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Abstract: - This work presents a voltage stability Index (FLVSI) for optimal PMU placement (OPP) to achieve 
complete network observability. Every PQ bus is considered in the FLVSI strategy to attain weak PQ bus from 
PMUs are conditioned to allocate at weak PQ buses using ILP approach to attain observability of network. Zero 
Injection (ZIB) modeling is introduced to minimize PMU places in the network. The redundancy Index (RI) is 
formulated to compute redundancy for all buses in the network. IEEE –14 -39 and 118- bus networks are 
programmed in MATLAB and compared with standard techniques to present their efficacy. 
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1   Introduction 
While performing State Estimation (SE) of the 
network, generally, SCADA uses RTU devices to 
measure the state of the network. But this gives only 
magnitude and 1-2 snapshots per sec. The problem 
here is if any large disturbance occurs suddenly due 
to contingency or due to heavy load, the operation 
and control of the network becomes difficult due to 
inadequacy in generation or due to very light load 
conditions. This problem arises only when the 
system is a single area network.   

Due to advancements in technology, we come 
across PMU devices that replace RTU devices that 
are placed in wide area networks. These devices 
measure voltage along with phasors, which are time 
synchronized. Placing these devices in different 
areas of the network can obtain data from different 
networks, which makes it easy to estimate the 
accurate state of the network. The problem here is 
the PMU cost is high, such that placing PMUs at 
every bus in the network is not feasible. So, to 
install PMUs at optimal places, a suitable index is 
required. Many research worked [1], [2] in the area 
of PMU placement and state estimation of power 
systems. The author in [3] proposed a BHS 
algorithm for security-conditioned OPP in the 
network. A VSI is proposed for OPP in the network 
to obtain complete observability. In this work [4] 
proposed Multi scheduling ILP approach for ILP. 

The author considered observability and line outage 
cases for OPP. The author in [5] proposed an 
upgraded binary bat algorithm for branch-
constrained OPP to attain complete observability.  

The author in [6] proposed binary cat swarm 
optimization to attain complete observability. 

The authors in [7], [8] proposed different 
strategies for OPP to attain complete network 
observability. 

This work presents the Load Voltage Stability 
Index (FLVSI) to obtain weak PQ buses to allocate 
PMU devices considering the ILP approach. ZIB 
modeling is presented to minimize PMU locations. 
The redundancy Index (RI) is formulated to 
compute redundancy for all buses in the network. 

 
 

2   Objective Formulation 
 
2.1  OPP Formulation 
The Objective is formulated such that to locate 
identified weak PQ buses to obtain observability 
considering cost criteria.  
 
The objective is formulated as: 




N

j

jj BWMin
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                                               (1) 
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(2) 
where  
N = no of buses 

jW = PMU cost coefficient at bus j   






   otherwise                             0

  busat  allocated is PMU if    1 j
b j

 
 

2.2 Formulation of FLVSI to Detect PQ 

 Buses  
Figure 1 presents two bus network. 
 

 
Fig. 1: Bus network 
 

FLSVI is formulated from the voltage [9] 
equation obtained at the load end. it is defined as: 
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The equation is defined as:  
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The further equation is simplified as: 
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Since   is very small which is minor. i.e., 

,0sin R  and  cos . 
 
 

FLVSI is defined as: 

)(
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r                                              (6) 

 
The voltage calculated should be < 1 and values 

closer to 1 are measured as weak PQ buses. The 
PMUs are considered to allocate at Weak PQ buses 
priory. Procedure to detect weak, PQ buses in the 
system are presented in Figure 2. 
 

 
Fig. 2: Flowchart to detect weak PQ buses using 
FLVSI 
 
Figure 3 presents 14 bus of the power system 
network. 
 

 
Fig. 3: 14-bus network 
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Table 1. FLVSI for 14-network 
Reactive 
Load 
applied(Q) 

Load 
Buses 

FLVSI Ranking 

0.744 14 0.997 1 
0.911 12 0.996 2 
1.003 11 0.994 3 
1.400 10 0.987 4 
1.453 13 0.982 5 
1.552 9 0.981 6 
3.012 5 0.972 7 

 
Table 1 shows the FLVSI for 14-Network.  
From the Table 1, bus 14 and 12 are weak PQ buses. 
 
2.3  ZIB Modeling  
ZI bus is nothing, but the bus with current flow is 
negligible, the power flown is approximately zero. 
Minimizing the location s of ZI buses can minimize 
the PMUs to be allocated. For example, from the 
Figure 4. 
 

 
Fig. 4: Four bus network 
 

Current 1,lI  is formulated as ][ 11,1, eeYI lll  as 
voltages at the buses can be computed. where 1,lY is 
line admittance                                   
Bus p  can be formulated: 








1

2
1,,11

p

l

lpp IZVe                                                (7) 

pZ ,1 = impedance     
 Let 2-bus is ZIB bus 

321224 III   
 
As line currents are calculated, the voltage at bus-4 
can be computed as: 

24321224 )( ZIIVV      (8) 
 

With the application of Kirchhoff law, bus-4 is 
calculated. Therefore, PMU at node 4 can be 
minimized. 
 
 

For instance, consider a 14-bus network 
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Considering ILP strategy, OPP at 2, 6, and 9 for 14- 
bus network is obtained. 
 
 
3   FLVSI-constrained OPP 
 

3.1  OPP with FLVSI for Observability 
The weak PQ buses attained are 14 and 12 buses in 
14 bus network. Priority of PMU allocation at 14 
and 12 buses is given in this approach. The 
objective to allocate PMUs with priority at PQ buses 
and to obtain complete observability is formulated 
as: 
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3.2 OPP with FLVSI Constraints and ZI 

 Modeling 
In advance, to minimize PMU allocations, we utilize 
ZIB modeling for weak PQ bus [10] conditioned 
allocations. The problem formulation is:           
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Substitute equation (15) in (11) obtains equation 

(16). With FLVSI constrained ILP strategy, the 
allocations attained are 2, 10, 12, and 14. 

 
3.3  Observability Performance 
Observability of the complete network [11] is 
formulated with the Bus Observability Index (BOI) 
for all buses, and it is defined as:  

1 pp                                                  (17) 
 

BOI (  ) =no of PMU required to measure a bus 
CNBOI is defined as sum of connected branches to 
every bus of the network. 
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                                                (18) 

 
RI of the network is:      

ABRI                                             (19) 
 
 

4   Results and Analysis 
The OPP considering FLVSI for IEEE is formulated 
using the ILP approach and simulated using 
MATLAB Programming. Test cases 14, 39- and 
118-buses are considered. Table 2 presents PQ and 
ZI buses. 
 
 
 

Table 2. PQ Buses and ZI Buses 
IEEE 
test 

system
s 

PQ buses  ZI buses 

14 bus 14,12 7 
39 bus         9,11,13,22 1,2,5,6,9,11,13,14,17,19,22 

118 bus 5,23,37,94,96,9
7 

5,9,30,37,38,63,64,68,71,8
1 

 
Table 3. OPP considering FLVSI 

IEEE test  
systems 

No of 
PMUs 

PMU Positions in the system 

14 bus 5 2.7,10,12,14 

39 bus 14 2, 4, 6, 9, 10, 13, 16, 17, 19, 20, 
22, 23, 25, 29 

118 bus 32 3, 6, 9, 11, 12, 17, 21, 25, 28, 34, 
37, 42, 45, 49, 53, 56, 62, 64, 68, 
70, 71, 76, 79, 85, 86, 89, 92, 96, 

100, 105, 110, 114 

 

Table 4. OPP with FLVSI and ZIB Modeling 
IEEE test 
systems 

No of 
PMUs 

PMU Placement positions in the 
system 

14 bus 4 2,10,12,14 

39 bus 10 3,4,10, 11,13, 16, 20, 23, 25, 29 

118 bus 26 2, 5,12, 15, 17, 21, 23, 28, 34, 40, 
45, 49, 52, 62, 75, 77, 80, 85, 90, 

94, 96,97,101,105,110,114 
 

FLVSI-conditioned OPP with and without ZIB 
modeling are presented in Table 3 and Table 4. 
From the tables, it is perceived that OPP with ZIB 
modeling reduces PMU positions, thereby 
minimizing the cost of allocation.        

              
Table 5. BRI for 14-bus with  FLVSI 

Bus no 1  2  3  4  5  6  7  

RI 1 2 1 2 1 1 1 

Bus no 8  9  10  11  12  13  14  

RI 1 2 2 1 2 2 2 
 

BRI for 14- network with FLVSI is presented in 
Table 5.  

CNBOI with and without ZIB is presented in 
Table 6. From Table 6, it is perceived that OPP 
raises redundancy without ZIB modeling. The 
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optimal redundancy is achieved with ZIB modeling 
without loss of observability. 
 

Table 6. CNBOI with and without ZIB 

IEEE Test  
systems 

with ZIB 
modeling 

without ZIB 
modeling 

14 bus 16 21 

39 bus 44 52 

118bus 136 154 
 

Table 7. Comparison of the proposed optimization 
method with other methods of complete 

observability 
Methods 14-

network 
39-bus 
system 

118-
bus 

system 
BHSA  4 10 17 

Multi-ILP 4 10 - 
UBBA 4 10 17 

BCSA 4 10 - 
UBGWO 4 10 17 

ANN 4 10 - 
PSA 4 10 17 

BPSO 4 10 - 
Sensitive constrained ILP 4 10 - 

TLBO[12] 4 10 - 
Improved BABC 

Algorithm 
4 10 17 

Proposed FLVSI  
constrained ILP Method 

4 9 16 

 
Table 7 presents an assessment of the proposed 

approach with other techniques. The strategy 
surveyed for OPP [12], [13], [14], [15], [16] 
presents complete observability. The proposed 
FLVSI-conditioned OPP presents optimal 
redundancy, achieving complete observability. 

 
 

5   Conclusion 
This work presented FLVSI to detect PQ buses in 
the network. An ILP strategy is formulated for OPP 
at PQ buses as the main priority. The proposed ZIB 
modeling is able to reduce PMU positions in the 
system. With and without ZIB modeling for OPP is 
compared to show the effectiveness of the proposed 
technique. Bus redundancy (BRI) at every bus is 
evaluated to present how many times the bus is 
observed. CNBOI is computed to check the 
observability performance of the network. The 

proposed technique is compared with other 
strategies and proves its efficacy.  
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