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Abstract: We study the problem of the optimal temperature regulation in industrial greenhouses. We consider a
model based on the one-dimensional heat equation having a hon-constant coefficient on a bounded interval witt
guadratic cost functional, prove the existence and uniqueness of a control function from a prescribed set, and stud

the structure of the set of accessible temperature functions.
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1

When growing plants in industrial greenhouses, some
temperature conditions are needed at some fixed
height corresponding to the growth point of the plants.
These conditions should be maintained according to
a circadian schedule with small deviations admitted.

Introduction

and the problem of optimal time of control were con-
sidered in [6], [7], [8], [9], [11]. See also [12], [13].

3 Boundary Value Problem

Let us consider the mixed problem for the heat equa-

One can make the temperature to rise by heating the tion

floor of the greenhouse and to fall by opening ventila-
tor windows at the ceil. A greenhouse can be treated
as an elongated parallelepiped. Consider its cross-
sections that are perpendicular to its longer side. Now
we can propose a mathematical model to solve the
task.

2 Mathematical model based on the
heat equation

The model is based on the heat equation. The first re-
sults concerning this model are published in [1], [2],
[3]. Some methods of proof of the main results are
contained in [4] and [5]. Similar extremum problems
for integral functionals were considered by different
authors (see [6], [7], [8], [10]). The review of early
results in this problematic is contained in [9], bibliog-
raphy of later works is contained in [11]. The problem
of minimization of functional with final observation
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O<ze<l, t>0,

(1)

with a sufficiently smooth coefficient(x) satisfying
the condition

ur = (a(2)ug)z,

0<ao<a(x), ze€]|0,1], 2
with the boundary conditions
u(0,t) = ¢(t), ua(l,t) =9(t), >0, (3)
and the initial condition
u(z,0) =0, 0<ax<lI, 4)

with ¢ € W(0,T), v € W4(0,T) foranyT > 0. In
this article we mean that(¢) is a fixed function and
¢(t) is a control function to be found.

PutQr = (0,1) x (0,7"). Justas in [14], p. 15,
by V,°(Qr) we denote the Banach space of functions
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u € WQI’O(QT) having the finite norm
1/2
sup

o ([
(/ ug (2, )% da dt) v

and such that — wu(-,t) is a continuous mapping
[0,T] — L2(0,1).

By W4 (Q) denote the space of ajllc W3 (Qr)
such that)(z,T') = 0, n(0,t) = 0.

We will consider the energy class of weak so-
lutions to problem (1)—(4), i. e. the set of func-
tionsu € V,*(Qr) satisfying the boundary condition
u(0,t) = ¢(t) and the integral identity

| (atwyun.

HUHVZLO(QT)

+ ®)

uny) dz dt

T
/0 () n(,t) dt

for any function(z, t) € Wi (Qr).

(6)

Lemma 1 There exists a unique weak solution to
problem (1)—(4) belonging t&,°(Qr).

Proof: To prove the uniqueness of such solution, we

can use the same considerations as in [14]. To prove
the existence we represent the solution to problem
(1)—(4) as the sum of functions

u(w, t) = v(x,t) + ¢(t) + w1 (t). (7)

Then, by (1)—(4), (7) we have the following problem
on the functiorw :

v = (a(@)ve)e + g(z, 1), 8
O<z<l, t>0,
v(0,1) 0, wvz(l,t)=0, t>0, (9)
v(z,0) = h(z), O0<z<l, (10)
where
h(z) —¢(0) — z(0),
g(z,t) = d'(@)y(t) — (1) — 2y’ (1)

Denote by{y,(z)}22, the sequence of normalized in
L1(0,1) eigenfunctions of the self-adjoint boundary
value problem

(a(x)y’) + Ay =0,
y(0)=0, o'(I)=0,

by {A\.}>2, we denote the corresponding se-

guence of positive eigenvalues.
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Finding the solution to problem (8)—(10) by the
Fourier method, we obtain the following formal rep-
resentation:

ulait) = (1) +av(t)
o Ze—)\ntyn(l_)
n=0
l
x ( | @(0) + 20(0)ya(2)dz
t l
+ /[)eAnT/[) +Z’¢ )

a'(2)y(7))yn (2 )dzd7> (11)

Series (11) can be proved to converge in the space
V;°(Qr) and to satisfy the integral identity (6). So,

it gives a weak solution to problem (1)—(4). Lemma 1
is proved. O

4 Existence and uniqueness of solu-
tion to extremum problem

Now we raise the problem to maintain the tempera-
turez(t) at some given heightduring the whole time
interval0 < ¢t < T'. Consider the problem

ug = (a(z)uz)x, (12)
O<z<l, t>0,
U(O, t) = @b(t)) u:c(lv t) = ¢(t)7 (13)
t >0,
u(z,0) = 0, 0<uz<l, (14)

with ¢(t) € W3(0,T),
T > 0.

Hereafter denote by, its unique solution exist-
ing according to Lemma 1. In this notatianhand!
are not mentioned because they are fixed throughout
the paper.

Supposel’ > 0, z € Ly(0,T).
M > 0 denote the set of functions

Bar = {6 € WEOT) + [0lhwyo) < M)

p(t) € W4(0,T) for any

By ®j; with

For some: € (0, {] define the functional

T[6] = /O Y ug(ert) — 2(0))%dt.

Consider the minimization problem for this functional
and put

— inf J[g].
m= mf (4]
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Physically, at one endpoint of an infinitely thin rod, Proof. Denote
the temperature(¢) (the control function) is main-
tained during the time T, and the heat flawt) is By ={y =ug(c,r) s 6 € @y} C Lo(0, 7).
given at another endpoint. The problem consists in | ot 5 prove that the se&,, is a convex closed sub-
finding the control functiomy () making the temper- gt i L2(0,T). Supposeyy,ys € By with y; =
ature at some pointmaximally close to the given one ). Th , M. 1.9 d

: ot ug,(c,-). Then|lojllwzor < M, j € {1,2}, an
z(t). The quality of the control is estimated by the for anya € (0, 1) we Fave
functional J[4). ya € (0,

We investigate the existence and uniqueness of gy + (1 — a)¢2||wl(0 o
the control functionpy(t) € @, (the minimizer) giv- 2
ing the minimum of the functional[¢]. The proofs of < a||¢1”W21(0,T) +(1- a)||¢2\|wg(07T) < M,

results on the existence and uniqueness are based on h 1 B dth Bor i
the following Lemma concerning the best approxima- Whenceay: + (1 —ajyz € By and the seB)y is

tion in Hilbert spaces. convex. . .
P Now we prove thatB;,; is a closed subset in

Lemma 2 Let A be a convex closed set in a Hilbert ~ L2(0,T). Let {yy.(t)}22, C B be a fundamental
spaceH. Then for anyx € H there exists a unique  Séquence iy (0, T') having the limity € Ly(0,T).

elementy € A such that The corresponding sequentgy, } C @)y is a weakly
precompact set iV (0,7). Hence, some subse-
|z —y| = ing |z — z]|. quencegy; tends weakly, ag — oo, to a function
zEe

¢ € W3(0,T). By the properties of weakly con-

Proof: Denoted = igg |z—z||. By the parallelogram  vergent sequences in Hilbert spaces ([15], Chapter 1,

property for anyz € H andyy, y; € A we have Section 1, Theorem 1.1) we obtain

H¢||W21(0,T) < lim sup ||¢ijW21(O,T) <M, (15)

2(llz = sl + = — val?) j—oo
— Ml — 12 ity whencep € ®;.
=l —sl”+ 4”3: 2 H ' Next, by the Banach-Saks Theorem ([16], Chap-
_ 1 ter 2, Section 3) there exists a subsequétgesuch
By the convexity of the set we havel (y1 +y2) € 4, that
whence : 7 _
Hx Yty H -4 Jim {lén = llwy 0.1y =0, (16)
2 - where
- 1
Therefore, G = - Z qbk_,-l- (17)
=1

ly1 = woll® < 2 ([l = w1l* + [l — y2||?) — 4%,
( ) Therefore,
which invokes uniqueness of the minimizer. Lo
To prove the existence of the minimizer, consider Hg}nuwl(o ) < = Z ok lwiom < M
2 ’ - n N 2( ) ) -
a sequence of elemenjg € A such that =1

lim ||z —yi| = d. and by (15) we obtain
k—o0 . "
The sequencéyy } is a fundamental one since Un = — Z Yk;, € Byy.
) Ly
Iy =l ) ) ) By standard technique (see [14], [15]) we can ob-
<2 (H@“ —ukll” + |z =il ) —4d” — 0, tain the following estimate for the solution to problem
k,l — oo. (1)—(4):
Supposelim y; =y € H. Then|lz — y|| = d and lusllviogm = Cilldllwiom + 1¥lwiom),
—00
y € A due to the closeness of the sktLemma 2 is where the constanf; is independent ofs and .
proved. 0 Therefore, for the corresponding sequence of solu-
tions N
. . . 5 1
Theorem 3 There exists a unique functiamy(t) € i = Z“knv

® s such thatn = J[¢o]. =
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we obtain the inequalities

litm = tmlly o)
< ClH‘bm -

m,n — 00,

Pn | wio,1) — 0, (18)

whenevera, = ug . This means thati, (0,
qﬁn( ) and the mtegral identity

t) =

(Up)my) dx dt

/ b(t)

holds for any functiom(z, t) € W (Qr). Taking into
accountrelations (16), (18), and (19) we see that there
exists the limit functionu € V2 (QT) which is a
weak solution to problem (1)-(4) with the boundary
function¢, and

/ (o) e

n(l,t)dt (19)

Hu - 'an”v;vo(QT) < ClHQb - (ZN)TLHW%(O,T)

So, by the embedding estimate (see [15], Chapter 1,
Section 6, Formula 6.15) we obtain

[u(e, ) — (e

< CQHU — an||V21,0(QT)

< C1Cs|¢p — (Z;nHWQ(O,T)’

s M za0.m)

whencey = u(ec,
in L2 (0, 7).

Therefore, by Lemma 2, there exists a unique
functiony = u(c,-), whereu € V;"°(Qr) is a so-
lution to problem (1)—(4) with some, € ®,; such
that

-) € Byy and By is a closed subset

inf Jlo| = J|¢o].
Jinf J16] = Jlox)

Let us prove that suchhy € ®,, is unique. If
not, consider a pair of such functioss, ¢, and the
corresponding pair of solutions;, us. The function
i = u1 — ue iS a solution to the problem

up = (a(x)ﬁ:n)zy (20)
0<t<T, O0<z<l,

w(0,t) = p(t), 0<t<T, (21)
B(t) = o1 (t) — da(t),
t(c,t) =0, 0<t<T (22)
Uy (l,t) =0, 0<t<T (23)
a(z,0) =0, 0<xz<lI (24)

Taking into account the integral identity (6) with the
functionn(z, t) equal to 0 orf0, ¢] x [0, T], we obtain
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that the functionz on the rectangleg(TC)
(0, T) equals the solution to the problem

(c,1) x

Uy = (a(l’)ﬁx)% (25)
0<t<T, c<z<l,

(e, t) =0, 0<t<T, (26)
Uy (l,t) =0, 0<t<T, (27)
u(x,0) =0, c<z<l. (28)

But the solution to problem (25)—(28) vanishes on

[c, 1] x [0,T], whence we have
a(z,t) =0, c<z<l, 0<t<T. (29)
Now we will prove that
w(xz,t) =0, O0<z<l, O0<t<T. (30)

Note that by Theorem 2 from [18], Section 11, the
weak solutiorz is a classical solution to equation (20)
in Q7. Now we use Theorem 5 from [17], Section 3.
It establishes the following.

Consider a functiom(z,t) € C*(Q), Q C R?,
such thatu, (a(z)ug), On Q. Supposely is a
connected component of the $&n {t = ¢y}, andG
is a connected open subset@f. If = 0, then
ulg, = 0.

Applying this theorem to the solutioi of prob-
lem (20)—(24) for any, € (0,7) with Go = (0,1) x
{to} andG = (¢, 1) x {to}, we obtain that (30) follows
from (29). Thereforeqi(z,t) = 0 for anyz € (0,1)
andt € (0, 7). This means thab(t) = (0,t) = 0.
The proof of Theorem 3 is complete. O

By similar considerations we can obtain the ex-
istence and uniqueness theorems for other practically
important classes of control functions.

By @Y, denote the class of control functions

= {0 € W5(0,7), |éllwz o) < M, ¢(0) = 0}.

Theorem 4 There exists a unique functiamy(t) €
@9, such that

u|5

inf J[¢] =
¢>g§>34 9]

J¢o]-

By ®9, denote the class of control functions

= {¢ € W3(0,T), 16llwp 0.1y <M,
$1 < o(t) < d2}

with some constantg; andg,.

Pl

Theorem 5 There exists a unique functiapy(t) €
@9, such that

inf J[¢] =
ped9,

J¢o]-
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5 On exact controllability

Besides the question of existence and uniqueness of

the solution to the extremum problem, another impor-
tant question concerns the exact controllability, which
means the ability to obtain, at some point= ¢, the
restrictionu(c, t) equal almost everywhere ¢t 7'] to

a given functiorz(¢). Respectively, by the exact con-
trol we mean the functiom,(t) € @}, making the
functional J[¢] to vanish:

ool = [ (un(est) — =(0)de 0.

The next theorem shows that the set of functions
z(t) € Lo(0,T) admitting exact controllability is suf-
ficiently "small”.

Theorem 6 The set of all functions € L»(0,7") ad-
mitting exact control, i. e. such thd{¢] = 0 for some
¢(t) € @y, is afirst category subset ih2(0,7).

Proof: Consider equation (1) for a functien (z, t) €
V;°(Qr) with the boundary conditions

ul(ovt) ¢1(t)7
(u1)z(l, 1) ¥(t),

and the same equation for a functien(z,t) €
Vv, (Qr) with the boundary conditions

u2(07t) = ¢2(t)>
(u2)a(l,) = (1)

Denotett = u; — u9. The functions = u; — uq is a
solution of equation (1) with the boundary conditions

u(0,1) P(t) = ¢1(t) — ¢a2(t),  (31)
Uy (l,t) = 0, (32)

and the initial condition
t(x,0) = 0. (33)

Now, in the rectanglé)&?l) = (0,21)x(0,T") consider
the problem

up = (a(z)ty) (34)

O<ax<2, 0<t<T,

a(0,) = $(t), (35)

u(20,t) = (1), (36)

u(x,0) =0, (37)
where a(x) = a(2l — z), = € (I,21). The

weak solution of problem (34) — (37) is a function
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a(x,t) e V¥ g?l)) satisfying the boundary condi-
tionu(0,t) = u(2l,t) = ¢(t) and the integral identity

/(21) (atiyn, — ung)dxdt =0 (38)
Qr

for any function n(z,t) € Wi3(Qr) such that
n(z,T) = 0, n(0,t) = 0, n(2l,t) = 0. It follows
from equality (38) that

u(x,t) = u(zx,t),

O<z<l, O0<t<T. (39)

By the maximum principle for weak solutions ([14],
Ch. 3, Sec. 7, Th. 7.2), the solutiariz, t) satisfies
the inequalities

ess inf ¢(t) < u(x,t) < esssup ¢(t). (40)
t€[0,T] te[0,T]
From (40) therefore
esssup [u| < ess sup |p1(t) — d2(t)],  (41)

QT o<t<T

and, consequently

ess sup |u(c,t)| <ess sup |o1(t) — da(t)]. (42)
0<t<T 0<t<T

Integrating inequality (42), we obtain

sup [61(t) — ¢2(t)])%.  (43)

T
/ @*(c, t)dt < T(
0 o<t<T

Suppose the functions;(t) and ¢,(t) are the ex-
act control functions for given; (¢) and zx(t). This
means that

T
/0 (e, t) — 21())2dt = 0,
/OT(UQ(C, £) — 20())2dt = 0.

In this situation inequality (43) invokes the inequality

T
| /0 (21(£) — 20(1))%dt (44)

< T(esssup |¢1(t) — da(t)])?
0<t<T

for arbitrary functions: (t) andz2(¢) admitting exact
controllability.

Let Z C L2(0,T) be a set of exactly controllable
functions. We haveZ = U$;_, 2y, whereZy, C
L9(0,T) is the set of functions exactly controllable
with ¢(t) € ®,,. Consider an arbitrary sequence of
control functions{¢(t)} C &5, M = 1,2,... and
the corresponding sequenfe,(t)} C Zy. The set
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@), is a bounded set i’} (0, T'). By the embedding
theorem foriV} (0, T'), we have

’(bk'l - ¢kj‘ - 07

for some subsequencg,;. Therefore, by (44), (45)
we get for the sequendey; (t)} C Zy the relation

l,j — o0, (45)

T
JRCHORENORT

< T(ess sup |k, (t) — bk (t)|)2 — 0,
o<t<T

7,1 — oo.

(46)

It follows from (46) thatZ,,; is a pre-compact set
in L2(0,T). So, Zys is nowhere dense iti2(0,7).
Thus, sinceZ = U3;_, Zy, we conclude that is a
first category set iy (0,7"). Theorem 6 is proveda
The following statements show that the exact con-
trollability does not necessarily take place not only for
functionsz € L9(0,T), but also forz € C(]0,T]).
Consider the exact controllability question for prob-

lem (12)—(14) withy)(t) = 0 (no heat flow through
the right endpoint).

Uy = (a(x)ﬂx)ma (47)
O<ze<l, 0<t<T,

u(0,t) = ¢(1), ux(l,t) =0, (48)
0<t<T,

u(z,0)=0, 0<z<l. (49)

Theorem 7 For any M > 0 there exists a function

z € C(]0,T)) such that for any function(t) € ®9,,

the solution to problem (47)—(49) satisfies the inequal-
ity J[¢] > 0.

Now consider the more general case witft) #
0, i. e. consider problem (12)—(14).

Theorem 8 For any M > 0 and M; > 0 there ex-
ists a functionz € C([0,7T]) such that for any func-
tion ¢(t) € ®Y, and anyy(t) € W} (0,T) such that
Hz/;(t)HWQl(QT) < M, the solutionu(z, t) to problem
(12)—(14) satisfies the inequality

e /OT (ule, t) — 2(t))2dt > 0.

6 Conclusion

The results explained in the previous sections show [14]
that the we can obtain the existence and uniqueness

of a control function in a prescribed class. Also we
prove that the set of functiongt) € L,(0,7") admit-
ting exact controllability is sufficiently "small”. The
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results of this investigation were used for the develop-
ment of control algorithms and software ([1], [3]). Af-
terwards this software was introduced to the climate
control process in greenhouse complexes in Russia.
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