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How accurately can spherical caps be represented by rational quadratic
polynomials?
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Abstract: - This paper discusses the incapability of a tensor product rational quadratic patch to accurately
represent a spherical cap. It was analytically found that there is no combination of control points and associated
weights to accurately represent the spherical cap. On top of that, an optimization technique has revealed that for
a unit sphere the computed radii in the parametric space can be limited to the interval [0.999999994,
1.000104146], which is practically a good approximation. This study makes sense as a preparatory stage in
relation with the isogeometric analysis (IGA), which may be applied in conjunction with either the Finite
Element Method (FEM) or the Boundary Element Method (BEM).
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1 Introduction small number of parameters are involved in the IGA
Computer-aided geometric design (CAGD) deals moF1§l, the shape optimization process is drastically
with mathematical and computational methods for facilitated. ' .
the description of geometric objects as they arise in Spheres and spherical parts, are frequently met in
areas ranging from CAD/CAM to robotics and structurgl engineering (c.g., thm she.lls) and
scientific visualization [1]. On the other point of mechanical engineering (mostly rigid objects, e.g.
view, Computer Methods such as the finite element ball joints etc.). In addltlonf Sp.her'cal caps are of
method (FEM) start with the aforementioned object great interest In many sgen‘uﬁc areas SUCh as
and operate sequentially by fulfilling the dominating computer g.raphlcs [6], optics [7], solar engineering
physical laws at a computational mesh which is [8]’ geosciences [9] and fluid mechanics (oil
generated afterwards within this geometric object pipelines, nuclear reactors) [10], among others. In
[2]. all these cases, an accurate computational
Unlike the two above discrete procedures, since mechanics model is required in which the accurate
October 2005, the so-called ‘isogeometric analysis’ representation of the geometry should be ensured.
(IGA) method has been proposed, which combines For example, it has been reported that buckling
computational mechanics (FEM) and geometric analysis is particularly sensitive when the spherical

model (CAGD) [3] thus bridging the gap between geometry is not yvell represgnted [11,12], and some
them. In more detail, IGA operates directly on the of the latest studies on spherical caps are [13,14].

NURBS-based geometric model utilizing the Within this context, this paper restricts to the
involved set of weighted B-spline basis there and parameterization of spherical caps using a tensor
the associated control points. For an overview the product of nine rational basis functions, which are
interested reader may consult [4]. For details weighted quadratic Bernstein polypomlals.

regarding the computer implementation as well as It is well known that an entire sphere can be
the differences between IGA with the classical treated as a solid by the revolution of a circular arc,
FEM, the reader is referred to [5, 25]. The of central angle equal to 180 degrees, about an axis.
advantage of IGA is that it can deal with exact Also, half a sphere (such as its northern or southern

representations of the involved geometries, p:’:ll‘t) may be easily produced by the rotation of a
particularly when conical sections appear. circular arc of centrql angle .equal to 90 degrees
Therefore, circles, ellipses, spheres and ellipsoids about the vertical axis. In this particular case we

can be ideally treated by IGA. Also, since a rather may use three rational Bernstein-Bézier polynomials
associated to three control points as follows. Two of
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them are taken at the ends of the circular arc and the
third one at the intersection of the two tangents of
the arc on an axial section at the aforementioned
ends [15].

If however we wish to represent the four-sided
(say) northern cap which is formed by an inscribed
cube concentric with the sphere, then there are no
guidelines about the minimum polynomial degree
that has to be applied. One reported case is to use bi-
quartic polynomials [16,17], while the MATLAB
command rsmak ('southcap') provides a 3-
vector valued rational of order five polynomial
whose values on the unit square [—1,1]x[—1,1] fill

out the aforementioned piece of the unit sphere [18].
A study on triangular and quadrangular quadratic
Bézier patches to represent a quadric has been
reported [19]. The latter has been followed by
further studies [20-22] but the problem still remains
open.

This paper goes beyond the state-of-the-art and
mathematically proves the incapability of
biquadratic rational Bézier interpolation to
accurately represent quadrilateral spherical patches
such as the abovementioned southern or northern
cap. Not only that but is also presents an acceptable
practical solution of high precision.

The paper is structured as follows. In section 2
we present the basic equations for the parametric
representation of the spherical cap, which is
considered as a generalized quadrilateral patch of
CAGD type. In section 3 we present the conditions
which have to be fulfilled to ensure that the
computed points belong to a sphere of unit radius. In
section 4 we present an optimization procedure to
determine a good but not accurate approximation of
the spherical cap. Section 5 is a discussion on the
findings and the future research whereas section 6 is
the conclusions. The paper is followed by an
Appendix regarding the position of the control
points along the four edges of the patch.

2 Problem Formulation

In this section we define the spherical cap in terms
of geometry (subsection 2.1), in full detail. In
subsection 2.2 we determine the control points and
the corresponding weights along the four edges
(boundary) of the quadrilateral patch. Finally, in
subsection 2.3 we present the parametric equations
of the interior of the spherical cap.

2.1 Geometric details

We restrict our analysis to a spherical patch which is
produced on a unit sphere (R =1) by an inscribed
concentric cube.
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Fig. 1: Spherical cap

It is easy to validate that the length a of each cube’s
side is given in terms of the radius R by (see,
Appendix A):

2R
B

It is clarified that if the upper (northern) face of the
inscribed cube is denoted by ABCD, each

curvilinear edge such as AB of the spherical cap

ABCD is produced by connecting the side AB of
the cube with the centre O of the sphere and then
intersecting the plane OAB with the surface of the
sphere, and so on. The finally produced spherical
cap is shown in Fig. 1.

Obviously, the abovementioned geometrical
construction associated to the top face ABCD of the
cube defines exactly one-sixth of the sphere, thus
the rest five faces of the cube define the rest five
sixths of the same sphere’s surface.

a (1)

2.2 Representation of patch edges
In this subsection we determine the position and the
weights of the control points along the four edges of
the quadrilateral patch which approximates the
spherical cap.

By construction, each side of the spherical cap is
a perfect circular arc of a great circle of radius R,
thus it can be accurately represented by three
rational Bézier polynomials associated to a set of
three control points [15,23]. These points are found
at the corner points (A and B for the edge AB) as
well as at the intersection of the tangents through A

and B of the circular arc AB on the plane OAB.
Regarding the corresponding weights, one
possibility is to use unit values at the ends. In this
case, since the cosine of the angle formed by the
chord AB and the tangent at the end A is

cosa =+J2/3 (for details, see Appendix A), the
triplet of the weights will be:

2
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In the case that the Cartesian reference system OXxyz
is chosen so as the vertical plane Oyz halves the
inscribed cube (and the sphere as well) passing
through the middle points of the edges AB and CD
and being perpendicular to them, obviously the
corner points A and B possess the following
Cartesian coordinates:

Then, following the above-mentioned construction

using the tangents, the three control points
corresponding to the circular arc AB will be found
at:
a a a
P,| —=,——=,=| with w, =1
00 2 2 2J 00
3a 3a fz
P.l0,—,— | with w,=,|— 4
01 4 4 j 01 3 ( )
a a a
P, ——,——,—| with w, =1
2 "5, 2] 00

Similar expressions are valid for the rest three
circular edges, i.e. BC, CD and DA, which are

obtained by merely rotating the arc AB in the anti-
clockwise direction by 90 degrees about the vertical
axis of symmetry (z-axis).

2.3 Representation of the entire patch
Following the standard computer-aided geometric
design (CAGD) approach, the coordinates
x(&,m)=[X,y,z]" of any point P(x,y,zZ) on the
above-mentioned spherical cap is given in terms of
the parameters (&,77) of the patch by (see, [23]):

X(E,m) =D Ri(&mxg

i=0 j=0

)
where Xp is the coordinate of the control point Pij ,
and R; is the rational basis functions which may be
expressed in terms of the Bernstein polynomials B,
and the weights W, as follows:
W,B.(£)B, (1) x;,

2 (6)
> W;B($)B; ()

j=0

Rij (&.m)=

2
i=0
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Fig. 2: Control points of the spherical patch, in
the reference unit square.

Up to this point, we have determined the eight
control points along the four curvilinear arcs (i.e.,

AB, BC, CD and DA) and we seek for the
central control point Py; that is shown in Fig. 2.

We recall that the triplet of the quadratic Bernstein
polynomials is given by:

B,(5) = (1-5)%, B,(5) =2(1-5)s, B,(5) =5, (7)

where s stands for either of & and 7.

3 Problem Solution
In this section, first (in subsection 3.1) we introduce
the necessary conditions which should be fulfilled to
ensure the accurate representation of the spherical
cap. Also, in subsection 3.2 we mathematically
prove the incapability of the quadratic polynomials
to perform this task.

Numerical and symbolic computations were
performed using the commercial software
MATLAB®.

3.1 Necessary conditions
The unknown position of the central control point

Pll(xna y“,le), the

corresponding weight W,,

shown in Fig. 2, and
may be determined from

the requirement that any point on the curvilinear
patch of the unit sphere is desired to fulfill the
condition:

XP+Y*+Z2° =1 (®)

Due to the symmetry of the spherical cap, we can
immediately conclude that:
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)

Therefore, we only seek for the two variables Z,

X1 =Y =0

and W,,.
Substituting Eqgs. (5) to (7) into the key point Eq.
(8), after elaboration it was found that the necessary

condition X’ +Y?+Z?=1 becomes equivalent to
the condition F(&,7)=0, where F(&,77) is the

following polynomial in two variables:
FEm=(aén+acn +asén’ +asn')
+(agn+adn’+adn’ +adn’)
+(a&n+a,sn’+a,sn va,dn’)
+(ag'n+a sy +a sy’ va ')

(10)

with

4
=S -2 fimz+)
a, =§ [(18-44B)w, +6(v2 - V3w, 2,)+(3-246) |
a,= ‘1?6[2(3—«13)% + (N2 =243 w,2,)+(1-V6)|
a,= 2[2(3—43)%+(3J5—2\/§>(ann)+“"‘/g)]

8= [A8-4V6w, + 62 ~E)w,2,)+ G- 246)
a, = —4[(18—8v6)w, +4w, > + (1242 - 63)(W,,2,,)
—4(w,z,,)? +(7-406)]

a, =[96— (160/6) / 3w, +32w,,> +(80+2 —323)wW, z,,

=32w,77, + [ 486 + 1) - (22446)/3
a, =167z, — 48w, + (80/6W,,) / 3+ (404/6) / 3—16W7, 402w, 2, +163W, 2, — 24
a, :—§[2<3—J6>w,, + (2 -24B3)(w,2,) +(1-6) |
a,, = +32w] +[ 96 -1 (1604/6) | w, 3202, + (8032 ~ 3203 ) w, 7, +[ 48 + 4846 1 (22446) |
a, =-64w’ +128(—1+§\/g)w” +64W 22 +123(—\/5+g\/§)wuzﬂ +12(224J6)
8, =32, +[ 64-(12836) /3w, —327, 2] +[ 6442 — (6443) /3w, 2, +[128/3-(6446) /3
a, :§[2<3—J€)wl, + (V2 -2 w,2,)+ (1-46) |
8, = 16w, + (-48+ 26y, +16w 7] +(~4082 +16v3)w, 2, +(-24+2f6 )
8, = 32w, +[ 64-(128v6) /3 |w, ~32w2} +64(x2 - L)w, 2, +1(128 - 646 )
a, =-l6w} +[—32+%*\/g}wu +16W. 2} +[—32«/§+(%\/§)}w‘,z” +1326-64) O

(11

If it was possible that equation (8) is fulfilled at any
parametric point P(&,7), then the polynomial

F(&,7) had to be identically equal to zero, thus any
of its coefficients (a,,i =1,...,16 ) had to vanish:

a =0, i=1..,16 (12)

Within this context, below we shall investigate
whether the sixteen conditions involved in Eq. (11)
may be true together.
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A close inspection on the separate coefficients
involved in Egs. (11) reveals that:

- The coefficients @, to a;, as well as @, and a,;
are linear combinations of the variables X, =W,
and X, =W,Z,,.

We may observe that: (a, =a;).

The coefficient a, is identical to &, (a,=4a,).
(a,=a;).
Also, a, =-2a,. Therefore, only one of them

Similarly, a, is identical to a,

four (i.e. &, @,, 8,, and a,;), say @, =0, may
be considered as an independent necessary
condition.

Therefore, among the seven involved linear
equations in (11), only the following three of
them, ie. (8, =0,a =0,a,=0), are linearly
independent. It is clarified that the therein

involved variables are X, =W,, and X, =W,,Z,,.

Regarding the nonlinear equations, we can notice
that (&, =a; =-2a,), &, =8, and a; =a,.

Therefore, among the nine existing nonlinear
nonlinear equations in (11), only five coefficients

(a,=0,a, =0,a,=0,a,=0,a, =0) are
independent.
- Summarizing the above observations, the

coefficients in monomials of the form &'7' and

& j77i are equal each other.

3.2 Findings on the solution of equations
system
In subsection 3.1 we found that there are three

different equations systems: i.e., (8, =0,a, =0),
(a,=0,a, =0) and (a, =0,a, =0), which can be
easily solved to determine the unknowns X =W,

and X, =W,,Z,, . Each of these three cases is studied

below.

3.2.1 Casel: (3, =0,a,=0)
Considering the first two equations of (11), i.e.
a, =a, =0, we form a well-posed linear system

in w,, and (W,z,,), which eventually gives the
following unique solution:

o
3

=2.3094011

(13)

and z,

1
11 2
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0 o X
Fig. 3: Variation of computed radius.

Then, substituting Eq. (13) into Eq. (11), one
obtains that five more terms vanish:
a3:a4:a5:a9:a13207 (14)

while there are also nine non-vanishing terms as
follows:

a, =13333, a,=-2.6667, a, =1.3333,
a, =—2.6667,a, =53333, a,=-2.6667,
a, =1.3333, a, =-2.6667,a, =1.3333

(15)

In other words, since the unique solution (13) fails
vanishing the nine coefficients in Eq. (15), it turns

out that there is no pair (W,,,Z,,) such as all the
sixteen necessary conditions &, =0 are fulfilled

inside the spherical cap. Actually, the computed
radius based on Eq. (13) varies in the interval
[1, 1.0042] as shown in Fig. 3.

3.2.2 Casell: (a, =0,a, =0)

Considering the second and the third equations of
(11), ie. a,=a,=0, we obtain again the
solution shown in Eq. (13).

3.2.3 Caselll: (8, =0,a, =0)
Considering the first and the third equations of (11),
ie. a =a,=0, we obtain again the solution

shown in Eq. (13).

3.2.4 Least-squares

Finally, all the first three equations of (11) were
considered to occur simultaneously as a set. The
well-known least squares leads again to the same
solution given by Eq. (13).
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4 An approximate optimal solution

In this section we present a practical way to
minimize the average deviation between the
computed and the desired accurate (ideally
spherical) patch.

Since the direct mathematical procedure of
section 3 fails to determine a unique solution that
accurately fulfills the constraint of Eq. (8), we resort
to a different procedure that will satisfy it in an
approximate manner.

Within this context, to minimize the overall error
in the approximation of the spherical cap, we seek
for a numerical solution based on non-linear
mathematical optimization techniques, which of
course will not fulfill all the conditions

a,i=1,...16.
One of the efficient methods is the second order
Newton’s method, and particularly the Sequential

Quadratic Programming (SQP), which was
implemented in MATLAB® through the function
fmincon [24]. The formulation is specified as
follows:

Find the minimum of the function f(x), which

here comprises two variables X =[X,,X,]' under

the following constraints:
c(x)<0
Ceq(x)=0
A-x<b ,
A, -x<b,

I, <x<u,

(16)

where b and beq are vectors, A and Aeq are
matrices, C(X) and C,(X) are constraint functions
that return vectors, and f(Xx), X, as well as the

lower and upper bounds |, , and U, can be passed as
vectors or matrices.
The objective function f(X) to be minimized is

the sum of the squares of the deviations between the
calculated (using Eq. (5)) and the accurate radius R
of the spherical cap at n discrete pairs of
parameters (&£,77):

2

f(W“’Z“)=iHZZR"(5””XH’] +[ZZR..<§,n>yp,,] *[ZZR"“’”)ZWJ —RZ}
(17)
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Fig. 4: Optimal variation of the calculated radius

The most necessary position that should be included
in the k-sum of Eq. (17) is the central point at
(£ =n=0.5), but also more characteristic points

may be taken into account.
Moreover, equality constraints C,(X) may be

imposed for the accurate approximation of the patch
at particular pairs (&,7).

In general, both the particular chosen objective
function and the equality constraints affect the
optimal solution to some extent. Between several
choices, one of them (perhaps the optimal) gives:

w,, = 0.467959158138040 s
7, =2.370695072453977 |’

which leads to calculated radii Rcalculated that are

found within the interval:

R aiculated 6[0.999999994, 1.000104146], (19)
while the corresponding variation of calculated
radius is shown in Fig. 4 and is the same for all the
four quadrants in which the unit square may be

divided.

5 Discussion and future work

It is well known that when performing knot
insertion or degree elevation to a tensor product
NURBS surface, the shape is parametrically
preserved [23]. In this framework, the findings of
this paper suggest that if isogeometric analysis
(IGA) is to be performed to a spherical cap, we
should not start it with a quadratic representation of
the geometry, because thus we would had to deal
with an inaccurate geometry, which would continue
to be so after the knot insertion or degree elevation.
This finding is in contrast to previous experience,
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where a circular arc could be initially idealized by
three control points wusing rational quadratic
Bernstein polynomials, and then knot insertion (or
degree elevation) would follow.

So far, it is established that a NURBS patch of
fourth degree is capable of accurately representing a
spherical cap (see, [16,17]), thus we take for granted
that isogeometric analysis should start from this
configuration. A future research should focus on the
capability of rational cubic representation of the
spherical cap.

6 Conclusion

It was shown that quadratic rational approximation
is not adequate to accurately representing a
spherical cap. The analytical equation of the sphere
led to a system of seven linear and nine nonlinear
(quadratic) equations, which unfortunately do not
give a unique solution. A least-squares procedure in
conjunction with the sequential quadratic
programming method has given a practically
acceptable solution for the position of the central
control point and its associated weight, which leads
to computed radii in the parametric space within the
interval [0.999999994, 1.000104146].

Appendix A

Control points of the circular arc AB in the
spherical cap

Here we shall study the control points and the
corresponding weights associated to the circular arc

AB , on a great circle of a sphere (O,R).

The coordinates of the ends A and B of the
above-mentioned circular arc are given by Eq. (3).
The control point Py coincides with A whereas Po>
coincides with B (see, Fig. 2). Moreover, according
to [15] the intermediate control point Py; is found at
the intersection of the tangent lines of the circular

arc AB at points A and B on the plane OAB.
Let M be the middle of the straight segment
(chord) AB, as shown in Fig. 5. Obviously we have:

W:MZOT_§]+ER, (A-1)
2 27 2

where (T,],R) is the triplet of the unit vectors on

the three Cartesian axes (X, Y, Z), respectively.
Therefore, the length of the segment OM is

- (3] -
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Obviously, the line OPy; passes through M and is
perpendicular to AB. The application of Pythagorean
theorem on the rectangular triangle OMB at M,

(OM)’ +(BM)* =(0B)’,
(BM) [ (AB)/2 and (AB)[ a, yields:

SROR

from which Eq. (3) is deduced.
Let now « be the central angle [1(OA,OB),

in conjunction with

(A-3)

which is double than the equal angles
[1(OP,,0B) =0 (BA,OP)=a/2. Since
OB =OP, cos(/2) , and OB =R, we get
R
IS (A-4)
cos(at/2)

According to [15], we have that the weight
associated to the control point Py should be given

by

W,, = cos & (A-5)
2
Considering the definition of the cosine by
OM
cos £ 1] ©oM) (A-6)
2 (OB)

and substituting (OM) by (A-2) while (OB)=R,
Eq. (A-6) becomes:
lo4 2
cos—=,|=
2 3
Therefore, combining Eq. (A-5) with (A-7), the
weight associated to the control point Py; should be

(A-7)

(A-8)

Regarding the position of the control point P11, we
have:

—_—

@112‘@11"%20M- (A-9)

Substituting oM by (A-1),

@11‘ by (A-4) and

(A7), while ‘W‘ by (A-2), Eq. (A-9) eventually

leads to:

E-ISSN: 2224-266X

145

Christopher G. Provatidis

0.8
0.6
0.4

0.2

Fig. 5: Construction for the control points

@11=OT—3—a]+3—aR, (A-10)
4° 4
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