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Abstract: - Stochastic Moore automata have in opposition to stochastic Mealy automata the same capabilities
as general stochastic automata, but have the advantage that they are easier to access than their pure stochastic
counterparts. Cascade decomposition of automata leads to a loop-free partitioning and in this way contributes
to the analysis of automata. This paper shows that stochastic Moore automata can be decomposed into cascade
products of stochastic Moore automata under mild conditions.
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1 Introduction

The theory of discrete stochastic systems has been
initiated by the work of Shannon [|1] and von Neu-
mann [2]. While Shannon has considered memory-
less communication channels and their generalization
by introducing states, von Neumann has studied the
synthesis of reliable systems from unreliable compo-
nents. The fundamental work of Rabin and Scott [3]
about deterministic finite-state automata has led to
two generalizations. First, the generalization of tran-
sition functions to conditional distributions studied by
Carlyle [4] and Starke [5]. This in turn yields a gen-
eralization of discrete-time Markov chains in which
the chains are governed by more than one transition
probability matrix [6]. Second, the generalization of
regular sets by introducing stochastic automata as de-
scribed by Rabin [[7].

By the work of Turakainen [§], stochastic accep-
tors can be equivalently viewed as generalized au-
tomata in which the probability” is neglected. This
leads to a more accessible approach of stochastic ac-
ceptors [9, [10]. On the other hand, the class of
nondeterministic automata [[11]] can be generalized
to monoidal automata, where the input alphabet cor-
responds to an arbitrary monoid instead of a free
monoid [|12, 13, [14]. This leads to socalled monoidal
automata whose corresponding class of monoidal lan-
guages is closed under a smaller set of operations
when compared with the class of regular languages.

The famous result of Krohn-Rhodes states that de-
terministic finite-state automata can be decomposed
into elementary components which correspond to per-
mutation and reset automata connected by cascade
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products [|13, 15, [1§]. In the following, the cas-
cade product defined for deterministic finite-state au-
tomata will be adapted to stochastic automata.

Mealy and Moore automata form a class of de-
terministic finite-state input-output automata which
are of theoretical interest but also utilized in hard-
ware design [|17, 18, 19]. There are stochastic variants
of Mealy and Moore automata, where its known that
the class of stochastic Mealy automata forms a sub-
class of the stochastic Moore automata and the class
of stochastic Moore automata already corresponds to
the full class of stochastic automata [9, [10, 20]. Due
to their structure, stochastic Moore automata are eas-
ier accessible than general stochastic automata.

In this paper, stochastic automata are considered in
section 2 and stochastic variants of Mealy and Moore
automata in section 3. In the main section 4, a general
notion of cascade product of stochastic automata fol-
lowing the lines of deterministic finite-state automata
in the Krohn-Rhodes theory is introduced. It will be
shown that the cascade product of a stochastic Moore
automaton yields a stochastic Moore automaton and
each stochastic Moore automaton has a cascade de-
composition into stochastic Moore automata under
mild conditions.

2 Stochastic Automata
Stochastic automata are abstract finite-state machines
with input and output behavior [9, [10, 12, 21]. A
stochastic automaton can be viewed as an extension of
a nondeterministic finite-state automaton with proba-
bilistic transitions.

Formally, a stochastic automaton (SA) is a
quadruple A = (5,3, Q,p), where S is a nonempty
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finite set of states, ¥ is an alphabet of input symbols,
Q) is an alphabet of output symbols, and for each pair
(a,s) € ¥ x8,p(,-| a,s) is a conditional probabil-
ity distribution on €2 x S.

Given a conditional probability distribution p(-, - |
a,s) on  x S, we define a conditional probability
distribution p(-,- | z,s) withz € ¥* and s € S on
Q* x S recursively as follows.

e Forall s,s" € S,

1 ifs=¢,

pedlen={§ 20w

where e denotes both the empty word in ¥* and
O*.

e Forall s,s € S,z € ¥* and y € Q* with
x| # lyl,

Py, s’ | z,s) = 0. 2

e Foralls,s’ € S,a € X,z € ¥* b c Q, and
y € QF,

ﬁ(ybv s' | Z‘CL,S) =
Zﬁ(yvt | (L‘,S) p(bv 5/ | aat)' (3)

tesS

Then for each pair (z,s) € ¥* x S, p(-,- | z,s) isa
conditional probability distribution on * x S.

Note that the measures p and p coincide on the set
QxS x % xSifweputz =y = ein (f). Therefore,
we will write p instead of p.

As a generalization of (), for all z,2/ € X*,
y,y € O, and s, s’ € S with |z| = |y],

plyy' s | zal,s) =
Zp(y,t | z,8) - py/,s" | 2/,t). (4)

tesS

A stochastic automaton works serially and syn-
chronously. It reads an input word symbol by sym-
bol and after reading an input symbol it emits an out-
put symbol and transits into another state. More pre-
cisely, if the automaton starts in state s and reads the
word x, then with probability p(y, s’ | z, s) it will end
in state s’ emitting the word y by taking all interme-
diate states into account.

The behavior of a stochastic automaton can be de-
scribed by probability matrices. To this end, let A be a
stochastic automaton with state set S = {s1,..., s, }.
For each pair of input and output symbols a € X
and b € Q, put p;;(b | a) = p(b,s; | a,s;) for all
1 < 4,7 < n and define the real-valued n x n matrix

P |a)= (pij(b|a))i<ij<n- (5)
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Note that the matrix P (b | a) is substochastic, i.e., it
is a square matrix with nonnegative entries and each
row adds up to at most 1. The elements of P(b | a)
provide the transition probabilities between the states
if the symbol a is read and the symbol b is emitted.
This definition can be extended to strings of input and
output symbols. For this, note that by ([If) we have

P(e|e) = I, (6)

where I, is the n X n unit matrix. Moreover, ifz € >*
and y € Q* with |z| # |y|, then by (B) we have

Pz ‘ y) = On, ™)

where O,, is the n x n zero matrix. Furthermore, if
aeX,zeX, beQ andy € QF, then by () we
have

P(yb | a) = Ply | 2) - P(b | a). (8)

More generally, by () and the associativity of matrix
multiplication, for all z, 2 € ¥* and y,y’ € Q* with

2| = |y,
P(yy' | zz') = P(y | ) - P(y' | 2'). )

Summing up, each stochastic automaton A is
uniquely characterized by the collection of sub-
stochastic matrices {P(b | a) | a € X,b € Q}.
For each input symbol a € ¥, the matrix P(a) =
> peq P(b | a) is stochastic. More generally, for each
input word z € X%, the matrix P(z) = 3 . P(y |
x) is stochastic.

Example 1. Consider the stochastic automaton A =
({s1,s2},{a}, {b}, p) with conditional probabilities

1
) p(b7 52 | a,Sl) - 57
=1.

[SIN )

p(b,s1]a,s1) =

~—

and p(ba 82 ‘ a, $2

The automaton is given by the state diagram in Fig. [l
The corresponding substochastic matrix is

1

3 .

')
Thus for each integer k > 1,

K ?719 3lc_A2k
P(a") = ( %‘ 31" )

QwIiN

P(a):P(b]a):(
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19/3 a,b:1/3 -
s (D)2

Figure 1: State diagram of A.

3 Stochastic Mealy and Moore

Automata
Mealy and Moore automata are prominent classes of
automata [[17, |18, [19]. In a Mealy automaton the out-
put is determined both by the current state and the
current input, while in a Moore automaton the out-
put is defined by the next state. In the following,
stochastic versions of these automata types are pre-
sented [9, |10, 20].

A stochastic automaton A = (S, X%, Q, p) is called
stochastic Mealy automaton if there are conditional
probabilities p1 (- | a,s) and pa(- | a,s) over Q and
S, respectively, such that for all a € X, b € Q and
s,s' €8,

p(b,s' | a,s) =pi(b|a,s) pa(s' | a,s). (10)

Stochastic independence of state transition and out-
put emission makes stochastic Mealy automata a re-
stricted class of stochastic automata.

A stochastic automaton A is state-determined if
there is a mapping § : ¥ x S — S such that for all
a€eXandse S,

Zp(b,é(a, s)|a,s)=1. (11)
beq2

Each state-determined stochastic automaton A is a
stochastic Mealy automaton.

A stochastic automaton A is output-determined if
there is a mapping A : X x S —  such that for all
a€eXYandse S,

> p(Ma,s),8 | a,8) = 1. (12)
s'eS

Each output-determined stochastic automaton A is a
stochastic Mealy automaton.

Example 2. Take the stochastic Mealy automaton
A= ({Sla SQ}a {a}a {b7 C},p)
with probabilities

| pi(b|a,-) pi(e

S1
52

SN ——

\ p2(s1|a,-) pa(s2]a,-)

S1
52

[N
[NV
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Then

1

P(bla)=<? é) and P(c|a):(

20

g\wh—

[S{[SteS
\_/

and therefore

[SIFNGV| N}
\/

&

A stochastic automaton A = (S, X, Q, p) is called
stochastic Moore automaton if there are conditional
probabilities p(- | s) and p'(- | a,s) over  and S,
respectively, such that foralla € ¥,b € Qand s, s’ €
Sa

p(b,s" [ ays) = p(b] ) -p'(s' | ays).  (13)

In opposition to stochastic Mealy automata, the output
emission in Moore automata depends only on the state
transition. The following result shows that stochas-
tic Moore automata already provide the most general
type of stochastic automata [9, [10].

Theorem 1. For each stochastic automaton A =
(S4,%,8Q,pa) there is a stochastic Moore automa-
ton B = (Sp,%,Q,pp) such that A and B are S-
equivalent.

Proof. First, put Sg = €2 x S, and

pB(b2,(b1,51) | a, (bo, s0)) =

pa(bi,s1|a,s0) ifby = by,
0 otherwise

foralla € ¥, by € , and (b1, s1), (bo, S0) € SB.
Moreover, for all a € ¥ and (b1, s1), (bo, S0) €
Sp put

p/((bhsl) | a, (bOa 50)) = pA(bl,Sl | aas())
and

1 if by = bo,
p(ba | (b1, 81)) = { 0 othérwiszz.

Then we have for all a € X, by € £, and
(bla 51)7 (bOa 50) € SB’
pB(b2,(b1,51) | a, (bo, s0)) =
(b | (b1, 1)) - p'((b1,51) | @, (bo, 50))-
It is clear that B is a stochastic Moore automaton. In

particular, x4 is a mapping, i.e., the successor state de-
termines uniquely the output symbol.
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Second, define the mapping ¢ : Sp — S4 by
#((b,s)) = sforall (b,s) € Sp. Then

pa(ba, ¢ p(br,s1) | a, (bo, s0))
=Y pr(b2, (b;51) | a, (bo, 50))

beQ
= pp(b2, (b2, 51) | a, (bo, 50))
=pa(ba, s1 | a,s0)
= pa(ba, ¢(b1,51) | a, d(bo, s0)),

where ¢_1¢(b17 Sl) = {(b7 S) € SB ‘ ¢(b7 3) =
o(b1,s1)} = {(b,s1) € Sp | b € Q}. 1t follows that
the mapping ¢ is an S-epimorphism. In this way, the
stochastic automata A and B are S-equivalent. O

4 Cascade Products

The cascade product of deterministic finite-state au-
tomata plays an important role in Krohn-Rhodes the-
ory [22, |15, [13, [16]. In this section, a generalization
of the cascade product for stochastic automata will be
introduced. Note that a related notion of loop-free de-
composition of generalized finite-state semiautomata
has been studied [23, 24].

The cascade product of two stochastic automata
A = (SA7 27 QAva) and B = (SB) EB? QB:pB)
with ¥ g = ¥ x Sy is the stochastic automaton C' =
(S, 2,9, p), written C = Ax B, where S = S4xSp,
Q=04 x Qpg, and

p((bh b2)7 (5/17 5/2) | a, (817 52)) =
pa(b, 81 | a,s1) - pp(ba, sy | (a,s1),82) (14)
forall a € %, (s1, s2), (8], 55) € S and (b1, be) € Q.
Note that p(-,- | a,(s1,s2)) is a conditional

probability distribution, since for all a € X,
(81, 82), (8’1, 8/2) € S and (bl, bQ) S Q,

Z Zp((blvbQ)v (5/178,2) | a, (81752))

1ol
bl,bQ 51,82

= palbr,si | a,51) > pp(ba,sh | (a,51),52)

b1 ,S/l b2 75/2
=1.
The definition of cascade product can be generalized

by introducing a mapping w : X X S4 — Xp such
that

p((bl,bQ), (5/175/2) | a, (81732)) =
pa(by, sy | a,s1) pp(ba, sh | w(a,s1),s2) (15)

foralla € X, (s1, s2), (s}, s5) € S and (b1, b2) € Q.
Then the cascade product is written as C' = A x,, B.
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Proposition 2. Given stochastic Moore automata
A = (84,%,Q4,P,04) and B = (SB,¥ X
Sa,QB,p'g, uB). The cascade product C = A x B
is a stochastic Moore automaton

C = (Sa x SB, %, x Qp, pe, pc)

with transition probabilities
pC((blabQ))(S/las,Q) | a, (51752)) = (16)

o (b1, b2) | (s1,55)) - pe((s1,55) | a, (s1,52)),
where
pc (b1, b2) | (s1,55)) = pa(by | 81) - pp(ba | 55) (17)
and

pe((s1,83) | @, (s1,82)) =

pi‘l(sll | CL,Sl) 'plB(SIQ | (a7 Sl)aSQ) (18)

Jor all a € X and (s1,s2),(s},s5) € Sc, and
(bl,bg) c Qc.

Proof. The cascade product C = A x B has the tran-
sition probabilities

pC((blabQ)a (8/155/2) | a, (81752)) =
pa(b, st | a,s1) - pp(ba, sy | (a,s1), s2),

where a € 3, (s1,52), (8], s5) € Sc, and (b1, b2) €
Q¢. Since A and B are stochastic Moore automata,

pa(bi,sy | a,s1) = pa(by] s7) - Pa(s) | a,s1)
and
pi(be,s5 | (a,s1),82) =
/’LB(bQ ’ 8/2) plB(S/Z | (a731)782)'

In this way, eqns. (16)-([L8) are established.

Moreover, for each pair (s1,s2) € Sc, po(- |
(s1,s2)) is a conditional probability distribution,
since for all s1,s0 € S,

> nc((brb) | (s1,52))

br b
= nalbr | s1)- > up(ba | s2)
b1 b2

=1.

Furthermore, for all (s1,s2) € Sc¢ and a € %,
(- | a, (s1,s2)) is a conditional probability distri-
bution, since for all ¢ € X and s1, 59 € S,

S pe(sh5h) | a, (s1,2))
51,85

=S s L as) - S sk | (a,s1),5)
sh 85

=1.
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Finally, pc(-, - | a, (s1, $2)) is a conditional proba-
bility distribution, since for all a € ¥ and s1, s9 € S,

Z ZPC((blabQ)a (3/178,2) | a, (31732))

’ool
bl,bg 51,89

Z ZPA(blvsll | avsl)pB(b275/2 | (CL, 31)752)

ba,85 ba,s)

= 1.

O
Example 3. Consider the stochastic Moore automa-
ton
A= ({517 32}7 {a’}7 {ba C}>p£4a /‘LA)
with probabilities specified by

| pad]) pale]) pylsila) pylsa]a)

S1 1 0
S9 0 1

Y|
G0N

and the stochastic Moore automaton

B = ({t17 tQ}a {(CL, 81)7 (CL, 52)}7 {bv C}ap/37 ,UB)
with probabilities defined by

| uB(]-) pslc]:)
T
t2 3 3
and
plB(tl | (1(1, 81)’ ) plB(tQ ‘ (1a;51), )
t1 = =
A z
Pt | (a,82),-) pPr(t2 | (a,s2),-)
T !
to 0 1

The cascade product C' = A x B is the stochastic
Moore automaton

C = ({s1,52} x {t1,t2}, {a}, {b,¢}*, pc:, )
with probabilities given by

po((b:0) [) no(lbe) | )

(s1,t1)
(51,12)
(821 tl)
(SQat )

S OwlF
S Owibal

pe((eb) [-) pelleo) | )

W= O O
whavl—~ O O
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and

pIC((Sl’tl) ‘ CL,~) p/C((SlﬂtQ) | a, )

a0 :

I i

(Sg,tl) 10 10

(s2,2) 0 5
pIC((SQ’tl) ‘ a, ) p/C’((527t2) | a, )

(Sl,tl) % %

(Sl,tg) o 9

3 2

(s2,t1) 5 g

(s2,2) 0 5

%

A special case of the cascade product is the di-
rect composition of two stochastic automata A

(S4,%4,4,pa) and B (SB,%B,2B,1B),
which is given by the cascade product C'

(S,%,9Q,p), where S = Sq x S, ¥ = ¥4 X Xp,
Q = Q4 x Qp, and the conditional probabilities
p((b1,b2), (s1,82) | @, (s1,52))
:pA(blﬂsa ’ a,31) 'pB(b278/2 ’ a732)

(19)

forall a € X, (s1, s2), (8], 55) € S and (b1, b2) € €.

A partition R of a state set S is a collection
R = {R; | i € T} of non-empty subsets R; of
S such that each element of S belongs to exactly
one subset. The elements of a partition are called
blocks. For instance, partitions of the set {1,...,5}
arc {{1,2}, 3,4}, {5}} and {{1,2,3}, {4}, {5}}.

The set of partitions of a non-empty set S can be
partially ordered such that for any partitions R, Ra
of S, Ri < Ry if each block of Ry is the union
of one or more blocks of R;. The smallest parti-
tionis 0 = {{s} | s € S} and the largest par-
tition is 1 = {S}. Thus for each partition R of
S, we have 0 < R < 1. More specifically, the
partitions of a non-empty set .S form a lattice, i.e.,
any two partitions have a least upper bound and a
greatest lower bound denoted by inf and sup, respec-
tively. For instance, 0 < {{1,2},{3},{4},{5}} <
{121,434}, {53} < {{1,2,5}, (3,43} < L

In view of a stochastic Moore automaton A, a
partition () of the state set S4 has the substitution
property for A if for each input a € ¥, all blocks
Q;,Q; € Q, and states s1, s € ();, marginal proba-
bilities fulfill

Y pals laysi)= Y pals' | a,s2).

s'€Q; s'€Q;

(20)

Two partitions () and R of the state set S 4 are mu-
tually independent if for all a € 3, s € S, and each
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pair of blocks (); and R,

Y Pals'las)

s'€Q;NR;
= > (sl a,s)- Y Pals [as). (2D
S/EQi S,GR]'

Theorem 3. A stochastic Moore automaton C =
(S, %, Q, p, 1) admits a decomposition into a cascade
product C' = A x B of stochastic Moore automata A
and B if there are partitions () and R of the state set
S such that () has the substitution property for C, Q
and R are mutually independent, QQ and R are output
compatible (see proof), and inf(Q, R) = 0.

Proof. Let @ = {Q1,...,Qn} and R
{R1,...,R,}. In view of the condition inf(Q, R) =
0, the cartesian product @ x R = {(Q;, Rj) | 1 <i <
m, 1 < j < n} corresponds one-to-one with the state
set S, where the pair (Q;, R;) with Q; N R; = {s;;}
is associated with the state s;;. Thus S¢ = {s;; | 1 <
i<m,1<j<n}.

Define the stochastic Moore automaton A =
(Qa Ea QQapa /‘L)’ where

Pa(@j1a, Qi) = Y pe(s'|a,s), s€Qi (22)

s'€Q;

By the substitution property, the conditional distribu-
tion p/; is well-defined.

Define the stochastic Moore automaton B =
(Ra ¥ x Q,QR,p, :u)’ where

pE(Ri| (a,Qi), By) = Y pels | ays),  (23)
s'e€Ry;
Qi N Ry, = {s}.
Then by the mutual independence of () and R,

p/C((ij Rl) ‘ a, (Q’La Rk))
= pe(sii | a, sik) (24)
= 3 ols avsa) - S pols | assi)
s'€Q; s'eR,;
=pu(Qj | a,Qi) - Pp(Ri | (a,Q:), Ry).
Furthermore, the partitions () and R of the state
set S are output compatible, i.e., the output set of C'

can be written as 2 = Qg x Qg such that for each
by € QQ, by € QRanin S Q,Rj € R,

ne((b1,b2) [ (Qi, Ry)) =
1Ay | Qi) - pp(be | Rj),
where 14 and pp are conditional probabilities on )

and R, respectively. Hence, C' is the cascade product
of A and B. O

(25)
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Example 4. Consider the stochastic Moore automa-
ton

C = ({s1,...,s4},{a}, {(b1,c1),

(b1, ¢2), (b2, c1), (b2, c2)}, 9, 1)

with probabilities given by

uc((b1iC1) ) Mc((bli@) 1)
A %
2 i

° f i
84 12 1

NC((b2icl) ) MC((’D{CQ) )
A |
o i

? ?
S4 6 2
and
p’c(811\ a,-) p’c(823! a,-)
A
. i
1 3
S4 10 10
p’c(831\ a,-) p’c(843! a,-)
A
2o 5
3 i
54 5 5
The partitions

Q ={Q1 = {s1,52},Q2 = {s3,84}}
and R = {Ry = {s1, 53}, R2 = {s2,54}}

satisfy inf(Q, R) = 0.
Define the stochastic Moore automaton

A= ({Q1,Q2},{a}, {b1,b2)}, 1, )
with probabilities given by

| pabr]-) paba|-)

T

1
3

@1
Q2

=
Wil | §

and

| p'A(Qll | a,-) Pfq(Qzl | a,-)
E T

1

o)
Q2

Moreover, define the stochastic Moore automaton

B = ({Rl, R2}a {(CL, Ql)v (aa Q2>}7 {61702)}717,’ N)

NS )
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with probabilities given by

| uB(cll ) MB(012 )
Ry s 5
Rl 1 :
and
plB(Rl ‘ (CL, Q1)7 ) plB(Rl ‘ (a7 Q2)7 )
Ry I I
A z
pp(R2 | (a,@Q1),-) pPp(R2|(a,Q2),)
Ry I T
. i i
2 3 3

&

5 Conclusion

The classes of stochastic Moore automata and
stochastic automata have the same functionality, but
stochastic Moore automata have the advantage that
they are easier to access than their pure stochastic
counterparts. Cascade decomposition of automata
plays an important role for their analysis. This paper
has shown that stochastic Moore automata can be de-
composed into a cascade product of stochastic Moore
automata under mild conditions. Iterated cascade de-
composition might lead to a loop-free partitioning of
stochastic Moore automata and in this way might con-
tribute to the exploration of complex systems.
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