic body occupies the 

domain volume Ω and let ω be a subdomain of Ω 
with boundary 𝐷 and normal vector n, concerning 
the elastic equilibrium equation defined as [17],  

𝐹 = ∫ 𝑓𝑑𝑥
�̃�

+ ∫ 𝜎 ∙ 𝑛𝑑𝑠


=0             (5) 
 

Then, in purely elastic materials assuming, by 
using the divergence theorem the linear elasticity 
equation in eq (5) can generally be expressed in 
terms of partial differential equations governing 
deformation and stress a slight displacement 
gradient  

− 𝑑𝑖𝑣(𝜎[𝑢]) = 𝑓(𝑥)  𝑥 ∈                  (6) 
  u = g (x),  𝑥 ∈ 𝐷, 𝑢 ∈ 𝑥|𝑢𝐷

= 𝑔𝐷
, 

[𝑢] ∙ 𝑛 = 𝑞(𝑥)   𝑥 ∈ 𝑁 , 𝑥 ∈ 
 
Then, 𝑓 ∈ 𝐿2(𝛺; 𝑅2);  𝑞 ∈ 𝐿2(𝛤𝑁; 𝑅2); 𝜎 ∈ 𝑅𝑠𝑦𝑚

2𝑥2 ,   
𝑥 ≔ 𝐻1(𝛺; 𝑅2) = {𝑢 = 𝛺 → 𝑅3|𝑢𝑖 ∈ 𝐻1(𝛺)} 

 
where f(x) is a given external load perpendicular to 
the plate on Ω, g(x) is a given anti-plane 
displacement on ΓD, and q(x) is a given boundary 
load in the x3-direction on ΓN . The outward normal 
derivative on the boundary of Ω is denoted by ∂/∂n .  
Transformation of the model  to the non-
dimensional system was using the Finite Element 
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Methods (FEM) with assumptions, �̃� =
𝑥

𝐿𝑅
 ,   �̃� ∈

�̃�,   then,   
Assuming that this functional system is also 

appropriate for the pore diameter and can express 
the existence of parallel channels with variations in 
the location/position of the material pores, the 
problem may now be written in the weak 
formulation, [18]. For this purpose, we multiply the 
differential in equation (6) with the so-called test 
function v, which, 𝑣 ≔ {𝑢 ∈ 𝑥 |𝑢𝛤𝐷

= (0,0,0)𝑇} ⊂

𝑥 and if  g ∈ 𝑥,    𝑢|Г𝐷
= 0, and integrate both sides 

over the whole domain Ω , therefore, 

∫ 𝑓 •  𝑣 𝑑𝑥
̃

= − ∫ �̃�̃ [�̃�] •  𝑣
̃

  𝑑𝑥.   (7) 
 

If we require the test function v to satisfy the 
same boundary condition, 𝑣|Г𝐷

= 0,  by using the 
Divergence Theorem,   equation (6) becomes 

∫ 𝑓 • 𝑣 𝑑𝑥
�̃�

𝑓 • 𝑣 𝑑𝑥 = − ∫ 𝜎𝑖�̃� [�̃�]𝑛𝑗 𝑣𝑖𝑑𝑆
𝜕�̃�

+

∫ 𝜎𝑖�̃� [�̃�] (𝜕
𝑗
𝑣𝑖)�̃�

𝑑𝑥                  (8) 
 

The displacement of v appears inside an 
integral.  Since the integration provides a smoothing 
effect,  
σij[𝑢]𝑛𝑗𝜐𝑖 = (𝜎[𝑢]𝑛) ∙ 𝜐 = 𝑞 ∙ 𝜐, need to be 
continuous, so the calculus comes into play for a 
differentiable function of the weak derivative that is 
equal to the usual result.  

∫ ̃ [�̃�] (𝜕
𝑗
𝑣𝑖)𝛺

𝑑𝑥 = ∫ ((𝑑𝑖𝑣 �̃�)(𝑑𝑖𝑣(𝜐) +
�̃�

2𝜇𝑒[𝑢] 𝑒[𝜐]))  𝑑𝑥               (9)  
    

where ∫ 𝑓 • 𝑣 𝑑𝑥
𝛺

− ∫ 𝑞 ̃ . 𝑣
𝜕�̃�

𝑑𝑆 is an unknown 

function, and  ∫ 𝑖�̃� [�̃�] (𝜕
𝑗
𝑣𝑖)�̃�

𝑑𝑥 = 

∫ ((𝑑𝑖𝑣 �̃�)(𝑑𝑖𝑣(𝜐) + 2𝜇𝑒[𝑢] 𝑒[𝜐]))
�̃�

 𝑑𝑥  is a 
given function. 
 

At time t ∈ [0, T], we denote the weak solution 
to (8) by u(t). Then, the weak solution u(t) is 
characterized by the following variational principle, 
i.e., it is obtained as a unique minimizer of the 
following elastic energy including the body and 
surface forces under a suitable boundary condition 

𝐸𝑒𝑙(𝑡, 𝑣) ≔
1

2
∫ 𝜎𝑖�̃� [�̃�] (𝜕𝑗𝑣𝑖)

�̃�

𝑑𝑥 − ∫ 𝑓(𝑡). 𝑣
�̃�

 𝑑𝑥 

− ∫ 𝑞 ̃. 𝑣
�̃�

𝑑𝑆    (10) 
 

The numerical solution simulation uses 
FreeFem++ software, an open-source software 
combined with  GNUplot, to perform a chart.   One 

must define initial and boundary conditions with the 
plate is supposed to be an isotropic elastic material 
with a constant thickness and is treated as a two 
dimensional rectangular on the x-axis and y-axis in 
Ω field with the border in cartesian domain  
border A(t=a1,a2) {x = t;      y = b1; 

border B(t=b1,b2) {x = a2;    y = t; 

border C(t=a2,a1) {x = t;    y = b2;  

border D(t=b2,b1) {x = a1;     y = t;  
 

The micropores domain restrict the border L 

(t=0, 2*pi)  and the domain position can vary to   
very diverse diameter systems showed in Figure 1. 

 

 
Fig. 1: Numerical domain on the cartesian plane 
 

The first design is to determine different pore 
positions (h), namely h1= (0.2) μm h2= (0.4,) μm, 
h3= (0.6) μm and h4= (0.8) μm. After that, the pore 
diameter (d) was varied at each different pore 
position from the value range 0.01 μm ≤d≤ 0.09 μm.   
The second design used four materials with different 
pore diameters (d): 0.02 μm, 0.04 μm, 0.06 μm, and 
d4 = 0.08 μm. The pore position (h) was varied for 
each pore diameter. The parameters Young's 
modulus (λ) and Poisson's ratio (μ) [19], are written 
with the following code: real mu = 7.617e10; real 
lambda = 9.69e10; real rho = 7700; real E = 1.84e6; 
and real nu = 0. . Whereas the elastic linear 
equations are written as solvelame([u1,u2],[v1,v2]) 
=    
   int2d(Th)(lambda*div(u1,u2)*div(v1,v2) 
+ 2.*mu*(eps(u1,u2)'*eps(v1,v2))) 
- int2d(Th)(gravity*v2) 
- int1d(Th,3)(23.75*alpha* 
-sin(0.3*pi*t)*v2)+on(4, u1=0, u2=0)+on(2, u2=0). 
 
 
3    Results and Discussion 
 
3.1  Numerical Simulation of Displacement 

on a Variety of Micropore Positions  
Because the pores in porous materials are frequently 

irregularly distributed and formed in the solid phase, 

it is challenging to ascertain the total elastic 

characteristics using analytical or experimental 

means. For this reason, the numerical analysis 

becomes essential. A representative volume element 
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(R) is established if the porous material is 

considered homogenous at the macroscopic scale. 

The local response of the absorbent material, as 

determined by micromechanics, may be used in 

conjunction with the particular boundary condition 

to derive the overall moduli of porous materials. 

Below are the results of a displacement simulation 

in location (H = 0,1m and 0,2m) where the micro-

pore diameter is varied. The results are shown in 

Figure 2, Figure 3, Figure 4 and Figure 5. 

 
 

d = 0,02m 

 

 
H=0,1m 

 
H=0,2m 

Fig. 2:  Displacement simulation at micro-pore 
diameter of 0.2 μm 
  
 

Fig. 3:  Displacement simulation at micro-pore 
diameter of 0.4 μm  
 

In the mixed position configuration, small 
circular pores oriented along the load direction play 
an important role compared with large ones. 
Discrete plastic deformation bands are sharper and 

essentially bypass these pores. The earlier the 
damage starts and, therefore, the lower elasticity can 
be expected. 
 

d = 0,06m 

 

 
H= 0,1m 

 
H=0,2m 

Fig. 4:  Displacement simulation at micro-pore 
diameter of 0.6 μm  
 
 

d = 0,08m 

 

 
H= 0,1m 

 
H=0,2m 

Fig. 5:  Displacement simulation at micro-pore 
diameter of 0.8 μm  
 
3.2 Numerical Simulation of Displacement 

due to Change in Micropore Diameter 
Displacement simulations with various micropore 
diameters determined by the design location 
micropores of H1=(0.2)µm, H2=(0.4) µm, 
H3=(0.6)µm, and H4=(0.8) µm are provided.  The 
diameter (d) of the micropores was then adjusted for 
each separate pore size in the range of 0.01 µm to 
0.09 µm. The results are shown in Figure 6, Figure 
7, Figure 8 and Figure 9. 
 

d= 0,04m 

 

 
H= 0,1m 

 
H=0,2m 
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Fig. 6: Simulated displacement of micropores at 
H1=0.1 µm, diameter varied from 0.01 to 0.09 µm 
 
 

H2 =0,4 μm 

 

 
d=0,02 m 

 
d=0,05 m 

 
d=0,09m 

Fig. 7: Simulated displacement of micropores at 
H2=0.4 µm, diameter varied from 0.01 to 0.09 µm 
 

A rectangular material with micropores is seen 
in the above photograph. The top and lower ends of 
the micropores in the material broaden as the 
micropores' diameter varies; the higher the 
micropores' diameter, the larger the shape of the 
material changes. Based on the strain energy 
function of microporous materials under uniaxial 
compression, a volumetric strain energy function is 
produced, taking into account the mathematical link 
between strain energy and the impact of porosity on 
the relationship between stress and strain. The 
simulation results for this area may be used to 

calculate the energy level sufficient to achieve the 
elastic value, and a graphical representation of the 
results is required. The graph in Figure 10 shows the 
elastic energy level as a consequence of the 
microporous region's pore location and pore size. 
 

H3 = 0,6 μm 

 

 
d= 0,02m 

 
d=0,05m 

 
d=0,09m 

Fig. 8: Simulated displacement of micropores at 
H3=0.6 µm, diameter varied from 0.01 to 0.09 µm 
 
 

H4 = 0,8m 

 

 
d= 0,02m 

 
d=0,05m 

 
d=0,09m 

Fig. 9: Simulated displacement of micropores at 
H4=0.8 µm, diameter varied from 0.01 to 0.09 µm 
  

A rectangular material with micropores is seen 
in the above photograph. The top and lower ends of 
the micropores in the material broaden as the 
micropores' diameter varies; the higher the 
micropores' diameter, the larger the shape of the 

H1 = 0,2 μm 

 

 
d=0,02 μm 

 
d=0,05m 

 
d=0,09m 
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material changes. Based on the strain energy 
function of microporous materials under uniaxial 
compression, a volumetric strain energy function is 
produced, taking into account the mathematical link 
between strain energy and the impact of porosity on 
the relationship between stress and strain. The 
simulation results for this area may be used to 
calculate the energy level sufficient to achieve the 
elastic value, and a graphical representation of the 
results is required. The graph in Figure 10 shows the 
elastic energy level as a consequence of the 
microporous region's pore location and pore size. 
 

(a)

 
(b)

 
Fig. 10: Elastic energy of micropores: (a) varied in 
pore displacement and (b) varied in pore diameter  
  

Elasticity has been shown to increase with the 
diameter of the micropores, indicating that 
differences in the size of the micropores affect the 
elastic value of the material. The elastic value is 
almost constant when the micropores shift to 
different positions, but the value decreases when the 
micropores are at both ends of the material, 
indicating that the elasticity at the ends of the 
rectangular material is smaller than when the 
micropores are located in the middle of the content. 
The greater the pore diameter, the greater the 
elasticity energy value. However, with variations in 
position, the elasticity value of the micropores is 
nearly constant, even though the value is small 

when the micropores are at the ends of the material, 
indicating that the elasticity at the ends of the 
rectangular material is smaller than when the 
micropores are in the middle.  However, creating 
elasticity material would be challenging as it 
depends on several factors, such as the microporous 
position and the microporous diameter for a 
constituent in future investigations concerning the 
presented physical and mathematical aspects. 
 
 
4   Conclusion 
Rectangular domains with micropores have been 
successfully simulated using open-source software. 
The presence of micropores affects the ability of the 
material to change its shape.  The greater the pore 
diameter, the greater the elasticity energy value. 
Moreover, the elasticity value of the micropores is 
nearly constant, even though the value is small 
when the micropores are at the ends of the material, 
indicating that the elasticity at the ends of the 
rectangular material is smaller than when the 
micropores are in the middle. It will close due to the 
movement of the material induced by the pressure. 
The larger the diameter of the microporous, the 
more the shape of the material changes, that is, the 
wider the top and bottom surfaces of the material. It 
would be interesting to extend the analysis of the 
diameter of the microporous and its distribution in 
homogenous domain material and the usefulness of 
a practical system of the material’s shape change 
processing. 
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