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Abstract: - The purpose of this paper is to present a method for analyzing the stability of DC-DC boost
converters providing a universal transfer function. This method relies on the application of the Laplace
transform without any ad-hoc linear approximation or system linearization. A common methodology for
evaluating the stability of DC-DC converters is the average method, which is essentially a linearization. In this
paper, the Laplace transform is applied directly, resulting in a universal Z-transform model being used to design
controllers and stability analyses as a discrete unifying transfer function. The examples cover both power and
low voltage converters. Matlab simulations have been conducted to verify the theoretical findings. In particular,
the second example considers a small 5V to 12V boost converter, which was previously examined in a Texas
Instruments application note. The transfer functions and the Bode plot are provided.

Key-Words: - Power converters, Z-transform, Stability analysis, Average model, Switching model, Boost
converter, State-Space.

Received: March 7, 2023. Revised: December 5, 2023. Accepted: December 21, 2023. Published: December 31, 2023.

1 Introduction transfer functions, besides non-linear and complex
Renewable energy technologies always search for control teghmques, [9], [10].

new and optimized DC-DC battery chargers and In this paper, considering an asynchronous
also DC-AC converters, [1]. While the well-known boost converter topology, under the assumption that
DC-DC buck is well studied and the design process the inductor’s current is complementary to the
is straightforward, for DC-DC boost converters, the switching MOS-FET current: when the inductor is

charged, the switching is in on-mode and vice versa.

case is of a much more complex nature, proving in ¢ ;
In the same manner, the diode’s current is

general to be an unstable system, [2], [3].

One of the main limitations in the analysis and complementary and is in line with the inductor’s
design of control algorithms and techniques for one: both conduct current to the load at the same
closed-loop stabilization of DC-DC converters lies time. _ . .
on its switching nature, [4]. Unlike linear and non- The remainder of the paper is organized as
linear continuous control systems, switching follows: ) .
systems, even piecewise-linear ones, offer a very Section 2 presents the main theorem and its
challenging control scenario, [5]. corol!ary to harvest .and .ob‘Fam a true trangfer

For this reason, the well-known average method function ~ without linearization and applying

Laplace’s ttransform to a given power converter:
DC-DC or DC-AC, Section [Matlab] applies the

was introduced in the late 70s as a method to obtain
a linearized version of switching DC-DC converters

as a unique transfer function, [6], [7]. With a clear results to the well—known.b.oost coqv;ﬂer to design
advantage of having a unique model, continuous and a lead compensator providing stability along with
time-invariant. However, the great disadvantage of some Matlab simulations using the Power Systems
this method lies in its local and linearized nature, toolbox in Simulknk. Finally, Section [Conclusions]
not allowing for a ripple of heavy transient analysis, depicts some conclusions and future work.
[8].

On the other hand, the available literature about
boost converter control makes use of switching 2 The Boost Converter’s Model
models either applying Laplace transform and then The most common asynchronous DC-DC Boost
applying Z-transform or working with switching converter topology is shown in Figure 1.
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Fig. 1: Asynchronous boost converter topology

As it is well known, the PWM signal is the
control modeled as a duty D € [0,1] variation.
Therefore, the electrical equations can be modelled
to be:

{ID =1=-61) 1.V 0
Ip=1:+1,

Where the PWM signal is modeled as &(t) as
shown in Figure 2 and the inductance’s current is
modeled to be complementary to the diode’s
current.

A a(t)
1

»
K.T (K4D).T t
Fig. 2: PWM signal §(t)

Using a resistive load R; along with the

capacitor’s law, Kirchoff’s law (1) can be
transformed to be:
(1=86@®) IO =C v +72
_Vinmo® _ i 2)

L

Ww(t) = (1-8(1)) - V(D)

Where V(D) is a constant voltage depending on the
duty D. In the case of boost converters:

V(D) == 3)

control scheme over the
the complete model,

defining a current
inductance’s current I,
plugging (3) into (2) yields:

E-ISSN: 2224-266X

290

Andres Garcia, Eduardo Guillermo

(L =8(0)  L,(t) =C v+

Vin—(1-8(t)) 12

W) =1L

In the next subsections, a complete, non-
linearized model is developed using the Laplace
transform considering an internal voltage as an
auxiliary input variable parametrized by the duty D.

-1, 4)

3 Output Stage Modelling

It is worth to develop a separate Laplace’s transform
analysis for the output voltage v, using the voltage
source v(t) as shown in Figure 3.

L , Diode
V(.) . Vo
ly

—— |._., AR LY

I —
V. c R
40
Duty (D)

Fig. 3: Output circuit

Then, it is clear the two-stage switching equations:

. V)=
o(t)=1 discharge R,
v,(0)=V(D) Previous: charge
1 1 1 1
P )= —+— |- —. V(D
y(0) (RJRL] St VO
o(t)=0 charge<R, diode modeled as a resistance
— 1 (1—- .
v,(0)=¢e Rt )TV(D) Previous: discharge
Finally:
—a- V(D)
V(1) = (1=6(1)) - le @t (%(0) — % ) +
D1
R
1
V(D) Rt
R—”H] +8(t) V(D) e BT (5)
Ry
1 1 1 .
Where a = (— + —) - —. Next subsection groups
R, Rp) ¢

this output equation along with the boost’s circuit
equations (4).
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4 The Complete Model in the s and z
Domains

4.1 I,(s)
Taking Laplace’s transform on model (4) along with
the output equations (5):

LI =81 I,(D} = L{C - v, + -2

Vin—(1-8(t))-V(D .
L{%} = £{i} (6)
L{y(®)} = L{I,()}

Where L{f (t)} means the Laplace’s transform.
Then, the focus is on L{1 — &(t) - I, (t)}:
L{A = 6(1) - (D)}
O ~(K+1)-T
- Zf et (t) - dt
&= J(k+D)-T
According to (4): — M =], and
integrating by parts:
L{(1 = 5() 1O} = ) [-L® e
L k L s (K+D)'T
=0
[T (a0 V) a
(k+D)T S L
Taking into account the definition of §(t):
(K+1)~Te—st ( )
'[ “6(t)-——-dt=0
(k+D)-T S
Then:
o —s-(K+1)-T)

Lil-8(t)- |L(t)}(5)=—2[|L((K 1Ty s }r

w e—s-(K+D)-T
+Z{IL((K +D)-T)- P

I(Km e (V,-V(D)) dt}

(K+D)T g L
Considering high frequency switching, the

following assumption will be used along the paper:

Assumption 1:
I,(K-T).

T -0, then: [(K+D)-T) ~

In this way:
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L{II—=8) - I,(D}(s) =
o= (K+1)T)
Z [IL((K +1)-T)- ] +

o5 (K+D)- T)
+ z [IL K- 1)

(K+1)T p-s-t V
- f L
(K+D)T S L
(K+1)~Te—st V(D)
+f -6(t) - ——=-dt
(k+D)T S

This infinite sum involving exponentials is
exactly the definition of the Z-transform replacing
eST =z, [11]:

13{1 = &(t) - 1, (O}(s) =

4~ (K+1)
Z [IL((K +1)-T)- ]
e s (K+D)- T)
Z[IL(K .t
(K+1)Te—st V
- f I e
«+p)yr S L
(K+1)-Te—st ( )
+f “6(t) - ——— dt]
(K+D)T S

Moreover, recalling the formal definition of the

Z+ransform:  Z{x(t)}(z) = Yg-0x (K +1)-T)-

K along with the change of variables K* = K + 1,
yields:

-1
L{1=6(t) - 1,(D)}(s) = —Z{I,()}(2) ZT +

-1 -D

Z z

L(0) —+ Z{L,(D}(2) - ——+
_i ( V(D)) —s‘t (K+1)-T]
L-s? (K+D)-T

k=0

Then, considering the usual analysis with zero
initial conditions I; (0) = 0:

(@ -2
L1 =50 L(O)S) = ZULOYD) ————+

Vi = V(D)) <
_( ‘”L - 52( ) . Z(z—(ml) 7 K .Z—D)
k=0
Finally, rearranging terms and simplifying:
D
£{1=8() - LOYS) = (5rs5) o

(2@} + LT
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4.2 v,(s)

The output equations (5) yields
( (K+1)T

L{v, (D)}(s) = Z -];K+D) T

V(D) V(D)
+ 7
ot1l) 2+l

e” | v, (0) —

(K+D) T 1

+V(D)'Z f e=St.e RC'
KT

Following the same methodology as for I; (t):

( L{vy(t)}(s) =

= — A- L-I-a)t| (K+1)-T +

- s+a (K+D)-T
K=0

| gy

© —(s+—) t

e R -C
(K+D)'T
vy Y ]

s+
K=0 R;-C

_<1+1> 1
“=\r, "R, C

V(D) V(D)
Where A = v,(0) — dB = R,
RL Ry,
Rearranging terms:
( L{vo(0)}(s) =
d e~ (K+1)-T
= —A . Z <e_s'(K+1)'T —_— +
s+a
K=0
e—a~(K+D)~T
e—s~(K+D)~T .
s+a

! B Z(e—s~(K+1)~T — e S (KDIT) 4
S
K=0

- (e—(s+RL%C)~(K+D)-T 3 e—(s+ﬁ)-K—T>
5 +——

_V(D) - Z
K=0 R.-C
_ ( 1 4 1 ) 1
\ “=\r, "R, T

As for I;(t), in order to collect a Z-transform
expression, the repalcement 5T = z leads:
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( Li{ve(D}(s) =

A Z—l . e—a-T Z—D . e—a~D~T
(s+a) <1 —zl.e7aT 1—z71. e“”)

B z71 z7 D VD 1
s\1-z71 1-2z71 D) S+ ——
T
(z - eRL€)™P 1
_T _T_
1—z71-e B¢ 1-—2z"1.e RLC]

_(1+1) 1
“~\&, "R,/ T

To simplify the analysis, we can recall the
Assumption 1:

N

]
=

3)

(K+D)-T~K-T (T - 0)

In this way:
-a-T . ,—aDT

A (7P - e —z-e
L{v,(D)}(s) = TS n a( ZD - (z—e-aT) )
B ( zP — 2z )
S (T - 0)

s \zP-(z—-1)

Considering the transformation:

1 _ z
s+a z—eaT
1 _z
s z—1
Finally:
Az zD.e=aT_z.g—aDT
L{o(OYs) = — e (“opmr—)

Bz zP—z
(z-1) ' (ZD~(Z—1)) ®)

4.3 Complete Transfer’s Function
The electrical circuit’s equations (4]) along with (7)
and (8) leads:

(22) - (20,0} + LulEDTE)

Az ZD.e—a-T_Z‘e—a-D-T
= [- =5 ( )+

z—e—aT ZD.(Z_e—a-T)
. p_
{7 (5—21) ' (zDZ-(z—Z1))] ' (C s RLL)

1 1 1
a=(++1) 1
R, Rp/ ¢

1

= )
ﬁ+1

©)

Where I} (z) = Z{I; (t)}(2). In the next section, the
main results will be presented obtaining both: a
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simplified asymptotic transfer function and a
stability theorem to ensure stability for VD € [0,1].

5 Main Results

The Boost converter along with its dynamical model
in z-transform (9), can be represented as a transfer
function in the Z domain:

_ zP(z—-1)
IL(Z)_< (Z—ZD) )

Az ZD . e—a~T —z. e—a~D~T N
7 — e—a~T ZD . (Z _ e—a-T)

Bz zP — 7
_(z—1)'<zD~(z—1)>]'

1 (Vi = V(D)) T -z
'(C'”R_L)_( L-(z—1)? )

For the purpose of collecting a complete expression
in the domain of z:

I ( ) _ zP.(z-1) .
Az ZD.efaj_Z.e—(w(sz;ZD) )B-Z ZD_5
. [_ Z—e‘a‘T( zD.(z—e—aT) ) N (z-1) ' (ZD'(Z—l))] )
(B - )
(z-1)

(10)

Then, considering the asymptotic behavior of ;)
when the sample’s number K tends to infinity,[11]:

limity_ ool (K- T) = limy1(z—1) - 1,(2) =
_ (ZD (z— 1))
=lim,,,(z—1) - |[————=] -

(z—2zP)

Az 7D . e—a~T —z. e—a-D~T
—~ +
[ z—e"aT < zP - (z —e™aT) >

B-z 7P —z _
_(z—1)'<zD.(z—1)>]
z—e_RLT_'C (Vi —V(D))-T-z\ _

z _< L-(z—1)? >_

Vin =V(D))-T -z
L z-1n 7

=lim,,; —

Then it is clear that, asymptotically, the
dominating part of the transfer function (10) is

([12], [13]):
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Theorem 1: Given the z-transfer’s function (10), an
asymptotic equivalent transfer function is as
follows:

Vin =V(D))-T-z
L-(z-1)

I(2) = - (K - )

)

As a consequence, the next corollary shows a
sufficient condition for stability allowing the
available LTI stability tools:

Corollary 1: Given the transfer’s function (11), the
complete closed-loop system, after some
controller’s addition, will be asymptotically stable if
is asymptotically stable for VD € [0,1].

Proof 1: Considering that the duty D changes over
time but onyl from interval to interval: [K - T, (K +
1) - T], then if for every D, the closed-loop system
is stable, each interval is decreasing exponentially
(LTI system) and so, because of the inductor’s
current I; (t) continuity (either for continuos or
discontinuous modes), the current will set to zero or
continues from the previous state in previous
switching, the complete current evolution over time
is decreasing to some equilibrium, so asymptotic
stability is proved. This completes the proof.

It is worth noticing that Corollary 1 allows the
use of any LTI stability criteria as long as is applied
for the complete range D € [0,1].

Using these results, the next section presents the
design of a Lead compensator for the closed-loop
stability of the Boost converter.

6 Sensitivity and Error Analysis
According to model (10) and its asymptotic
approximation (11), the following analysis can be
depicted:
e Analyses of sensitivity: An analysis of the
asymptotic transfer function’s parameter
dependence is not difficult:

(Vin =V(D))-T-z
L-(z—-1)

I(z) = —

As the model relies on Assumption 1, it is valid
for high frequency switching PWM signals. In
contrast, since the inductance value L acts as a gain,
it is important to keep it close to reality in order to
design a more reliable controller.

e Error analysis: taking into account models

(10) and (11), the following error analysis
can be carried out:
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(Vin =V(D)) T - 2
1)'[_ L-(z-1D

zP(z—-1) Az
_< (z —zP) >.[_Z—€_a'T
ZD . e—a-T —z- e—a~D-T
( ZD . (z —e—aT) )+
B-z zP —z
(z—1)'<zD-(z—1)>]'
z—e"# Vin —V(D) - T-z\| _
z +< L-(z—1)? > B

limz_>1 (Z -

C -

T

=—B-C-(1—e'RL_-C)

Both models converge as the system runs out
under Assumption 1 and for small values of the
capacitor C.

7 Other Methods Comparison

7.1 Computational Intelligence

A boost controller can be designed using methods
derived from computational intelligence, such as
fuzzy logic, without the need for a model or transfer
function. As a negative aspect, some knowledge
about the boost under study must be provided
regarding the case-dependent nature of the method,
[14], [15].

Alternatively, it is possible to employ neural
networks with some very recent references, [16], in
which a controller with nonlinear function based on
Back Propagation (BP) neural networks combined
with PID is developed. Because the model is never
used or derived, it is always necessary to train a
neural network, even for simple boost designs
without the possibility of determining asymptotic
stability. Moreover, even with realistic modeling
using real data, training a neural network for every
controller design is not advantageous for some
control objectives, [17].

7.2 Artificial Intelligence

A genetic algorithm is used in [18], even when a
model and backstepping are considered to provide
asymptotic stability using Lyapunov’s method, an
average model is finally utilized with the obvious
drawback of linearization and without any universal
model (transfer function) as presented in this paper.
In the recent paper [19], a black-box model is
presented using real time measurements and a
NARX-ANN structure, however, as for the previous
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analysis, its case-dependent nature and the lack of
asymptotic stability tools, make the contribution
limited when compared to the universal and non-
approximated model in this paper.

7.3 Classical Methods

Boost converters are switching models, so a
switching strategy or average (linearized) model can
be used to obtain a stabilizing controller (see, for
instance [20], and [21]). Several advantages can be
enumerated in this paper, including:

e No linearization is involved

e A universal asymptotic model is provided

with a very simple structure

e A transfer function in the z-domain with no

discrete approximations is presented.

The universal and ready-to-use transfer function
is a very important contribution in this paper when
compared to the available literature where a case-
dependent study must be carried out under a linear
and local approximation.

8 Matlab Simulations

8.1 Example 1

In this example, a boost converter with 48V in V;,
and with an expected DC value of v, = 311V will
be considered. Using the simplified transfer function
(11) for a boost converter, a lead compensator can
be designed starting, for instance, from a root locus
plot using a simple proportional controller: V(D) =

K, =2 €[1,500], with R, =102, C =
P 1-p
100uF, Rp = 0.1, as shown in Figure 4.

Fig. 4: Root locus for a boost converter with a
proportional controller K, € [1V,500V]

Where the proportional K;, was considered only
for the present real case of K, € [1V,500V].
Clearly, as expected, a simple proportional
controller can not stabilize a boost converter within
this range of Kj,. Apllying a lead compensator with
K, = 311:
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z—0.3

Glead = 311 ' 7 — 0.1

Then, the root locus plot is shown in Figure 5.
Now the closed-loop system is stable and can be
applied to the power systems model in Simulink
(Figure 6), where the current I; (t) versus a set point
of 100A is shown in Figure 7. As usual, overpeaks
in V(D) internal voltage can be as high as 500V.

Fig. 5: Root locus for a boost converter with a lead
compensator

Fig. 6: Boost converter Simulink’s model

Fig. 7: I, (t) versus a 100A setpoint

8.2 Example 2

The asymptotic stability analysis in this paper can
be also applied to small booost converters, let’s say:
5V in V;, and with and expected DC value of v, =
12V, [22]. Then, the asymptotic transfer’s function
(11) leads:

15-vD))T-z
L-(z—1)

I(2) = - (K - )
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For comparison, let’s consider the high
frequency used in [21]: T = 2.5us and with L =
10uHy for an output power of about 6 using C =
150uF, the following controller stabilizes the DC-
DC converter:

4 z —0.9958
z—0.9739

Gcompensator =

It turns out that this controller is a z-transform
version of the one in [22]. Notice the reduced phase
margin due to the discrete conversion when
compared to the continuous model (Figure 8).

Fig. 8: Bode plot for the compensated boost
converter

9 Conclusion

As a result of applying Laplace transforms, the z-
transform naturally follows without any local
approaches or linearization, rather the switching
nature of the model is captured by the z-transform,
and the complete model is transformed into a unique
transfer function (universal transfer function for any
boost converter).

Therefore, all classical tools apply to the design
of compensators and stabilizers for boost
converters/power converters using the simplified
asymptotic transfer function in this paper.
Moreover, an interesting new transfer function
showed up including terms like z” deserving a
complete separate study. In this paper, an
asymptotic model was also derived to provide a
simple methodology to design a lead compensator
using a universal discrete transfer function.

To validate the analysis, a boost converter was
evaluated in Simulink using the Power Systems
toolbox showing the asymptotic convergence of the
current I; (t) to some desired setpoint of about 100A
(plus ripples) and also a small 5V to 12V (24W) is
analyzed and compared with a Texas Instruments’
design.

This research opens the door to more convenient
and sophisticated models using complementary
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switching for a wider range of DC-DC and also DC-
AC converters, which comprises a complete future
research line. The wuniversal structure of the
asymptotic transfer, which facilitates asymptotic
stability, renders the utilization of these strategies
highly appealing.

As future work, more DC-DC converters will be
explored with the ideas presented in this paper along
with real cases and test measurements.
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