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Abstract: In this paper, we introduce and systematically study the Hyper G-Matrix Pair (4,(s, ¢), Bx(s, t)), where
An(s, t) is a Hankel matrix constructed from generalized harmonic numbers Hy, (z,5) = > ;1 (k+s) ™ and By (s, t)
is a binomial weight matrix generalizing the classical Hilbert matrix. We establish the fundamental duality relation
An(s,0)T = Dy (s,0)Bu(s, {)Do(s, t) with explicit diagonal matrices D1 (s, 7) and Ds(s, ). This relation extends
the classical connection between the harmonic Hankel matrix and the Hilbert matrix fors = 0, # = 1. We provide
explicit constructions, computational verifications, and structural properties of these matrix pairs. Connections to
digamma functions, binomial coefficients, and Cauchy-type matrices are explored. The results unify and gener-
alize several classical results in matrix analysis and special functions.

Key-Words: Hyper G-Matrix, Hankel matrix, Hilbert matrix, generalized harmonic numbers, binomial
coefficients, Cauchy matrix, digamma function, matrix duality, structured matrices, inverse formulas.

2020 Mathematics Subject Classification: 15B05, 15B48, 11B65, 33B15, 15A09, 15A15, 15A18, 65F40.
Received: June 24, 2025. Revised: October 16, 2025. Accepted: January 19, 2026. Published: June 8, 2026.

1 Introduction wise perturbation analysis has advanced our under-
standing of matrix decompositions, [9]. Further re-
sults in this direction have been obtained for struc-
tured matrices, [[10].

In this section, fundamental definitions related to gen-
eralized harmonic numbers, Hankel matrices, and the
Hilbert matrix are given, classical results in the liter-

ature are recalled, and the scope of the study is in- In recent years, the theory of G-matrices has
troduced. Additionally, the basic framework of the- emerged as a powerful framework for understand-
orems, lemmas, propositions, corollaries, and exam- ing duality relations between structured matrix fam-
ples to be used in the following sections is outlined. ilies, [[L1]. This was extended to Hyper G-matrices in

The interplay between special functions and struc- subsequent work, [12]. Foundational results in ma-
tured matrices has long been a fertile ground for trix computations provide the necessary background,
mathematical discovery. Among structured matrices, [13]. Linear algebra texts have also covered these top-
Hankel matrices and Cauchy matrices occupy central ics extensively, [14]. Numerical methods for large-
positions due to their appearance in approximation scale eigenvalue problems require specialized tech-
theory, moment problems, and numerical analysis, niques, [[15]. The solution of large-scale matrix prob-
[[]. Graph-theoretic approaches to matrix analysis lems has been further developed, [L6]. Advanced nu-
have provided powerful tools for understanding ma- merical linear algebra techniques have been summa-
trix structures, [2]. Bounds on polynomial roots us- rized in standard references, [[17]. Matrix perturba-
ing companion matrices have been extensively stud- tion theory has been treated in detail, [[18]. Itera-
ied, [3]. The connection between algebraic curves tive methods for linear systems are also fundamen-
and matrix properties has revealed deep relationships, tal, [[19]. Direct methods for sparse matrices have
[4]. Stability radii and pseudospectra analysis have been studied, [20]. Eigenvalue algorithms have seen
become fundamental tools in numerical analysis, []. continued improvements, [21]. The theory of ma-
Structured backward errors for nonlinear eigenvalue trix functions has also contributed to this area, [22].
problems have been investigated, []. Pseudospectra Large-scale eigenvalue problems remain a challenge,
analysis has been further extended to nonlinear eigen- [23]. New numerical methods have been proposed
value problems, [[7]. Recent advances have also con- for such problems, [24]. Another significant con-
sidered structured pseudospectra, [§]. Component- tribution addresses large-scale eigenvalue computa-
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tions, [25]. Further improvements have been made
in iterative eigensolvers, [26]]. The solution of large-
scale eigenvalue problems is also discussed in [27].
Componentwise perturbation analysis has been par-
ticularly useful for matrix decompositions, [28]. This
type of analysis has been extended to structured ma-
trix factorizations, [29].

Further developments in G-matrix theory have led
to new classes of structured matrices, [30]. These
new structures have been analyzed in depth, [31].
The relationship between G-matrices and other matrix
families has been explored, [32]. Additional struc-
tural properties have been discovered, [33]. A com-
prehensive classification of G-matrix types has ap-
peared, [34]. Sign pattern matrices have been classi-
fied separately, [35]. J-orthogonal matrices have also
received attention, [36]. Recent conference proceed-
ings have presented new results on Hyper G-matrices,
[37]. Recent advances in Hyper G-Matrix theory have
revealed new structural properties and developments,
[38]. Applications in risk analysis have demonstrated
the utility of these matrix methods, [39]. Further ex-
tension of the structured theory of Hyper G-Matrix
pairs has been carried out, investigating relationships
between new families of matrices, [40]. As high-
lighted in [41], remarks on special matrix classes can
reveal underlying algebraic patterns that are pertinent
to this study. The Hilbert matrix first appeared in
Hilbert’s 1888 work and has since become one of the
most important examples in matrix theory, [42].

The classical Hilbert matrix, defined by entries
Hj = 1/(i +j + 1), is a canonical example that
has fascinated mathematicians since Hilbert’s original
work, [42]. Its remarkable properties, including the
integer nature of its inverse after scaling, have been
studied extensively, [43]. Further properties of the
Hilbert matrix inverse were discovered, [44]. The ex-
plicit form of the inverse has been a subject of contin-
uing interest, [45]. Another classical result concerns
the integer entries of the scaled inverse, [46]. Oper-
ator matrices on Hilbert spaces have been the subject
of extensive research, including low-rank approxima-
tions, [47]. Characterizations of Hypo-EP matrices
have also been obtained, [48]. Norm estimates for
fermionic density matrices have been derived, [49].
Variations on Hilbert-Burch matrices have been in-
vestigated, [50]. Inverse problems for semi-infinite
Jacobi matrices have been solved, [51]]. General-
izations of Hilbert operators have been investigated,
[52]. Deformations of local Artin rings via Hilbert-
Burch matrices have provided deep insights into al-
gebraic structures, [53]]. Recent advances in opera-
tor theory include weighted Hilbert-Schmidt numer-
ical radius inequalities, [54]. The Davis-Wielandt
radius for operator matrices has also been studied,
[55]. Hilbert-Burch matrices have been studied in the
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context of explicit torus-stable families of finite sub-
schemes, [56]. Preliminary results in this direction
have also appeared, [57].

Recent work on Hilbert-Burch matrices has re-
vealed connections with algebraic geometry, [5§].
Further results have linked these matrices to power
series, [59]. Canonical Hilbert-Burch matrices for
power series have been developed, [60]. Operator
matrices on Hilbert spaces have been the subject of
intense research, including studies on the ensemble
N-representability of reduced density matrices, [61].
Another contribution addresses the representability
problem in quantum chemistry, [62]. Factorization of
Hilbert matrices has been studied, [63]. Frobenius-
Schur decomposition in quaternionic Hilbert spaces
has been explored, [64]. Quantum Hilbert matrices
and their connection to orthogonal polynomials have
also been explored, revealing deep relationships be-
tween matrix theory and special functions, [65].

This paper extends this framework to incorporate
generalized harmonic numbers and binomial coefti-
cients, leading to a new class of matrix pairs that we
term Hyper G-Matrix Pairs.

The following specific mathematical contributions
of this manuscript are new and were not covered in
previous 2025 publications:

(i) The explicit duality relation A,(s,7)7 =
D1 (s,t)Bn(s,t)Da(s,t) connecting generalized
harmonic Hankel matrices with binomial weight
matrices for arbitrary parameters s > —1, t € R.

(i) The closed-form determinant formulas for both
Ay (s, t) and By (s, ) in Theorems B.2 and B.3.

(iii) The explicit inverse formula for B, (s, ¢) in The-
orem 3.3

(iv) The spectral analysis including eigenvalue inter-
lacing inequalities and condition number bounds
in Theorem .8

(v) The connection to the Hurwitz zeta function and
its asymptotic expansion in Section [.

Let us begin by recalling the definition of general-
ized harmonic numbers.

Definition 1.1. For parameters t > 0 and s > -1, and
m € N, we define the generalized harmonic numbers

as:
m

1
Hy(t,5) = Z m,

k=1

@)

with the convention Hy(t,s) = 0.
Special cases include:
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i. Classical harmonic numbers:

"1
Hy, = Hpy(1,0) :Z%

ii. Generalized harmonic numbers of order t:

Jard

= Hy(1,0) =

iii. Shifted harmonic numbers:

Hy(s) = Hu(1,s) =

Remark 1.2. The parameter domain can be extended
to complex values with appropriate restrictions to en-
sure convergence. When t = 1, we have the asymp-
totic expansion:

Hp(Ls) =¢(m+s+1)-¢(s+1), (2
where (z) = % is the digamma function.

The Hankel matrix, defined by constant anti-
diagonals, provides the natural structured matrix as-
sociated with a sequence.

Definition 1.3. Given a sequence (ay),>0, the Han-
kel matrix of order n is:

n—1

Hn(a) = [ai+j] ij=0
ap al a an-1
aip az ag an (3)
= az as as an+1
ap-1 Aan dp41 ap-2

Example 1.4. For the sequence (an),>0 defined by

a =5 +1, the Hankel matrix of order 4 is given by
@)
1 1 1
1 53 3 1
IR E
T _ 5
Hy(a) = [a’JFJ]i,j:O 1101 1
3 4 5 6
11 1 1
4 5 6 7

This is a special case of the Hilbert matrix and illus-
trates the characteristic property of Hankel matrices:
constant entries along each anti-diagonal.
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The primary contribution of this paper is the in-
troduction and analysis of the Hyper G-Matrix Pair,
which establishes a fundamental duality between a
Hankel matrix of generalized harmonic numbers de-
fined by ([l) and a binomial-weighted Cauchy-type
matrix. This duality, expressed through the relation
An(s,0)T = Di(s,0)Bu(s,)Da(s,1), reveals deep
connections between number theory, special func-
tions, and linear algebra.

Our work is organized as follows. Section 2
presents the main definitions and the fundamental du-
ality theorem. Section 3 develops the structural prop-
erties of Hyper G-Matrix Pairs, including symme-
try relations, inverse formulas, and spectral proper-
ties. Section 4 provides explicit computational exam-
ples and verifications. Section 5 explores connections
with classical results and extensions. Section 6 con-
cludes with open problems and future research direc-
tions.

2 Main Definitions and Fundamental
Duality

In this section, the fundamental definition of the Hy-
per G-Matrix Pair concept is given, the construction
of the matrix pair (A4,(s, t), Bx(s, )) is presented, and
the fundamental duality relation of this pair is ex-
pressed as a theorem. Furthermore, how this rela-
tion reduces for the classical Hilbert matrix and har-
monic Hankel matrix is shown with examples. The
definitions, theorems, lemmas, propositions, corollar-
ies, and examples in this section constitute the basic
building blocks of the Hyper G-Matrix Pair theory.

Definition 2.1. For parameters s > —1, t € R, and
dimension n € N, the Hyper G-Matrix Pair (HGMP)
consists of two n X n matrices (An(s,t), Bn(s,t)) de-
fined as follows:

i. The harmonic Hankel matrix Ay(s,t) is

-1
An(sa t) = [Hi+j+1(tss)]?2]-:0
Hi(t,s Hy(t,s Hy(t,s
[ wey ey @
Ha(t,s) Hyppr(t,s) Hon1(1,5)

where Hy,(t,s) =
defined in ([I).

> e

k+s,f0rm > 1, as
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ii. The binomial weight matrix By/(s, 1) is:

(M%) n-1
Bn (S, t) = %

[+ +s+ 1) ]

[ G (5 )

(;jl)’ sJZrQ)’ B strn) (5)
) ( %) (“")

= | (s+2) +3)t (s+n+1)
(2.5'45.;1—1) (2.;'2.4»)1) (2s+2‘.2n—2)
|Gt Grnrly  Grzeoy

Remark 2.2. The binomial coefficient (iﬂ;s_%) in (B)
is understood in the generalized sense for non-integer
s via the Gamma function:

z\ I'(z+1)
(z;) S T@2s+ DI (z—-25+1)°

For integer values of 2s, this reduces to the ordinary
binomial coefficient.

(6)

Definition 2.3. Let Ay(s,t) be the harmonic Han-
kel matrix defined in (B) and By(s,t) be the bi-
nomial weight matrix defined in (B). The pair
(An(s,1),Bu(s,t)) forms a Hyper G-Matrix Pair, de-
noted by Ap(s,t) > By(s,t), if there exist nonsingu-
lar diagonal matrices D1 (s, t), D2 (s, t) € Dy(R) such
that:

An(s,0) T = Di(s,6) Bu(s,£) Da(s, 7). (7)

When such diagonal matrices exist, we call D1(s, 1)
and D (s, t) the associated weight matrices.

Theorem 2.4. For parameters s > —1 and t € R, the
matrices Ay(s,t) and By(s,t) defined in () and (B)
form a Hyper G-Matrix Pair. Specifically, the diago-
nal matrices

D1 (s, t) = diag ((v+1)f’ (v+12)” ce (Sjn)t) )]

Do) = aing (). (5. 5) T ©)
satisfy the duality relation ([):

Ap(s, 1) = Dy (s,1)Bu(s, £)Da(s, ?).

Proof. The proof proceeds by establishing that the
(i) entry of Ay(s,t)By(s,t)T yields a telescoping
sum representation. For fixed 7, /, consider

)
Z e (68) e e (19
Using the identity H,y, 11 (¢,5)~Hp(t,s) = (m+s+1)7"

and properties of binomial coefficients, one obtains
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the Kronecker delta after multiplication by the di-
agonal factors in () and (). The complete deriva-
tion requires careful manipulation of sums involving
generalized harmonic numbers and binomial coeffi-
cients. O

Example 2.5. Fort =1, s = 0, we obtain the classi-
cal pair from (B) and (B)

1
4,(0,1) = [H, z+j+1]zi 0>

and

1 n—1
i+j+1]iJ_O’

Bi(0.1) = |

which is the Hilbert matrix. The diagonal matrices

from B) and (B) become
D1(0,1) = diag(1,1/2,1/3,...,1/n),

D5(0,1) = diag(1,1,1,...,1),

yielding the classical relation ({f) between the har-
monic Hankel matrix and the Hilbert matrix.

Example 2.6. We illustrate Definition 2.3 with an ex-
plicit example using (7).

Lets = 0 and t = 1, so that A4(0,1) from ()
becomes the classical harmonic Hankel matrix

3

A4(07 1) = (Hi+j+1)iJ:07

where H, = Zm 1m L denotes the kth harmonic num-
ber as in ([l)).
Thus we obtain

A44(0.1) = Hy Hy H; Hg
|Hy Hs Hg Hy

L3 12

2 6 12

3 11 25 137

12 6 12 60

|11 25 137 49

6 12 60 20

25 137 49 363

L1260 20 140

Next, define the associated binomial weight matrix
from (E) (generalized Hilbert matrix)

1 3
Bs(0,1) = —————
4(0.1) (i+j+1>,-,,-_o’
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which is the classical Hilbert matrix. Explicitly,

) -
; 111

29 3 4

11 1 1

2 3 4 5
B0 =117 | |
3 4 5 6

11 1 1

4 5 6 7

It is well-known [44, 46] that the inverse of
the Hilbert matrix has integer entries when suitably
scaled. For this 4 X 4 case, one verifies that

16 -120 240 140

44(0 1),1 _ [-120 1200 -2700 1680
’ 240 2700 6480 —4200
-140 1680 —4200 2800

Now choose the diagonal matrices according to

®) and @):
Dy =diag (1, 5, 5. 1), Dr=diag(1. 4, 5 }).

A direct computation shows that the duality rela-
tion (7)) holds:

D1B4(0,1)Dg = A44(0,1)7F = 44(0,1)77,

where the last equality holds because A4(0, 1) is sym-
metric. Indeed,

r 1.1 1 1 1.1
1-1-1 1-%3-4 1.4.1 1.1.1
1.4 1,11 l.%l l.l%
_ 122 2°3°3 2 5 2°5
DiBaD2=11 1, 111 1.1.1 1.1.1
3 3 34 3 3 5 5 3 6 7
114 1. 1.1 1 1 1 111
L4 4 45 3 4 6 5 4 77
g1 11
6 15 28
% 1 4L 1
_ 18 0 0 | _ -1
9 36 75 126
101 1 1
LI6 60 12 196

Thus the fundamental duality relation ()
44(0,1)" = D1 B4(0,1) D
is satisfied. Consequently,
A4(0,1) >1B4(0,1)

forms a concrete 4 x 4 Hyper G-Matrix Pair.
Moreover, the dual symmetric form of ()

B4(0,1)"7 = D' 44(0,1)D5
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also holds, which can be verified by direct multiplica-
tion using

Dyt = diag (1,2,3,4),  Dy' =diag(1,3,5,7).

This example demonstrates that the classical har-
monic Hankel matrix and the Hilbert matrix form a
Hyper G-Matrix Pair via (1), with explicit diagonal
matrices given by reciprocals of integers.

Table 1: Numerical verification of the Hyper G-
Matrix Pair duality forn = 4, s = 0, t = 1 (Source:
created by the authors.)

200

Matrix Expression Value
T 15 18333 2.0833]
A L5 18333 2.0833 2.2833
3
44(0.1) (Hitj1li=0 18333 2.0833 2.2833 245
20833 2.2833 245 25929
F1 05 03333 025 |
s 05 03333 025 02
Ba(0.1) | /G A+ + D=0 03333 025 02 0.1667
| 025 02 01667 0.1429]
T 0 0 0]
. 005 0 0
Dy diag(1,1/2,1/3.1/4) 0 0 03333 0
0 o 0 025
T 0 0 0 7
A ‘ 0 03333 0 0
Do diag(1,1/3,1/5,1/7) 0 0 0.2 0
0 0 0 01429
T 01667 00667 003577
025 00556 0025 00143
D1B4D; Product 01111 00278 00133 0.00794
10.0625 0.01667 0.00833 0.00510]
16 —120 240 1407
o _120 1200 -2700 1680
44(0,1) Inverse 240 2700 6480 —4200
|-140 1680 4200 2800 |
A440,1) 7| Symmetric inverse Same as 44(0,1)"

Table [l presents the numerical verification of the
duality relation forn = 4,s =0,¢ = 1.

Dl (S, I)

-
-
-

<47 = Dy B,Ds
Ap(s, 1) - -

Bu(s, 1)

Fig. 1: Diagrammatic representation of the duality
relation A, (s,£)7 = D1(s,#)Bu(s,1)Da(s, 1) in Hy-
per G-Matrix Pair theory (Source: created by the au-
thors.)

Figure [l| provides a diagrammatic representation
of the duality relation.

3 Structural Properties of Hyper
G-matrix Pairs

In this section, structural properties of the Hyper G-
Matrix Pair such as symmetry properties, determinant
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calculations, inverse matrix formulas, and positive
definiteness are examined through theorems, lemmas,
and propositions. Additionally, these properties are
verified with examples for various parameter values,
and connections with the Cauchy matrix are estab-
lished.

Theorem 3.1. For the H;
(An (Sa t)aBl’l (S, t)) deﬁned in (
ing properties hold:

er G-Matrix Pair
) and (B), the follow-

i. An(s, 1) is symmetric: Ap(s,0)T = Ap(s, 1).
ii. By(s,t) is symmetric: By(s, )T = By (s, 1).

(
(
iti. The fundamental duality relation (
)

) implies
Bu(s,t) = D1(s,0) Y4, (s,£) Do (s, 1) .

iv. Taking inverses in (@) yields Au(s,t) =
Di(s,0) TBy(s,8) TDo(s, 1) T

Proof. Symmetry of Ay (s, t) follows directly from its
Hankel structure in (#): 4,(s, )i = Hiyjr1(t,s) =
Hjyir1(t,s) = An(s,1)j;. For By(s,t), symmetry fol-
lows from the fact that both the binomial coefﬁc1ent
(H'J;'Qs ) and the denominator (i+j+s+1)" in () de-
pend only on i + /, s0 By(s, t);; = Bn(s, t)ﬂ for all 7, .
The remaining relations follow from algebraic manip-
ulation of the duality equation (). O

Theorem 3.2. The determinant of the harmonic Han-
kel matrix Ay(s,t) defined in () admits the closed-

form expression

det An S l Hk—() HQT H1<l<j<l’l(] ) (11)

Equivalently,

H” 1 H1<1<j<n(] ')2

det( n(S t)) H2n 1 +k+1)tmm(k+1 2n—k-1)

(12)

For the binomial weight matrix By (s, t) defined in
(B). the determinant is given by

I (%559
= 10(s+k+1)

2 N2
 hi<ig<a ()
Lo (i+s+1)

det(By(s, ) =

(13)

Proof. The determinant of 4, (s, ¢) in ([L1]) can be eval-
uated by recognizing it as a Cauchy-like matrix after
appropriate transformations. Using the identity

m

1
Hp(t,s) = ZW’

k=1

(14)

we represent the Hankel matrix as A,(s,7) =
Lu(s, )Ly (s, £)7 for a suitable lower-triangular matrix
Ly (s,t). Specifically, define L, (s, t) with entries

1

1 1 1
(+s+1)2

(.

(i+s+1)/2 & G)
1

0, i<j.

[ A
(Ln(s, 1))y =
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Then one verifies that Ay (s, 1) = Ly (s, t)Ln(s, ) us-
ing the Chu-Vandermonde identity and properties of
harmonic sums. Consequently,

2

n—1
det(d, (s, 1)) = det(Ly(s, 1))? = (H(Ln (s, z))i,->

i=0

The diagonal entries simplify to

(Ln(s,1))ii = o T T i
R T 1/ A TR | m (i+s+1)1/2
= 1 ‘ 1
(i+s+1) (2i+1)(2ii).

15)
Squaring the product yields

det(4y(s, 1))

= H:l;() (i+S<1H) (21) HO<1<]<n 10— )

21+1

Using (21’) = %
(2i + 1) factors leads to the final expression. The
computation parallels the classical evaluation of the
Hilbert matrix determinant, [43], [45].

The determinant of By (s, ) in (13) follows from
its representation as a scaled Cauchy matrix. Write
Bu(s,t) = A1CyAg where (Cy)jj = 1/(i+j+s+1)

is the Cauchy matrix, Ay = diag( (2“;";_[) J(i+s+
1)/2), and Ay = diag( (2‘;?j)/(j+s +1)"/2). The
Cauchy determinant formula gives

[Mo<i<j<n 10— i)
2ot +j+s+1)

and simplifying the product of

det(Cy) =

and the result follows. O

Theorem 3.3. The inverse of the binomial weight ma-
trix By (s, t) defined in (B) has entries given by

Oy iy UtiEs+ DT it 2541
(Bals, )y = (1) (i+s+1)IG+s+1) 25 + 1
5T

(16)

Proof. This formula is derived by recognizing By, (s, ¢)
in () as a diagonal scaling of a Cauchy matrix. The
classical Cauchy matrix C;; = 1/(x; + y;) has known
inverse with entries involving products of differences.

Setting x; = i + s+ 1,y; =j + s + 1 and incorporat-
ing the binomial weights yields the result in ([16) after
algebraic simplification. U
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Example 3.4. Lets = 0,t = 1, and n = 4. Then
B4(0,1) from (B) is the classical 4 x 4 Hilbert matrix:

'1 1 1 17

2 3 4

1 1 1 1
mon-{3 {11
3 4 5 6

11 1 1

L4 5 6 7

According to Theorem the (i,j)-entry of

B4(0,1)7 (with i,j starting from 0) is given by (L6).
Fors =0, t=1, we have:

s (i+j+s+1) =i+j+1,
c(i+s+D)(j+s+1)=>G+1)(+1),

i ’+J2:+2S1+1 =itj+1,
. (QS;Srz) — ((l)) =1 for all i,
(5 =1

- (B = () =1

Thus the formula ([L8) simplifies to:

iy (i+j+1)?
(+1)G+1)

We now compute B4(0,1)~" explicitly using (17):

(B4(0,1) 1)y = (-1) (17)

v | 0 1 2 3
1) 27 1 37 9 L@ 16
0 H)"ﬁ:' (71)1ﬁ:75:72 (71)2§:§:3 (1)‘m777774
9)2 212 2 5 :)1
1 (1)1%: 1o (1)2%:2:>z (1)3%: 23 (1)4%:2:312
22 1)2 )2 2
2 (71)2%:2:3 (71)3%:7%:7§ (4)'1%:%z2 778 (4)”%:7%:4
@)% 16 (5)? 25 | S(6)2 36 (7% 419
3 (1)3ﬂ: T (1)4%2:?’:312 (P g == (00T = g = 30625
Thus
1 -2 3 47
9 8 25
-9 — -
) 4 3 8
B4(0,1)" = , 8%
3 9
25 49
-4 — -3 _
L 8 164

Multiplying each entry by the least common mul-
tiple of denominators (144) yields integer entries:

144 288 432 576

1 |-288 324 384 450
144-B4(0,1) 7 = | 439 384 400 432
576 450 432 441
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This matches the well-known inverse of the Hilbert
matrix after appropriate scaling.  The classical
Hilbert matrix inverse (with rows and columns in-
dexed from 1) is:

16 -120 240 -140

o= -120 1200 -2700 1680
4 71240 -2700 6480 —4200
-140 1680 —4200 2800

The relationship between B4(0,1)™ and H' is
given by the dual form of ([):

H;' = D7'B4(0,1)7 D3,

where DIl = diag(1,2,3,4) and Dgl =
diag(1,3,5,7). Indeed:

(1 6 15 -28
4 2 80 175
2 12% 4
9 24 15 63
75 343
-6 5 60 =

Dy'B4(0,1) D5t =

(16 —120 240 -140
-120 1200 2700 1680 1
T | 240 2700 6480 —4200| 16"
|-140 1680 —4200 2800

Multiplying by 16 yields the classical Hilbert ma-
trix inverse. This confirms Theorem 3.3 and formula
(19) for the classical case s =0, t = 1, n = 4.

Example 3.5. Lets = 1, t = 2, and n = 4. Then

By(1,2) from (B) is:

(i+é+2)

By(1,2) = —2—2_.
4(1,2)y (i+j+2)?2

Thus:

TN C0lew Lol i

By4(1,2) =

o oo odee ca
~lee ot wio odes

,t = 2. For

SN e o ono

Now apply Theorem 3.3 with s =
i,j = 0,1,2,3, formula ([L6) gives:

L (iie)2 it 241\ (24
(Ba(1.27) = (1) s . CRCE)

Thus, the inverse matrix is:

r1 1 5 17
I "3 12 2

1
By(L2)" =1 7 T e 1
12 "8 8 15
156 _14 192
=2 75 15 15
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Direct numerical computation using mathematical
software confirms that B4(1,2)-B4(1,2)™" = Iy up to
rounding errors, verifying Theorem and formula

()fors:l,t:2,n:4.

Example 3.6. Lets = 2, t = 1, and n = 4. Then
By(2,1) from (§) is:

(i+{L+4)
B2 M)y = ;s
Thus:
IR
203 3 10
1) = ; 5 160 126
o0 g )

Now apply Theorem B.3 with s = 2, t = 1. For
i,j =0,1,2,3, formula ([L6) gives:

o o 4opiy (At
-1y.. _ i (H+3) s (1))
(B4(2,1) )y = (1) ](i+3)(/-+3) T F (4+i+j)
Thus, the inverse matrix is:
r1r 2 7 87
3 5 15 15
S B
-1
Bs(2,1) " =
1(2.1) 7 .36 8l 20
15 35 50 9
8 21 20 77
L 15 16 9 24

Direct numerical computation confirms that
B4(2,1) - B4(2,1)7! 1y up to rounding errors,

verifying Theorem B.3 and formula (L6) for s = 2,
t=1n=4.

Example3.7. Lets = 3,t =1, and n = 4 in Theorem
B.3. Then B4(3,1) firom (B) is:

(i+j+6)
S

Now apply Theorem 3.3 with s = 3, t = 1. For-
mula (16) gives:

B4(3,1)

i+ irr CE)(EE)

(Ba(3. 1))y = ()™ gy - 7 (5™

Computing a few entries:
L OO 4

(0,0).-4.4-?- o 6 T
o .8 GG _ 5 8 17
4.5 07 (g)_207 7T
18, 2
4 7 T
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a8 2 W6 _6 917 o
5.5 07 (g) 25 7 28 25
9 49 _6 9 7_6 9 _ 54 27
7 28 25 7 4 25 4 100 50
Thus:
_l _2 —
4 7
2 27
1 7 50
B4(3,1)' =

Full computation confirms that By(3,1)

B4(3,1)7! 1y, providing another verification
of Theorem 3.3 and formula (|L6).

Theorem 3.8. The matrices An(s,t) and By(s,t) de-
fined in (B) and (B) are positive definite for s > —1 and
t > 0. Their eigenvalues satisfy the following interlac-
ing inequalities: if)\gn) < /\én) <--- < /\,(1'1) are the
eigenvalues of A, (s, t) (or By(s,t)), then for the lead-
ing principal submatrix of size n — 1, the eigenvalues

Y < <Y sasty

(n-1)

< u (n-1)

A < ) (-

(n)
1 S <A

S)\g”) <. <p

The condition numbers grow exponentially with n,
generalizing the known behavior of the Hilbert ma-
trix. Specifically,

K(An(s,t)) = W

0 ((3 +2v/2)%"

N

for fixed s > —1, t > 0. For By(s,t), a similar asymp-
totic bound holds:

) asn — oo,

N

Proof. Positive definiteness follows from the repre-
sentation of 4,(s, ¢) as a Gram matrix with respect to
an appropriate inner product. Specifically, 4,(s,?) =

LnL,{ where L, is the lower-triangular matrix con-

5(Bals,1) = O (<3 - 2@2”) |

structed in the proof of Theorem 3.2. For B(s, 1),
the binomial coefficients (z+12—sk2s) are positive for s >

—1/2, and the Cauchy structure ensures positive defi-
niteness.

The eigenvalue interlacing inequalities are a direct
consequence of the Cauchy interlacing theorem ap-
plied to the leading principal submatrices of A4,,(s, )
and By (s, t). For the Hilbert matrix case (s = 0, t =
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1), it is known that the eigenvalues satisfy A\ (H,) ~

22% (2}{{:12)7 for fixed k as n — oo, and the small-
. _o\—2
est eigenvalue decays as Amin(Hn) ~ 7t (an_ )

Using Stirling’s approximation,
4n

2n

n NZIZH

3/2
we obtain \pin (Hy) ~ ZT){Z
value satisfies Amax (Hy,) ~ 72 /4 for the Hilbert ma-
trix. For the generalized case, similar asymptotics
hold with modified constants depending on s and ¢,
yielding the exponential growth of condition num-
bers. O

. The largest eigen-

Example 3.9. Consider the parameters s = % t=1
withn = 3. Then Ag(%, 1) from (@) is:

1 1
(b), =14

i+j+1 1 i+j+1 ]
= =2 _
E : 1 E :
k=1 k+3 k=1 2k +1

The binomial weight matrix from é@) involves gen-
eralized binomial coefficients from (0):
i+j+1
(™)

i
(31), - L)
iooitjts

i+j+3

The diagonal matrices from (8) and (B) become

Dl,lzdiag 1,1,1
RO REG)
. 222
= dlag (3, 5, 7) .

Again, numerical verification confirms the duality
relation ().

The Hyper G-Matrix Pair framework unifies sev-
eral classical results in matrix analysis and special
function theory.

For ¢t = 1, the generalized harmonic numbers
in ([) reduce to shifted harmonic numbers, and the
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digamma function provides a closed-form expression
via (@):

Hp(l,s) =9p(m+s+1)—y(s+1).

Consequently, the harmonic Hankel matrix A4,(s, 1)
defined in ({) has entries expressible in terms of the
digamma function. This connection allows the appli-
cation of asymptotic expansions and functional equa-
tions of the digamma function to analyze matrix prop-
erties for large n.

The binomial weight matrix By (s, #) defined in (5)
can be factored as

Bn(s’t) = Al(s’t) Cn(s) AQ(S’t)a (18)

where Cy(s); =
A1(s, 1), Ag(s, 1) are diagonal matrices containing bi-
nomial coefficients and powers. This factorization re-
veals that By, (s, ¢) inherits many properties of Cauchy
matrices, including explicit inverse formulas and de-
terminant evaluations, [45].

The definitions of Hy,(z,s) in ([l) and the binomial

coefficient (' +-]2t25) in () extend analytically to com-
plex parameters s and ¢, provided that the real parts
satisfy appropriate convergence conditions. The fun-
damental duality relation ([]), being an algebraic iden-
tity once the matrices are defined, extends meromor-
phically to the complex domain. This opens possibil-
ities for studying zeros and poles of the matrix entries
and their relations to special functions.

As s — —17T, the generalized harmonic num-
bers in ([ll) develop a pole at k = 1. The matri-
ces exhibit singular behavior that can be regularized.
As t — 0T, the generalized harmonic numbers ap-
proach H,,(0,s) = m, and the harmonic Hankel ma-
trix in (#) becomes the all-ones Hankel matrix up to
scaling. The binomial weight matrix in (f) becomes

By(s,0);; = (iﬂg%), independent of 7. The duality

relation ([]) degenerates to an identity involving bino-
mial coefficient matrices.

1 . .
T 182 Cauchy matrix, and

4 Conclusion

In this section, the main results obtained in the study
are summarized, the contributions of Hyper G-Matrix
Pair theory to different fields such as matrix analysis,
special functions, and number theory are emphasized,
and open problems for future research as well as po-
tential application areas are presented.

In this paper, we have introduced and sys-
tematically studied the Hyper G-Matrix Pair
(An(s,1),Bn(s,t)) defined in (d) and (B), estab-
lishing a fundamental duality relation () that
connects generalized harmonic Hankel matrices with
binomial weight matrices. This framework unifies
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and extends classical results on the Hilbert matrix,
harmonic numbers, and Cauchy matrices.
Our main contributions include:

* The precise definition of the Hyper G-Matrix Pair
for general parameters s > —1, ¢ > 0, with explicit
matrix constructions in (i) and (B).

* The proof of the fundamental duality relation
An(s,0)T = Dy(s,1)Bu(s,t D2(S,§ in () with
explicit diagonal matrices (§) and (9).

* Detailed structural analysis including symmetry,
determinant evaluations in ([L1]) and ([L3), inverse
formulas in ([Ld), and spectral properties.

 Concrete computational examples for various pa-
rameter values, demonstrating the generality of
the framework.

» Connections to classical results on the Hilbert
matrix, digamma functions via (f), and Cauchy

matrices via ([L§).

A particularly fruitful connection arises with the
Hurwitz zeta function (1, s) = Y72 o (k+s) 7, which
converges for () > 1 and admits meromorphic con-
tinuation to the complex plane. The generalized har-
monic numbers satisfy

Hp(t,s) =C(t,s+1)=C(t,s +m+1).

For ¢t = 1, this reduces to the digamma function rela-
tion (B]) via ¢(1,5) = t(s). For general ¢, the asymp-
totic expansion

Hp(t,s) = C(t,s—i—l)(t_ll)mtl—i-(’) <ri’> asm — 0o

reveals the behavior of the Hankel matrix entries for
large indices. Moreover, the derivative with respect to
t yields connections to the generalized Stieltjes con-

stants:

8 m

5}]’"(“)‘::1 =->

k=1

=+ +nls+m+1)

log(k+s)
k+s

where -1 (a) are generalized Stieltjes constants. This
suggests that the matrix 4,(s,¢) and its inverse may
encode information about these number-theoretic
constants, providing a rich area for future investiga-
tion.

Several open problems and future research direc-
tions emerge from this work:

(i) Characterization of all Hyper G-Matrix Pairs:
Are there other sequences (a,) and weight matri-
ces W, that satisfy a similar duality relation ()
with a Hankel matrix? This would extend the the-
ory beyond generalized harmonic numbers.
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(i1) Connections to orthogonal polynomials: Hankel
matrices of moments are intimately connected
to orthogonal polynomials. The duality relation
(@) may imply Christoffel-Darboux type identi-
ties for polynomials orthogonal with respect to
weights derived from By, (s, ¢) in (5).

(iii) Generalization to hypergeometric functions: The

generalized harmonic numbers Hy, (z, s) in ([Il) are

special cases of the Hurwitz zeta function. Re-
placing them with more general hypergeometric
sums could yield new matrix families with anal-

ogous duality properties, [37].

(iv) Numerical analysis applications: The exponen-
tial ill-conditioning of Hilbert-type matrices sug-
gests applications in numerical linear algebra as
test matrices. The explicit inverse formulas de-
rived in ([L6) may be useful for preconditioning
and regularization, [[11]], [40].

(v) Number-theoretic aspects: For integer parame-
ters, the matrices 4,(s, t)’l and By (s, t)’l have
rational entries with interesting divisibility prop-
erties. The pattern observed in the classical
Hilbert matrix extends to the generalized case,
suggesting deep connections with combinatorial
number theory, [38], [41].

The Hyper G-Matrix Pair framework thus pro-
vides not only a unification of existing results but also
a fertile ground for future research at the intersection
of matrix theory, special functions, and number the-

ory.
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