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Abstract: - The dual use of covariance information enables filtering and smoothing algorithms to effectively
capture statistical dependencies and mitigate the effects of system uncertainties and observation noise. In the
fixed-point smoother and filter, the existing literature approximates covariance information using finite Fourier
series expansions. Building upon this foundation, the present work originally introduces a newly designed
robust recursive least-squares fixed-lag (FL) smoother tailored for linear continuous-time stochastic systems
with uncertainties. In this framework, the autocovariance function of the degraded signal is modeled as a semi-
degenerate function, while the cross-covariance function between the signal and the observed measurements is
represented as a degenerate function. This paper emphasizes approximating both covariance structures using
polynomials and finite Fourier series, thereby enabling flexible, computationally efficient modeling of
statistical dependencies essential for robust state estimation. As demonstrated in the numerical simulation
example, the mean-square values (MSVs) of the approximation errors associated with both the autocovariance
and cross-covariance functions are negligible, indicating high fidelity in the modeling process. Based on
polynomial approximations, the estimation accuracy of both the robust filter and the FL. smoother is evaluated,
highlighting their effectiveness in capturing key statistical dependencies. Additionally, the simulation includes
a comparative example in which signal estimation is performed using covariance data approximated via finite
Fourier series expansions. The results indicate that both the polynomial- and Fourier-based approximations
strategies reliably and consistently support the robustness of the proposed estimation framework.
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1 Introduction simultaneously estimating inputs and states in

This study examines fixed-lag (FL) smoothing vibrating structures. Their approach integrates an

problems within uncertain continuous-time stochastic ~ extended Kalman filter with a FL smoother to
systems.  Previous research [1]  explored achieve this goal. The article in [3] details the new

advancements in state estimation by applying an achie'Vement's and .Signiﬁcance 9f FL srpoothing
extended Kalman filter in conjunction with a FL algorithms in mobile robot motion tracking. The
smoother. The results demonstrated improved  Proposed method demonstrates excellent accuracy,
estimation performance, especially in the presence of ~ Particularly in  complex —environments, —greatly
model inaccuracies and measurement noise. These ~ ¢xpanding its potential for future research and
outcomes emphasize the significance of FL implementation. Referenge [4] improves egtlmgtlon
smoothing methods for enhancing estimation accuracy and 'computa.tlonal efficiency in linear
robustness and accuracy in practical system ~ discrete-time time-varying state-space models by
environments. Specifically, it emphasizes the  introducing an  unbiased  minimum-variance
enhanced estimation capabilities offered by the  receding-horizon  FL — smoother.  Numerical
smoother in model errors and measurement noise. In experiments validate the theoretical reliability of this
[2], the researchers proposed an efficient method for method. Reference [5] suggests a new approach to
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FL smoothing in Markov transition systems that
greatly improves estimation accuracy. This study
evaluates algorithms based on the interacting
multiple model (IMM) approach, detailing their
respective strengths and limitations. Reference [6]
addresses the finite-horizon H, FL smoothing
problem for linear descriptor systems, introducing a
new method that uses Kronecker space to handle
delayed measurements. Reference [7] introduces a
new approach to FL smoothing involving linear
equality constraints and illustrates how the
performance of the proposed algorithm can be
improved. Applying state augmentation is a
promising strategy for solving complex problems.
The study in [8] demonstrates the evolution from
conventional methods by detailing the importance
and advantages of the FL maximum likelihood
smoother. The study in [9] emphasizes the
importance of a distributed Kalman smoother based
on the optimal fusion criterion for integrating data in
complex sensor systems. [10] presents a novel
approach to distributed Kalman filtering and
smoothing and explores its practical applications.
The authors demonstrated that sharing information
between nodes via the proposed diffusion strategy
improved the overall system performance. The
study presented in [11] proposes a novel robust
estimation framework that advances beyond
traditional methodologies by introducing a receding
horizon (RH) FL smoother specifically designed for
systems with bounded uncertainties. The proposed
approach minimises maximum estimation error by
using set-valued state estimation techniques and
representing uncertainty with ellipsoidal bounds.
This formulation rigorously captures the worst-case
estimation error, enhancing the reliability of the
smoothing algorithm under uncertain and noisy
conditions. Researchers proposed a computationally
efficient FL smoother in [12], and its effectiveness
was verified. This smoother has the potential to
provide reliable estimates while reducing the
computational load and can be useful for various
applications.  Furthermore, its practicality is
enhanced by providing guidelines for selecting the
window length. Reference [13] proposes a
computationally efficient FL. smoother and verifies
its effectiveness. This smoother provides reliable
estimates while reducing the computational load,
thereby increasing its applicability. Furthermore, the
inclusion of guidelines for selecting the window
length enhances its practical applicability. The article
[14] introduced a robust FL smoother for nonlinear
uncertain systems. It proposes a unified approach
that combines a nonlinear robust estimator with a
stable FL smoother to improve the estimation error
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covariance. The study in [15] emphasizes the
significance of structural health monitoring and
introduces a novel estimation method. Approaches
capable of accurately estimating structural responses
from noisy or limited data are essential for ensuring
structural safety.

The author proposed a recursive least-squares FL
smoothing algorithm using covariance information in
linear stochastic systems [16]. The semi-degenerate
function represents the autocovariance function of
the signal. In[17], the authors presented a
semi-degenerate kernel formulation for a Fredholm
integral equation. Some manipulations convert the
Fredholm integral equation into an initial-value
system. Finite Fourier series expansions approximate
the autocovariance and cross-covariance functions
from their data [16]. Methods employing covariance
information are mutually alternative to estimation
techniques using state-space models in robust
estimation problems. This approach does not utilise
all the information contained within the state-space
model. This study examines the development of a
robust suboptimal recursive FL smoothing technique
for linear continuous-time stochastic systems with
uncertainties.  The  semi-degenerate  function
represents the autocovariance of the degraded signal.
If the cross-covariance function takes a semi-
degenerate form, it is difficult to derive the robust
recursive least-squares FL smoothing algorithm. The
explanation lies in the fact that the cross-covariance
function does not exhibit even function properties.
To overcome this drawback, this paper employs a
degenerate kernel function to express the cross-
covariance function between the signal and the
degraded observation. It is necessary to approximate
the covariance information in functional forms. For
this purpose, this paper employs polynomial
approximations in addition to finite Fourier series
expansions to approximate autocovariance and cross-
covariance data functionally. Several polynomial
approximation methods are explored, including
piecewise linear [18] and quadratic/cubic spline
interpolation [18], as well as the least-squares (LS)
method for fitting an appropriate-order polynomial
function to data [19], [20], [21]. [19] and [20] utilize
the MATLAB function polyfitm for polynomial
curve fitting. It estimates the coefficients of a
polynomial that best fits a given set of data in the LS
sense. The function requires input vectors
representing the horizontal (independent) and
vertical (dependent) axis data, along with the desired
degree of the polynomial. Upon execution, polyfit.m
returns a vector of coefficients corresponding to the
fitted polynomial.
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Section 2 introduces the state-space models for
the signal and its degraded system, with the latter
featuring uncertain parameters in its observation
vector and system matrix. Section 3 introduces a
robust FL. smoothing problem in linear LS estimation
with covariance information. Theorem 1 in Section 4
presents the robust RLS-FL smoothing algorithm.
Section 5 details the wuse of polynomial
approximations to model the cross-covariance
between the signal and the observed measurements,
as well as the autocovariance of the degraded signal.
With  these  approximations, an  efficient
representation of covariance structures is possible,
which is key for robust estimation. Section 6
introduces an alternative approach using finite
Fourier series expansions to approximate both the
autocovariance of the degraded signal and the cross-
covariance between the signal and observations.
Section 7 provides a numerical simulation example
of the robust FL smoother using the polynomial /
finite Fourier series approximations of the covariance
data. This approach further demonstrates the
effectiveness of both modeling techniques for robust
state estimation. author introduced the robust fixed-
point smoother and filter using the covariance
information in linear continuous-time stochastic
systems with uncertainties

and
with

2 Original
Degraded State-space
Uncertainties

Consider a state-space model (1) that satisfies the

observability condition for linear continuous-time
stochastic systems.

y(@) = z(t) + v(t), z(t) = Hx(t),

d’;(tt) = Ax(6) + Tw(t), x(0) = c,

E[v(®)v(s)] = R6(t — s),
E[w(®w" (s)] = Q5(t — s),

[v(®Ow" (s)] = 0, E[x(0)w” (©)] = 0,
[x(0)v(t)] =0,0 <s,t

State-Space Model
Model

(1)

try Iy

x(t) € R™is the state, and z(t) is the signal that has
to be estimated. The input noise w(t) € R! and the
observation noise v(t) are =zero-mean, white,
Gaussian, and uncorrelated. I' is the n X[l input
matrix, and H is the 1 X n observation vector. In (1),
the autocovariance functions of the observation noise
v(t) and the input noise w(t) are both described
using the Dirac delta function. This paper examines
state and observation equations that incorporate
uncertain parameters within a state-space model.
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y(t) = Z(t) + v(b),

2(t) = H®OX(), H(t) = H + 4H(¢),
dx(t) o

7 = A(t)X(t) + FW(t),

A(t) = A+ AAQD),

E[AA(DWT(s)] =0,

E[AH(t)v(s)] = 0, E[X¥(0)wT (®)] = 0,
E[X(0)v(t)] =0, 0 <s,t

2

In (2), the system matrix A and observation vector H
are replaced by their time-varying degraded
counterparts, A and H. The elements of 4A(t) and
the components of AH(t) represent uncertain
variables. The initial state vector x(0) is generated
randomly and remains independent of both the input
and measurement noise.

3 Robust LS-FL Smoothing Problem
Let the FL smoothing estimate 2(t — Lag, t) of the
signal z(t — Lag) be denoted by

2(t — Lag,t) = fot h(t,s)y(s)ds, 3)
where y(s) represents the observed value for 0 <
s < t and h(t,s) is the impulse response function.
The main goal is to minimize the mean-square value

J = El(z(t — Lag) — 2(t — Lag, t))?] “

of the FL smoothing
2(t — Lag,t). According
projection lemma

z(t — Lag) — 2(t — Lag, t) L y(s),

z(t — Lag) —
orthogonal

errors,
to the

®)

the FL smoothing estimate 2(t — Lag, t) minimizes
the cost function J. In this framework, the optimal
impulse response function is characterized by the
Wiener—Hopf integral equation

E[z(t = Lag)y" (s)] =

JE h(E, DEIT (5)]ds, (6)

which provides the necessary condition for
minimizing the mean-square estimation errors.
Substituting the degraded observation (2) into (6)
yields a Volterra integral equation of the second kind
(7).

h(t,s)R

= K,5(t - Lag,s)

¢
- f h(t,T)K5(t, s)dt, K,5(t, s)
0

= E[z()y" (s)],
Ky(t,s) = E[2()Z" (5)]

(7
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K,5(t,s) is the cross-covariance function of the
signal z(t) with the degraded observed value y(s).
The cross-covariance function K5 (t, s) assumes the
form of a degenerate kernel, which is independent of
the relative magnitudes of t and s. This structural
property simplifies the representation of statistical
dependencies between the signal and the degraded
observations, as the kernel can be expressed in terms
of separable functions rather than requiring explicit
dependence on the ordering of the time variables.
Such a formulation not only reduces analytical
complexity but also facilitates the tractable
construction of robust FL smoothing estimators.

K,y(t,s) = a(t)BT(s) (8)
K;(t,s) is the autocovariance function of the
degraded signal Z(t), expressed by (9) in the semi-
degenerate kernel form [16].

_(A®BT(s),0<s<t,
Kalt5) = {E(t)/TT(s), 0<t<s ®)

Wide-sense stationary stochastic systems allow the
representation of K,;(t,s) and K;(t,s) as K,y;(7)
and K;(7), respectively, with T =t — s. K;(7) is an
even function of 1. This paper employs
approximations using both polynomials and Fourier
series for K;(r) and K,5(7). The semi-degenerate
function represents the autocovariance of the
degraded signal. If the cross-covariance function
takes a semi-degenerate form, it is difficult to derive
the robust recursive least-squares FL smoothing
algorithm. The explanation lies in the fact that the
cross-covariance function does not exhibit even
function properties. To overcome this drawback, this
paper employs a degenerate kernel function to
express the cross-covariance function between the
signal and the degraded observation.

4 Robust
Algorithm

Given the covariance functions K,;(t,s) and
K;(t,s) defined in (8) and (9), Theorem 1 presents
the robust RLS-FL smoothing algorithm for the
signal. From the Volterra integral equation (7),
Theorem 1 is derived based on the invariant
imbedding method [16], [17]. The invariant
imbedding method transforms the Volterra integral
equation into an initial-value system for the robust
RLS-FL smoothing algorithm, as proposed in
Theorem 1. The derivation steps are proved in detail
in a mathematically rigorous manner.

RLS-FL Smoothing
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Theorem 1 Let (1) define the state-space model
for the true signal z(t), and let (2) describe the state-
space model for the degraded signal Z(t). The cross-
covariance function K,;(t, s) between the signal z(t)
and the observed measurement y(s) is given by (8),
while the autocovariance function K;(t,s) of the
degraded signal Z(t) is defined in (9). Equations (10)
through (16) collectively form the initial-value
system for calculating the robust RLS-FL smoothing
estimate 2(t — Lag, t) of the signal z(t — Lag), based
on the degraded observations y(t) described in (2).

FL smoothing estimate of the signal z(t — Lag):
2(t — Lag, t)

2(t — Lag,t) = a(t — Lag)e(t) (10
Differential equations for e(t):
LR = &GO - A®e ()00 (1)
Differential equations for e; (t):
dei(t) . o
I ACIIORY (GEN G
e (0)=0
Equation for J(t, t):
J(&,©) = (BT —r(©OAT(®))/R (13)
Equation for J; (t, t):
Ji(t,6) = (BT (t) = (DA (£))/R (14)
Differential equations for r(t):
dr(t) . o
ar_ - J(@&, ) (B () — A(t)r, (1)), (15)
r(0)=0
Differential equations for r; (t):
dry(t) o o
e RGO IG R (GIG) S
r(0) =0

For the asymptotic stability of the fixed-lag
smoothing algorithm in Theorem 1, the following
conditions are required. Specifically, for the
asymptotic stability of the differential equations (12)
and (15), all the real parts of the eigenvalues of
—J1(t, ©)A(t) must be negative.

Now, let us derive a recursive expression for the
cost function J defined in (4). From (3), (8), and (A-
15), J is transformed as follows:

J=K,(t—Lag,t — Lag)
— E[2(t — Lag, t)z(t — Lag)]
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=K,(t —Lag,t — Lag)

— foth(t,s’)z(t — Lag)y(s')ds
=K,(t —Lag,t — Lag)
~att - Lag) | (65 Ko (6,595
=K,(t —Lag,t — Lag)
—a(t — Lag) fot](t,s’)a(t)ﬁT(s’)ds’.

Introducing [(t) = fot J(t,s")B(s")ds' , the above

equation can be rewritten in the form given by (17).
J=K,(t—Lag,t — Lag)
—a(t — Lag)l()a’ (t) (17)

Differentiating [(t) with respect to t, and using (A-
5), we obtain

dl t
) eos + f
0

a](t;:S') B(s")ds’

dt F)

t
= JEOB® ~JEOA® [ 1:(6sNBENs

0
Introducing p(t) = fotjl (t,s")B(s")ds’, the above
equation can be rewritten in the form given by (18).

ai)
TR J(¢t,t)

X(B() — A(Op()) 1(0) =0

(18)

Differentiating p(t) with respect to t, and using (A-
13), we obtain (19).
dp(t)

dt
=/ t(g t)(ﬁ (t))
]1 t’S, 1] 1]
+J;) o B(s")ds
= J1 (&, )B(t) .
SACL(C) BACROIEE
0

=1 (t, )(B©) — A®)pD)),
p(0) =0

(19)

Hence, the cost function is calculated recursively
using (13), (14), (15), (16), (17), (18), and (19). The
cost function can be rewritten as

] = K,(t — Lag,t — Lag) — E[2(t — Lag, t)?].
From this equation, the variance of the FL smoothing
estimate is upper and lower bounded as

0 < E[2(t — Lag,t)?] < K,(t — Lag,t — Lag).

This demonstrates the existence of an asymptotically
stable FL smoother.
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Refer to the Appendix for the proof of Theorem

In the FL smoothing framework, the cross-
covariance function K,;(t,s) is represented in
degenerate kernel form. Notably, the integral
equation (7) incorporates the term K,;;(t — Lag, s),
which plays a central role in the smoothing estimate.
The degenerate kernel formulation of K,;(t,s), as
defined in (8), facilitates the analytical expansion of
the integral equation, enabling tractable computation.
Besides the Fourier series expansion to be introduced
in Section 6, this paper also employs polynomial
approximations in Section 5 for both K, (t,s) and
the autocovariance function K;(t,s). This enhances
both the flexibility and computational efficiency of
modeling the covariance structure.

5 Polynomial
Autocovariance

Approximations  of
Data of Degraded

Signal and Cross-Covariance Data
between  Signal and  Degraded
Observation

Let K;(t), where T=t—s, denote the

autocovariance function K;(t,s) of the degraded
signal Z(t) in wide-sense stationary stochastic
systems. Due to stationarity, K;(7) depends solely on
the time difference T and is an even function,
satisfying K3(t) = K;(—1). To facilitate analytical
and numerical treatment, a finite-order polynomial
expansion as defined in (20) is employed to
approximate K;(t). The resulting approximation,
denoted K;(7), consists of k + 1 terms and provides
a ftractable representation of the autocovariance
function suitable for integration into the robust FL
smoothing framework.

Ry(7) = Pyt + Ppr*™t + oo + Py 72

+P, kT + P k+1

=P (t—s)k+P(t—s)F 1+

wr+P_1(t = 5)? + Pt — 5) + Peyss

0<t<D

(20)

The polynomial fitting approximates K;() by K;(t)
based on linear-least squares approximation method
minimizing the sum of the squares of the
approximation errors K;(7) — K;(7) for 0 <t < D.
The comparison between the autocovariance function
K;(t,s) in (9) and its polynomial approximation in
(17) reveals the underlying structure of the K -
dimensional vector components of A(t) and B(t).
From (9), K;(t,s) for 0 <s <t is expressed as
A®)BT(s), and K;(t,s) for 0 <t < s is expressed
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as K;(t,s) = B(t)AT(s). From this consideration,
we can get an even function K;(t) of K;(t) for
—D < t < D, approximately The following
components arise naturally when (20) is expanded
with respect to t and s.

%(t): [A1(t) A,(t) As(t)
B(t) = [Bi(t) B,(t) Bs(®)

Ae(®)]
By (0]

In wide-sense stationary stochastic systems, the
cross-covariance function K,;(t,s) between the
signal z(t) and the observed measurement y(s),
depends solely on the time difference T = t — s, and
is thus denoted as K,;(7). (21) introduces a finite-
order polynomial approximation of this function,
enabling tractable analytical and numerical
treatment. The approximated function, denoted
R'Zy(r), consists of m + 1 terms and serves as a
compact representation of the cross-covariance
structure, facilitating its integration into the robust
FL smoothing framework.

R,y(1) = Dyt™ + Dpr™ 1 4 -

+Dpy_17% 4+ DT + Dy

=Di(t—s)™+ D,(t —s)™ 1!

+ -+ +Dp_1(t — )2+ D, (t —5)

+Dpi1,—D<1t<D

e2y)

The polynomial fitting approximates K,;(7) by
sz, () based on linear-least squares approximation
method minimizing the sum of the squares of the
approximation errors K,3(7) — R'Zj, () for —D <
T < D. The comparison between the autocovariance
function K,;(t,s) in (8) and its polynomial
approximation in (21) reveals the underlying
structure of the M-dimensional vector components of
a(t) and B(t). The following components arise
naturally when (21) is expanded with respect to t and
s.

a(t) =[a () ax(t) as(t)
B@©) = [Br(8) B2(t) B3(V)

ay(t)]
Bu (B)]

This finite-dimensional formulation simplifies the
analysis of covariance structures and facilitates the
systematic construction of a robust FL smoothing
estimator. These components encapsulate the time-
varying coefficients derived from the polynomial
functions used to approximate the covariance
behaviour.

The suboptimal smoothing estimate 2(t — Lag, t)
of the signal z(t —Lag) can be recursively
computed from the degraded observations y(t) by
substituting the functions A(t), B(t), a(t), and B(t)
into the robust RLS-FL smoothing algorithm
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outlined in Theorem 1. This recursive formulation
enables efficient implementation and real-time
applicability in uncertain continuous-time stochastic
systems.

6 Finite Fourier Series

Approximations of Autocovariance
Data of Degraded Signal and Cross-
Covariance Data of Signal with

Observed Value

In wide-sense stationary stochastic systems, the
autocovariance function K;(t,s) of the degraded
signal Z(t) is commonly written as K;(t), where T =
t —s. For all 7 in its domain, K;(t) is an even
function. We approximate K;(7) by a finite Fourier
cosine series expansion, as shown in (22). The
function K;(t) uses N + 1 terms to approximate
K;(t). The Fourier components converge to zero,
ie., a; >0 as i - oo, provided that the auto-
covariance function K;(7) is bounded (i.e., exhibits
no divergences).

N
a
R;(7) =~ 70 + Z a;cos(iwgT),
i=1

2
T’

(22)
T<rs<
2

NS

woy =

Here, T represents the fundamental period of K (7).
The finite Fourier cosine coefficients are calculated
by (23).

T
2 (2 _
a; = Tf__TKZ(T)COS(la)OT)dT,

2
i=012--,N

(23)

After comparing (9) and (22), we can represent the
vector components of A(t) and B(t) as follows:

A =4O A0 As(®) -~ Anna(D),
B =[B:i(®) By(t) Ba(®) - Banr(0)
A1(t)=a—20,

A;(t) = a;_ycos(CZEE

),i=2,3,-,N+1,

A(0) = aj_yypysinCEEGHDYy - — N 42N +
3, 2N + 1,
Bl(t) = 13

Bi(t) = cos(EM), i = 2,3, N + 1,

Bi(t) =sin <2n(i — (;V * 1))t),

i=N+2,N+3,---,2N+ 1.
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The cross-covariance function K4 (t,s) of z(t)
with y(s) is given by (8). Let K,;(7) be
approximated by the finite Fourier series
transformations. In (24), R’Zy(r) denotes the finite
Fourier series expansion that approximates K,y (7)
with 2] + 1 terms. The Fourier components converge
to zero, i.e., Z;, ¥; = 0 as i = oo, provided that the
auto-covariance function K,3(7) is bounded (i.e.,
exhibits no divergences).

kzy () = :2_0 +

Z{=1 Eicos(inT)JrZ{:l Y;sin(iwyT),

2m -T T
— ST
T’ 2 2

(24)
Wy =

Let T stand for the fundamental period of K,;(7).
The finite Fourier cosine and sine coefficients are
calculated according to equation (25).

T
g = ;fé K,y (0)cos(iwyT)dr,
2

T
Y, = %fé K,y()sin(iwgt)dr, @)
2

i=012-,]

After comparing (8) and (24), we can represent the
vector components of a(t) and S(t) as follows:

a(t) =[a1(t) ax(®) as3(b) aap41(0)],
B =B B(t) F3(D) Baj1(0)],

a; (1) = =

>
a;(t) = E;_qcos(

2m(i-1)¢t

), i=2,3,-,]+1,
2n(i—(J+1))t

a;i(t) = Ei_ypysin(————) , i=]/+2]+
3,--,2] +1,

B(t) =1, '

Bi(t) = cos(zn(lT_l)t), i=273,J+1,

Bi(®) = sin(EELDY = ] 42,7 43,
1

2] +

b

- _2r(i— (2] + 1)t
a;(t) = Ei_zj+pysin( T ),
i=2]+2,2/+3,,3] +1,
~ 2m(i—(3J+1)t
a;(t) = —Ei—(3]+1)C05(L
i=3/+2,3/+3,,4] +1,
2m(i—(2]+ 1))t
Bi(t) = cos (PRI,
i=2]+2,2]+3,,3+1
C2n(i—- 3+ D)t
(o) = sinCL =Y D),
i=3]+2,3/+3,,4] + 1.

),

We can recursively compute the FL smoothing
estimate 2(t — Lag, t) of the signal z(t — Lag) by
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substituting the functions A(t), B(t), a(t), and B(t)
into the robust RLS-FL smoothing algorithm of
Theorem 1.

7 A Numerical Simulation Example
(26) represents a second-order mass-spring system
governed by the state differential equation for the
signal z(t).

y(t) = z(t) + v(t),z(t) = Hx(¢),

H=1 0],d);—(tt) = Ax(t) + T'w(t),
_[x1(® _ [0.65
x(6) = [x;(t)]’x(o) =~ lo.o5)’
70 1
4= [—w% —22€wn]’ (26)
wn =V3,¢ = o= [—12]

E[v(®)v(s)] = R(t — 5),
Elw®w(s)] = Qé(t—s),Q =1,
E[v(t)w(s)] = 0, E[x(0)w(t)]

=0, E[x(0)v(£)] = 0

(27) presents the observation equation corresponding
to the degraded signal Z(t), along with the state
differential equation governing the evolution of the
degraded state vector x(t).

y(t) = 2(t) + v(¢), 2(t) = H®)x(0),

dfi(tt) = A@®)x(t) + T'w(t),
At) = A+ AA(t), H(t) = H + AH(t), 27)
24 = | 0 0

—0.1*rand —0.1=*randl’

AH(t) =[0.1 0], E[x(0)w(D)]
=0,E[x(0)v(t)] =0

The matrix AA(t) represents an additive uncertainty
component to the nominal system matrix A. The
variable rand provides a random scalar from a
uniform distribution over the interval (0,1). The
autocovariance function K;(7) , representing the
statistical dependence of the degraded signal Z(t)
over time lag T =t — s, is approximated in (20)
using a fifth-order polynomial expansion. Figure 1
shows the autocovariance function K;(7) of the
degraded signal Z(t) and its fifth-order polynomial
approximation K;(t), both plotted against the time
lag T for 0 <7 < 2.5. This comparison highlights
the accuracy and representational fidelity of the
polynomial model in capturing the covariance
structure of the degraded signal. The mean-square
value (MSV) of the polynomial approximation errors
for the autocovariance function K;(iA) is computed
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using the formula ﬁijgo(sz(iA) — K5(iA))?
where A=0.001. The resulting MSV is 1.38504 X
1075, indicating a high degree of accuracy in the
fifth-order polynomial approximation of the
autocovariance function over the interval. Form = 8
in (21), the cross-covariance function K,;(7),
representing the statistical relationship between the
signal z(t) and the observed value y(s), is
approximated using an eighth-order polynomial
expansion. The resulting approximation, denoted
R'Zj,(‘r) , consists of m+1=9 terms. Figure 2
displays the cross-covariance function K5 (1), 1=t-s,
between the signal z(t) and the observed value y(s),
along with its polynomial approximation K,y(7)
constructed using m = 8 and M = 45. The functions
are plotted over the interval —25<t1t <25,
illustrating the accuracy of the polynomial
representation in capturing the covariance structure
across the specified lag domain. The MSV of the
polynomial approximation errors for the cross-
covariance function K,3(7) is computed using the
formula —— %250 (K, (i) — R,5(ih))?, where
A =0.001. The eighth-order polynomial yields an
MSV of 3.12708 x 10~* over —25<7<25,
quantifying the approximation accuracy.

The components of A(t) and B(t) in the fifth-
order polynomial approximation of K;(7) for k =5
and K = 21 are given below:

Aj(t) =—=P,, A,(t) =5 Py t, As(t) = —10P;t%,
A () = 10Pt3 | As(t) = —5P;t*, Ag(t) = Pyt>,
A,(t) =P, , Ag(t) = —4P,t , Ao(t) = 6P,t% ,
Apo(t) = —4P,t3 |, Ap4(t) = Pot*, A () =-Ps,
A13(t) = 3Pst, Ay4(t) = —3Pst?, Ays(t) = Pst3,
%16(1:) =P, 417@) =—2Rht Arg(t) =NP4t2 )
A19(t) = —Ps, Ay (t) = Pst, A1 (t) = Pg, B1(0) =
t5, By(t) = t*, B5(t) = t3, B,(t) = t?, Bs(t) = t,
Bg(t) =1, B;(t) =t*, Bg(t) =t>, Bo(t) = t?,
l:;lo(t) =t, ?11(15) =1 Vélz(t) = t3lél3(t) =t?,
?14@) =1, ?15(0 = 1aP16(t) = tZLB17(t) =1t,
Byg(t) =1, B1g(t) =t, Bpo(t) = 1, By (6) = 1.

The a(t) and B(t) components in the eighth-order
polynomial approximation of K,;(7) for m = 8 and
M = 45 are given by the following formulae:

a;(t) =D, , a,(t) =—8D;t, as(t) =28D;t?
a,(t) = —56D;t3, as(t) = 70D t*,

a,(t) = 28Dt ag(t) = —8D;t7, aqg(t) = D;t8,
a10(t) = =Dy, a11(t) = 7D,t, a1,(t) = —21D,t?,
a13(t) = 35D,t3, ay4(t) = —35D,t%,

a15(t) = 21D,t°, ay4(t) = —7D,t°,
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ay7(t) = Dot”,  ayg(t) = D3, ay9(t) = —6Dst,
a,0(t) = 15D5t2, ay,(t) = —20D5t3,

5, (t) = 15D;5t%, ap3(t) = —6D5t>,

a4(t) = D3t®,  aps5(t) = =Dy , a6(t) = 5D4t,
(p7(t) = —10D4t2, apg(t) = 10D,t3,
Ap9(t) = =5D4t%,  azo(t) = Dyt
az,(t) = —4Dst, az3(t) = 6Dst?,
azs(t) = —4Dst3,  azs(t) = Dst*, aze(t) = —D,
az7(t) = 3Dgt, azg(t) = —3Dgt?, azo(t) = Det?,
a4o(t) =Dy, g (t) = =2Dst,  au,(t) = Dyt?,
ay3(t) = —Dg, a44(t) = Dgt, ays(t) = Do

Bi(t) =8, B (t) =t7, Ba(t) =t8, Bu(t) =t°,
Bs(t) =t*, Bs(t) =t>, B,(t) =t*, B(t) =t
ﬁ9(t) =1 s ﬁlO(t) = t7' ﬁll(t) = t6 5 ﬁlZ(t) = tsr
Bia(t) = t*, B1a(t) = t3, Bys(t) = t%, Pr(t) = 1t,
B17(t) =1, Byg(t) = &, B1o(t) = t°,

Bao(t) = t*, B0 (1) = t3, Bpp(t) = t%, Bps(t) =1t,
B2a(t) = 1, Bps(t) = t°, Bas(t) = t*, By () = £3,
B2g(t) = t2, Bag(t) = t, B3o(t) =1,

Ba1(t) = t*, B () = t3, B33(t) = t2,

Baa(t) = t, B3s(t) = 1, B36(t) = t3,

Bz7(t) = t%, Bag(t) = t,B3o(t) =1,

Bao(t) = t%,By1(t) =, Byp () = 1,

Paz(t) = t,Baa(t) =1, Bas(t) = 1.

The script polyfit.m is used in MATLAB/Octave for
curve fitting and computes the parameter sets P; (1 <
i<6) and D; (1<j<9). The FL smoothing
estimates are computed recursively by substituting
the autocovariance information A(t) and B(t) and
the cross-covariance information a(t) and S(t) into
the robust RLS-FL smoothing algorithm of Theorem
1. Fig. 3 illustrates the signal z(t) and the FL
smoothing estimate 2(t,t + 0.005) vs. t for white
Gaussian observation noise N(0,0.12), assuming
polynomial orders of k = 5 and m = 8. The MSV of
the FL smoothing errors is
8.55712 X 1073, This is calculated using the

ﬁ ¥2500(7(iA) — 2(id, iA + 0.005))2,
where A= 0.001. Figure 4 illustrates the mean-
square values (MSVs) of the filtering and FL
smoothing errors z(t) — 2(t,t + Lag) vs. Lag, 0 <
Lag < 0.005 for the white Gaussian observation
noises N(0,0.1%) , N(0,0.3%), and N(0,0.52),
assuming polynomial orders of k =5 and m = 8.
Here, ﬁz?ﬁ?o(z(m — 2(id, iA +
Lag))?,0.001 < Lag < 0.005, evaluates the MSVs
of the FL smoothing errors. As seen from Fig. 4, for

a31(t) = Ds,

formula:
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Covariance function

Polynomial approximation

Covariance function of degraded signal

Fig. 1: Autocovariance function of the degraded
signal Z(t), K;(7), and its fifth-order approximate
polynomial function K;(7) vs. T
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of the signal z(t) with the observed value y(s) and
its eighth-order approximate polynomial function
R,y(7) vs.T
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Fig. 3: Signal z(t) ant FL smoothing estimate
2(t,t + 0.005) vs. t for white Gaussian observation
noise N (0, 0.12), assuming polynomial orders of k =

S5andm =8

02

[3——9_‘_9‘—5——8—-—53 —6— (a) Observation noise variance 0.1

—&— (b) Observation noise variance 0.3
—8 (c) Observation noise variance 0.5%

015

041

0.05

MSVs of fixed-lag smoothing errors of z(t)

—8—

0
0  0.001 0002 0.003 0.004 0.005

Lag
Fig. 4: Mean-square values of filtering and FL
smoothing errors z(t) — 2(t,t + Lag) vs. Lag, 0 <
Lag < 0.005, for the white Gaussian observation
noises N(0,0.1%), N(0, 0.32), and N(0, 0.52),
assuming polynomial orders of k = 5and m = 8

3
— Ccross-covariance function
- = Fourier series approximatio:

Cross—covariance function and Fourier approximation

-4 -2 0 2 4

Fig. 5: Cross-covariance function K,;(7), T =t — s,
of the signal z(t) with the observed value y(s) and
its Fourier series approximation vs. 7 for /] = 15

each observation noise, the MSV of the FL
smoothing error (z(t) — 2(t,t + Lag))) decreases
as Lag increases (0.001 < Lag < 0.005). Figure 5
shows both the cross-covariance function
K,y(1),T =t — s, between the signal z(t) and the
observation y(s), and the Fourier series
approximation K,y (1) (t) for J = 15 over the range
—4 <t < 4. In Figure 5, the MSV of the Fourier
series approximation errors for K,;;(iA)is evaluated
as 551 212%000(Kz5 (i) = Ry (i) =
1.69429 x 107>, Figure 6 presents the MSVs of the
filtering and FL smoothing errors z(t) — 2(t, t +
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Fig. 6: Mean-square values of the filtering and FL.
smoothing errors z(t) — 2(t, t + Lag) vs. Lag, 0 <
Lag < 0.005, for white Gaussian observation noises

N(0,0.1%), N(0,0.32), and N(0,0.5%). The
covariance information is approximated using
Fourier series expansions, where the autocovariance
function K;(7) is represented by N + 1 terms in (19)
with N = 15, and the cross-covariance function

Rzy (1) is represented by 2/ + 1 terms in (21) with

J=15

for 0<Lag <0.005 , under white Gaussian
observation noises N(0,0.12) , N(0,0.3%) , and
N(0,0.52%). Covariance information is approximated
using Fourier series expansions: the autocovariance
function K;(7) is represented by N+1 terms in (19)
with N =15, and the cross-covariance function
kzy (1) is represented by 2] + 1 terms in (21) with
J =15 . For observation noises N(0,0.3%) and
N(0,0.5%), the MSV of the FL smoothing errors
(z(t) — 2(t,t + Lag)) decreases gradually as Lag
increases ( 0.001 < Lag < 0.005). As shown in
Figure 4 and Figure 6, the polynomial
approximations consistently produce smaller MSVs
of both filtering and FL smoothing errors than the
Fourier series approximations, across all examined
observation noises. Table 1 shows the MSVs of FL
smoothing errors z(t) — 2(t,t + Lag), Lag =
0.005, calculated wusing the least-squares FL
smoother [16], the FL smoother using polynomial
approximations ( k=5, m=8), and the FL
smoother using Fourier series approximations (N =
15, ] = 15). Across all observation noise levels, the
FL smoother based on the least squares method [16]
consistently exhibits lower estimation accuracy than
the two proposed FL smoothing approaches, which
approximate covariance information using either
Fourier series or polynomial representations. For all
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observation noise levels, the FL smoother that

employs polynomial approximations of the
covariance information achieves higher estimation
accuracy than the FL smoother based on

Fourier-series approximations.

Table 1: Mean square values (MSVs) of FL
smoothing errors z(t) — 2(t,t + Lag), Lag =
0.005, calculated using the lest-squares FL smoother
[16], the FL smoother using polynomial
approximations (k = 5, m = 8), and the FL
smoother using Fourier series approximations (N =

15,] = 15)
Observatio | MSVsof | MSVsof FL | MSVs of FL
n noise FL smoothing smoothing
smoothin | errors errors
g errors calculated by | calculated by
[16] the current the current
polynomial Fourier series
approximatio | approximatio
n technique n technique
fork=5and | for N =15
m=28 and ] = 15
N(0,0.1%) | 2.30848 8.55712 1.27745
X 1072 X 1073 x 1072
N(0,0.3%) | 2.63966 6.45306 1.44004
x 107! X 1072 x 107!
N(0,0.5%) | 5.34373 1.87811 3.24166
x 1071 x 1071 x 107!

8 Conclusion

This paper developed a robust suboptimal FL
smoothing estimation method for uncertain,
stochastic, linear, continuous-time systems. The
underlying degraded state-space model incorporates
uncertainty in the system matrices and observation
vector. The robust RLS-FL. smoothing algorithm, as
presented in Theorem 1, enhances estimation
accuracy by utilising covariance information.
Specifically, the cross-covariance function between
the signal and the observed values is approximated
using either a polynomial expansion or a Fourier
series. Similarly, the autocovariance function of the
degraded signal can be expressed as a semi-
degenerate function using either a polynomial or a
Fourier series approximation. Derivation of a robust
RLS-FL smoothing algorithm becomes analytically
intractable when the cross-covariance function takes
a semi-degenerate form. The proposed method
overcomes this challenge by employing a degenerate
kernel representation of the cross-covariance
function between the signal and the degraded
observations. This formulation simplifies the
covariance structure, allowing for a tractable and
computationally efficient implementation of the
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robust RLS-FL smoothing algorithm.

For all observation noise levels, the estimation
accuracy of the FL smoother based on the
least-squares method [16] is lower than that of the
two proposed FL smoothing approaches, which
approximate the covariance information using either
Fourier-series or polynomial representations.
Moreover, across all noise levels, the FL smoother
employing polynomial approximations consistently
achieves higher estimation accuracy than the
Fourier-series-based FL smoother.

Numerical simulation results confirm the
effectiveness of the proposed FL smoothing methods
based on  polynomial and  Fourier-series
approximations of the covariance information.
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APPENDIX

From (7) and (8), K,5(t — Lag,s) = a(t — Lag)B” (s) is valid. Taking into this relationship and introducing
an integral equation

Jt R = BT(s) — [, J(t,sVKx(s', 5)ds', (A-1)
h(t, s)is given by (A-2).
h(t,s) = a(t — Lag)J(t,s) (A-2)
Differentiating (A-1) with respect to t, we have (A-3).
a](t’s)R— t, 0Ky (t ta](t'S’)K ' s)ds' A-3
SR = I DK) - [ K s (A3)

From (9), the autocovariance function of the degraded signal is expressed as K(t,s) = A(t)BT(s),0 < s < t.
Taking this relationship into account and introducing

t
1SR =BT6) = [ 165K (s',9)ds (A-4)
0
U5 given by (A-5).
JJ(t, ;
/ (atts) = —J(t, A1 (L, s) (A-5)
Introducing
r(t) = fot](t,s’)E’(s’)ds', (A-6)

from (9), J (¢, t) satisfies (A-7).
J(t, R = BT (t) — r(t)AT (t) (A-7)

Differentiating r(t) with respect to t, from (A-5), we have (A-8).

dr(t) . Lojt,s") < ..,
T J(t, )B(t) + fo 3t B(s")ds (A8)
=J(&DB®) = J(t DA [, J1(t, sHB(s)ds’
Introducing a function
ni(0) = [y 1 (tsHB(sds’ (A-9)
we obtain (A-10).
dr(t) 9 y
BPTH J@&)(BE) — A®)r (D), (A-10)
r(0)=0

Noting that K; = B(t)AT(s) is valid for 0 < s < t, from (9), and using (A-4) and (A-9), J; (¢, t) satisfies (A-
11).

t
jl(t; t)R = BT(t) - f jl(t, S’)Kz(sl, t)ds’
0
t
=BT(t) - j J1(t, sNB(s")ds'AT (t) (A-11)
=BT(t) - rf (OAT(0)

Differentiating (A-4) with respect to t yields (A-12).
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aJ1 (¢, 9 LoJi(t, s’
hfgt D= —J,(t, OK(t,s) _fo ]1(6 - )KZ(S',S)ds’ (A-12)
From (9) and (A-4), ah( 2 is given by (A-13).
0/1(t,s)
ot - _]1(t' t)A(t)jl(tJ S) (A'13)

Differentiating (A-9) with respect tot, from (A-9) and (A-13), we obtain (A-14).
drl ( ) ]1 1 1
=Lt )B() + B(s )ds

o o o A-14
= (& OB(®) — 11 (6 DA® f J1(6 B ds 11 (60 (B - A©m©), (A1
0

r(0)=0

The FL smoothing estimate 2(t — D, t) of z(t — D) is given by (3). Substituting (A-2) into (3) yields (A-15).
t

2(t—D,t) = a(t— Lag)f J(t, s)y(s")ds' (A-15)
0
Introducing
e(t) = [, J(t,s)y(s)ds’, (A-16)

we obtain (A-17).
2(t—D,t) = a(t — Lag)e(t) (A-17)

Differentiating (A-16) with respect to t, from (A-5), we obtain (A-18).

de (t)
= (6, O7(®) — (&, A f J1 (8, 5)F(s")ds”
(A-18)
= ](t' (L) — A(t)e1 ),
e(0)=0
Here, e, (t) is given by (A-19).
t
er(t) = j 11, s5(s)ds’ (A-19)
0
Differentiating (A-19) with respect to t, from (A-13), we obtain (A-20).
d
el( ) 1609 — 1 (6 DA f J1(t,$)F(s")ds’
(A-20)
- 11 (&, O F(E) — A(E)ey (1)),
e;(0)=0
(QE.D))
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