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Abstract:-In allusion to the research on track circuit are mostly focused on spatial domain at present, the finite
differential method is put forward to the time domain analysis of track circuit in this paper, in the theory of partial
differential equation numerical solution. A new differential formation of track circuit based on Lax format is
established and according to the lumped parameter equivalent circuit, the boundary conditions at the beginning and
terminal are confirmed. Through example, the time domain solution conform to the transmission characteristic of
track circuits, and the accuracy of the method is validated by comparing the simulation result with that of ADI-
FDTD method. Therefore, the finite differential method can be used to transient analysis of track circuit.
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1 Introduction

Track circuit can transmit train movement authority
and check the track occupancy, it is the most important
equipment for traffic safety and operation efficiency
[1]. Track circuit analysis is to solve the corresponding
responses under a set of given initial track circuit
parameters and a specific excitation source, in order to
make a reasonable explanation to the signal
transmission phenomena. This is depend on the
accurate analysis of the transient process of track
circuit, therefore in the track circuit analysis, solving
the track circuit transmission line equation is the main
research content. At present, research on track circuit
are mostly concentrated on spatial domain, the research
results in time domain analysis are very little. In the
spatial domain analysis of track circuits, their working
states are distinguished by power values at the
receiving end, but when the environment of ballast is
very terrible, the working states of track circuits are
difficult to determine in spatial domain [2-4]. To apply
this principle, it is necessary to distinguish track
circuits’ state in time domain.

As a result of the limitation of existing mathematical

tool, it is very difficult to solving its analytical solution.
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Therefore, in recent years, many scholars used
different methods to research the numerical solutions
of transmission line equation from different sides [5],
but there is no common analysis method which can
apply to any situations for the research of time
response of transmission line [6]. In the actual
numerical transient analysis, time domain methods
were widely adopted, and among these time domain
methods, finite differential method has a wide
versatility. It is a general way of directly obtaining the
time domain response, has been applied to the lossy
transmission lines, high voltage transmission line and
other scientific fields [7-11]. This method is well
suited to the modeling of transient electrical
phenomena [12] and wide band analysis, it can be used
to analyze all kinds of electromagnetic structures. And
compared with the matrix method or the other time
domain method, it takes up a small storage space [13].
In addition, it’s physical concept is clear, easy to
realized by programming.

In this paper, finite differential method is put
forward to establish the differential formation based on
Lax format and to obtain the time domain solution of
track circuit. Through example and compared with
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ADI-FDTD method, their simulation results are almost
consistent. It show that using finite difference method
to solve the time domain solution of track circuit is
feasible, it will become a new way to analyze transient
process of track circuit.

2 Time domain analysis of track circuits

based on finite differential method

Equivalent circuit of piece Ax of rail lines is shown
in Fig.1. The whole track circuit can be considered as a
cascade of countless equivalent circuit.
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Fig.1 Equivalent circuit of piece Ax of rail lines

Each circuit parameters of track circuit distribute
uniformly throughout the entire rail lines and are
regarded as constants, for different types of rails
corresponding to different values respectively. Rail
line is uniform distributed parameter circuit, there are
two asymmetric leakage currents, the one leakage into
the earth through g1 and g», the other one flow from
one rail to another rail through gi» which across the
surface of ballast and sleeper. The current of rail 1 and
rail 2 at distance x and time ¢, respectively described by
i1(x,f) and i(x,f). The voltage of rail 1 and rail 2 at
distance x and time ¢, respectively described by ui(x,?)
and u2(x,1).

According to the kirchhoff's law, the transmission
equations of track circuits can be written as

_ ou, (;x, N _ Ri e+ L, oi, gtc N, M, oi, gtc )
X
_ Ou,(x,1) t) 0i, (x,1)

Ryi,(x,0)+ L, 6’2("”)+M0
ox ot ot (1)

oI, (x,t
_%:(&+g12)”1(x’l)_g12”2(x’t)
oL, (x,t
_%):(gz +glz)‘42(xat)_312”1(xat)

Eq.1 expresses the relationship between voltage and
current in two rail ways. It is the basic foundation to
research transient response of track circuits.

The basic principle of finite differential method is
disperses the partial differential equations to get the
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differential formation of track circuits firstly, then
according to the boundary conditions at the beginning
and terminal, values of all the grid points will be work
out by iteration process [14].

Compared with other transmission lines, track
circuits have leakage currents to the ground, and at
present there is no literature acquired a common time
domain solution for track circuit. So we must establish
a new differential formation according to the theory of
partial differential equation numerical solution.
Considering that pulse voltage jump may appeared, it
will often caused parasitic oscillation to the variables
discrete, while Lax differential formation is effective in
smooth the pulse jump and eliminate the parasitic
oscillation. Therefore, reference to Lax differential
formation, build the transmission line equations
differential formation of track circuits.

2.1 Differential formation

Establishment of differential formation is the key to
the whole process. In the case of the solution of partial
differential equations, the solution domain in the x-
plane must be divided by equal grid of steps / and k.

By using centered-difference approximations and
forward-difference approximations instead of the first-
order spatial derivatives and temporal derivatives.
Then, by (., +u’,)/2 and (i, +i",)/2 instead of u”
and i’ . And after a series of derivation, differential
formation was derived

n n
ul,m+l + ul,mfl
Lm = 2
( . )(.n o N .
+ 8y T 8 N2 ll,m—2) 147 (12,m+2 Iy a)
4hg

- Lok[(u{fm+2 B uln,m )_ (ulnm B ”ﬁm—z )]

n+l

& t8n n Mok[(u;,mﬁ B u;,m )_ (u;,m - ”;,md )]
412 - M2 g h
+ b(ily,l/n+2 11 m-2 )+ a( L m2 —iy,s ) @)

Mok[(uln,mﬂ B uln,m )_ (ulnm B uln,m—2 )]
h
go | okl —ur,)- (e, -ur,, )]
an(2-Mml)g h

o .n N
+ a( U2 ~ Um2 )+ b(’z,m+z Lo )
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Where, g =g, + 881, + 8,81, »
a= ROMOk ’

b=1Ly—M;—R,Lk o

Eq.2 and Eq.3 show voltage differential formation is
a two layers six points iterative formula, and Eq.4 and
Eq.5 show current differential formation is a two layers
three points iterative formula. The basic principle is
that voltage and current values in a certain layer can be
iterated by voltage and current values in the layer
below.

2.2 Error analysis

In the derivation process, derivative quotient was
insteaded by difference quotient on their grid points,
and truncation error was produced .

Truncation error refers to the error between the true
solution of differential equation and the true solution
of difference equation after neglected some minor
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items [15].

According to the differential formation of track
circuit, under the second order Taylor expansion of
u(x,f) about time and the fifth order Taylor expansion
of u(x,r) about space in point (mh,nk).

When ¢ = (n+ D)k, x = (m=+2)h, (m—+ 1)h, (m—1)h,
(m—2)h, we got

n+l n n
w —u, (9_14) +olk)

k

ot

In the same way, i(x,f) also has the similar
expressions in point (mh,nk).

From the above formulas, truncation error of
transmission line equation is R" = o(h + k). When /1 —

n+l 1( n n )
u, ——\U,., +um7 n
2 p S :[a—uJ +olk)+ro(h), r:% (6)

0, £ — 0, truncation error is also tends to zero. So, this
differential formation is valid. It explains that the
differential formation is a first-order accuracy, and it is
a consistent approximation to partial differential
equations.

2.3 Convergence and stability analysis

According to Lax equivalence theorem, in the case
of a compatible format, the necessary and sufficient
condition for convergence is the differential formation
is stability. So, the problem can be simplified, only
needs to discuss the stability of the differential
equations of track circuits.

Assuming that V' =V"e'™ | W' =W"e" , they are
errors of voltage and current in point (m,n), o is
arbitrary parameter, then put them into the differential
equations, and written in matrix form after reduction,

I:Vln+1 V2n+1 VVInH VVan :I‘l — G . I:I/ln Vzn VVln VVZn :I‘l
where, G is called growth matrix.

Gy Ay Gy Gy (7)

Ay Qg Qg3 Ay
[(g2+g12)Lo_g1zMo]kSiH20l
hz(glgz+g1g12+g2g12)(Lg—M§)’
[(g2+g12)M0_g12L0]](Sin20[
hz(glgz+g1g12+g2g12)(L?)_Mg)

a,, =a,, =cosa —

b

ap =dy =
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G has four characteristic roots, in order to get the
sufficient condition for difference equation to keep the
differential formation stable, make the absolute values
of these 4 roots less than 1, there is

0<k<2min(L°_M° ,L°+M°J

L& ®
h >max(\/ k ,\/ k ]
(g1+2g12)(L0 _Mo) g1(Lo +M0)

When satisties Eq.8, the approximate solution of
differential equation will tend close to the accurate
solution of difference equation.

3 ADI-FDTD method

In order to validate the trust of the time domain
solution of track circuit solved by finite differential
method, an unconditionally stable FDTD method using
the principle of alternating direction implicit (ADI) is
adopted. It has the same distribution grid with previous
method.

In order to guarantee the stability of this algorithm,
the distribution form of voltages and currents are
crossed. The space between voltage point and adjacent
current point is Ax/2. Compared with finite differential
equations, ADI-FDTD method divide transmission
line equations into two parts to calculate the iteration
equations from step n to step (n+1) [16].

For ui(x,t), there is

n+1/2 n+1/2 /2 on n+1/2 - )
_ ul,mil _ul,m/ ys (ll.m+1/2 _ll‘m+1/2)+ R (ll,m+1/2 + Yo
h ’ k ’ 2
(-n+l/2 n )
+2M, Ly 12 ;IZ,erl/Z

©)
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n+ n+ 4l ntl)2 il /2
_ "ll,mlil2 _ul,ml/2 Y (ll,m+l/2 _ll,m£1/2)+ R (ll,m+1/2 + 11,:;4{1/2)
h 0 k 0 7
+2 Mo (i;,zﬂ/z ]:l;;j{zl/z)
(10)

For ux(x,t), there is

nl/2 onlf2 (~n+1/2 o ) (-n+1/2 n )
u —u l 1 4 +1
_ 2mel 2.m _ 2L0 2,m+1/2 2,m+1/2 +R0 2,m+1/2 2 2,m+1/2
(-11+1/2 n )
12M, Lom)2 ;ll,mﬂ/Z
+1/2 +1/2 (~n+l _nslf2 ) (.n+1 n+1/2 )
Uy i — Uy, Y Lomtfz ~ L) R Lomej2 T Lamei2
- S k T 2
(l-n+1 _ l-n+1/2 )
T ZMO 1m+1/2 p 1,m+1/2
For i1(x,f), there is
n+1/2 n+1/2 +1/2 +1/2
Wosifa " lmmp \(”fl,m/ +”1n,m) (”;m/ +”;m)
- _(g1+g12/ —8n
h 2 2
(11)
slf2 enelf2 ( el n+1/2) ( ntl n+l/2)
_ ll,m+1/2 ll,mfl/Z _ (g + g ) ul,m + ul,m —-g u2,m + uZ,m
1 12 12
h 2 2
(12)
For ix(x,?), there is
/2 anelf2 ( w2 | oon ) ( nlf2 | o n )
_ 12,m+1/2 lz,mfl/Z — (g + g ) u2,m + u2,m —g ul,m + ul,m
2 2 2
h : 2 ‘ 2
/2 anelf2 ( el n+1/2) ( n+l n+l/2)
_ 12,m+1/2 lZ,m—l/Z — (g + g ) u2,m + u2,m _ g ul,m + ul,m
2 2 2
h : 2 ‘ 2

In the above formulas, Eq.9 and Eq.11 can be used
to calculate voltage and current components of rail 1
from step 7 to step (n+1/2), then Eq.10 and Eq.12 can
be used to calculate voltage and current components
from step (n+1/2) to step (n+1). Finally, calculate the
differential equations from step n to step (nt1). It is
same to ux(x,f) and ix(x,?) of rail 2.

In order to simplified calculation, ignore the wastage
and the mutual impedance of the track circuit. For
ui(x,?) and 71(x,?), equations can be simplified as

ui =g =P, i) (13)
wl =l = Py, — i) (14)
iR =it s = Bl —u?) (15)
ily,l:;il/z = 11’1;14{12/2 - 1(”171;114{12 _“K:rnlﬁ) (16)

Assuming that u" =y *pr 1 = /M gn - p
is time growth parameter, then put them into the above
equations.

From Eq.13 and Eq.15, we got
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uy(1+ £*)=2Pj, sin( kszx j

i (1 - ﬂl'l/z): 2jPu, sin( kszxJ

So, the time growth parameter in first part is

-1
B = [1 +4FP, sin{k"zAxD

From Eq.14 and Eq.16, we got
u, (1 + P ): 2jPj, sin( kszxJ

i, (1 - 21/2): 2jRu, sin[k“'zij

So, the time growth parameter in second part is
B, =1+4PP, sinz(k"'zAx)
Thus, the total time growth parameter is

|ﬂ| =|ﬂ1||ﬁ2| =1 .This condition can be satisfied all the

time, so the solution solved by ADI-FDTD method is
stable under any circumstance.

4 Boundary conditions

Boundary conditions of transmission line equations
were obtained by using the lumped parameter circuit
model of track circuits. In Fig.4, the lines are driven by
a voltage source us, with internal resistance Z, and
terminated at x = / with resistance Zr.

;7 Receiving

Sending ;n in
End 0 RyAx  LyAx I Rail1 m End

+ +
n n
Z, /:41,1 &Ax U m
MAv| - Barth o Z
U. ngAx
s n n
U | PAN Uy m
+ Rail2 +
1 o n

Fig.2 Lumped parameter equivalent circuit
of track circuit

The iteration was started from the point 3 in space
coordinate, so it need the expressions of point 1 and
point 2 to launch the whole calculative process.

The spatial first point in each layers are set directly,
they would not change over time.

it =i =i(n+1)
wrl ol us(n+1)—Zsis(n+l)

U, = =
1,0 2,0
2
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According to the kirchhoff's law, the second point in
each layers were expressed as

n+l n+l n+1 -n+l
{”1,0 U, = (lel,O T Zuby )h

n+l n+l __ -n+l -n+l
Uyg —Uyy =\Zol g T 20l

-+l ntl
Lo —hy =
-+l n+l

n+l
Lo L =

(gz +g12)”§jl — &l
The form of calculation formulas in point (M+1) is
similar to the second point’s.
In the case of the terminal open circuit, the (M+2)
point were expressed as

n+l n+l _ .+l «n+l
{“1,M+1 Uiy = (lel,M+1 + ZMl2,M+l)h

n+l n+l
(gl + 8 )”1,1 — 81l %'

n+l o ntl _( -+l + -n+1
Uy v — U pro =\l T Zmbis

-n+l _
iy =0
-+l _
La =0

Thus, the boundary condition at terminal of track
circuit was got. The boundary conditions of voltage
and current at beginning and terminal

5 Simulation analysis
5.1 Simulation calculation process

Fig.3 is the basic simulate flowchart by using finite
differential method.

Calculate parameter

&
<

Calculate boundary
condition at the beginning

Calculate values
of grid points

Calculate boundary
condition at the terminal

Draw waveform

Fig.3 Flow chart of simulation calculation
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The main process is

(1) Input data for simulation, including basic initial
electrical parameters of track circuit, voltage in
sending end and its internal resistance, time step length,
space step length, overall computation time, line length.

(2) Calculate the total number of grids.

(3) Calculate boundary condition at the beginning in
a certain moment.

(4) According to the boundary conditions at the
beginning and terminal, through the cycle in space,
calculate the voltage distribution along the road in a
certain moment.

(5) Obtain the voltage change rule over time though
the cycle in time.

(6) Draw the voltage response curves in the
receiving end.

5.2 Example analysis

A track circuit, rail type is P60, the receiving end is
open, where us = 7.47V, is= 1A, Z,= 0.1Q, L = 1.6km,
T=500ns, k= 5ns, h = 0.08km.

4.5 T v o
AT
4 F Rd=20-km Aj '\I_/‘\.‘.- 4
il
35 F ,11/‘/\
.f_,\
3+ AN

Rd=1Qkm

25 F -'-I\ !
o

ulV

—
-~
—

~~ Rd=05Qkm |

Pvald
1

L ) L
0 10 20 30 40 50 60 70 80 90 100
t/5ns

Fig.4 Voltage response waveforms of the receiving
end in different ballast resistance

[2/=8.40 @ /km - AV
/Qﬂ?
25 /,,\‘wz\:9,57 Q /kny

7 1Z10.80 Q /km

0.5

0

0 10 20 30 40 50 60 70 80 90 100
#/5ns

Fig.5 Voltage response waveforms of the receiving
end in different rail impedance
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Ballast resistance and rail impedance are the inherent
parameters of track circuit, rail impedance is
determined by the current frequency to a great extent
[17]. So, when other parameters of track circuits are
same, we simulated the influence of ballast resistance
and rail impedance to voltage in the receiving end
respectively. Voltage response waveforms of the
receiving end in different ballast resistances is shown
in Fig.4, voltage response waveforms of the receiving
end in different rail impedance is shown in Fig.5.

As shown in Fig.4 and Fig.5, initial voltage values
are both zero, and with the time increasing, the values
increase and then tend toward stability. This is because
receiving end has not received signals from the
sending end, and it needs to pass a certain amount of
time before the signals arrived. Due to the wave
superposition in signals transmission process and the
iteration structure of differential formation, the curves
we obtained are fluctuated. But the incremental trend
of curves is reasonable, it conform to the physical truth.
In the process of analysis, track circuit is a kind of
distortion transmission line in essence, thus voltage
amplitudes are attenuate when they reached the
receiving end in contract to the initial amplitudes of
sending end.

The voltage response curses in different ballast
resistance are presented in Fig.4. The module value of
rail impedance choosed for Matlab simulation is
8.40Q/km. It can be seen from the diagrams that, in the
case of other parameters are fixed, along with the
rising of the ballast resistance, the voltage values in
receiving end will increase, this change conform to the
physical truth. The reason is that when the ballast
resistance increase, the leakage between rails and the
earth reduce, and the attenuations in the transmission
process of track circuits will decrease.

The voltage response curses in different rail
impedance are shown in Fig.5. Ballast resistance is
1Q-km and other parameters are unchanged. It can be
seen from the diagrams that, along with the rising of
the rail impedance, the voltage values in receiving end
will decrease, it also conform to the physical truth. The
reason is that when the rail impedance increase, the
leakage between rails and the earth increase, and the
attenuations in the transmission process of track
circuits will decrease.

According to the response waveforms in this two
figure,we can see that they all conforms with the
transmission characteristic of track circuits.

In order to explain the trust of finite differential
method further, compared its simulation curve with
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that of ADI-FDTD method. Also in the previous
example, when Ry = 1Q-km, |z| = 8.40 Q/km, the
voltage response curses are obtained by different
methods are presented in Fig.6.

3

251

15F

w'V

FDTD
000000 ADI-FDTD

0.5

0 ! 1 1 1 ! 1 )
0 10 20 30 40 50 60 70 80 90 100
t/5ns

Fig.6 voltage response waveforms comparison
between FDTD and ADI-FDTD method

As shown in Fig.6, two waveforms are almost
overlapping, so results of numerical experiment
confirm that the ADI-FDTD method is almost
consistent with the finite differential method.

6 Conclusion

Finite differential method is used to calculate
time domain solution of track circuit. According to
the working characteristic of track circuits, an
example was analyzed by Matlab simulation. The
results show that the time domain solution conform
to the general transmission characteristic of track
circuits and compared with ADI-FDTD method, their
simulation results are consistent. Therefore, finite
differential method can be used to research time
domain solution of track circuits.
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