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Abstract: -In this paper, we use the exiting semi-generalized open set to define semi generalised local function as
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compatible ideals as for every A C X such that for every x € A, there exist semi generalized-open set U containing
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1 Introduction

[[] was the first person that presented the concept
of ideal in topological space in the year 1930 as a
nonempty collection of subset of a topological space
(X,7) that is closed under heridity and finite additive
properties. It is denoted by I. The notion of ideal
in topological space was introduced in two ways:The
first way was concerned with the study of local prop-
erties of topological space that may be extended to
global properties. While the second way was con-
cerned with ideals to generalize certain properties of
topological space, such as compactness and separa-
tion axioms [2]. When a topological space is endowed
with an ideal, it is called an ideal topological space
denoted by (X, 7, I). In 1933 [3] first presented the
notion of local function ()* : P(X) — P(X) de-
fined such as A*(I,7) = {x € X : UNA ¢ I}
where U is open neighborhood of x and A is any sub-
set of X. When there is no uncertainty, we use A*
instead of A*(I, 7). In 1944 [4] studies the local func-
tion introduced by Kuratowski and investigate some
of its properties. [J] in 1987 gave the concept of semi
generalized closed and open sets. In 2010 [6] pre-
sented the notion of semi-local function and semi-
compatible ideals by using ideal and semi-open sets
in an ideal topological space. In 2013 [[7] presented
the notion of local closure function as generalization
of local function and explored the closure compatible
ideal in ideal topological space. In 2013 [8] used gen-
eralised open sets to gave the concept of generalised
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local function in ideal topological space. In 2014 [9]
used a-open sets to presented the concept of a-local
function and characterized a-compatible ideal with a-
local function. In 2017 [[10] presented a new class
of closed sets called semi generalized wa-closed sets
in topological spaces which properly lies between the
class of semi-closed sets and the class of gs-closed
sets. Further defined sgwa-closure and sgwa-interior
in topological spaces and obtained some of their prop-
erties. In 2019, [[11]] presented the notion of gener-
alized compatible ideal with generalized-open sets in
codense ideal topological space. Therefore, in this pa-
per we presented semi generalised local function and
semi generalised compatible ideal.

The followings are very important in this paper.

1.1 Definition|[1]

An ideal in topological space is defined as a collection
I of nonempty subset of a topological space (X,7) sat-
isfying the following conditions.

1. If AeIand B C A, then B € I (heredity)
2.If A e I and B € I, then A U B € I
(finite additivity)

1.2 Definition [12]
A topology on a nonempty set X is a collection 7 of
subsets of X, that satisfies the following.

1. § and X belong to 7;
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2. The union of any collection of sets in 7 belong to
T

3. The intersection of any finite number of sets in 7
also belong to 7.

1.3 Remark

The space (X, 7) is called a topological space and also
the space (X, 7, I) is called an ideal topological space.
The members of topology 7 are called open subsets of
X. If A C X, the interior of A denoted as int(A) is
the union of all open subsets of X contained in A.

1.4 Definition [13]

Let (X, 7, I) be defined as an ideal topological space.
An ideal [ is said to be compatible with respect to
open subsets of X, denoted by 7 ~ I if the following
condition is satisfied for every A C X: if for every z
€ A there exists an open set U containing x such that
UNnAecl,then Ael.

1.5 Definition [14]

Let (X, 7) be a topological space. A subset A of X is
said to be generalized open (g-open ) if F' C int(A)
and F' C A whenever F' is closed in (X, 7).

And A is said to be a generalized closed (g-closed )
if CI(A) CU and A C U whenever U is open in (X,
T).

Complement of a g-open set is g-closed and comple-
ment of g-closed set g-open. A collection of all gen-
eralized open sets in a topological space (X, 7) is de-
noted as 7.

1.6 Definition [15]

Let (X, 7) be defined as a topological space. A subset
A of X is said to be Semi-open set if the following
holds A C cl(int(A)). The family of all semi-open
subsets of X is denoted by 75. The union of all semi-
open subsets of X contained in A is called the semi-
interior of A denoted by gint(A) or ints(A).

1.7 Definition [15]

Let (X, 7) be defined as a topological space. A subset
A of X is said to be a Semi-closed set if int(cl(A))
C A. The family of all semi-closed subsets of X is
denoted by 7s-closed. The intersection of all semi-
closed sets containing a subset A of X is known as
semi-closure of A and is denoted by scl(A) or cls(A).

1.8 Definition [5, 15, 16]

Let (X, 7) be defined as a topological space. A sub-
set A of X is said to be a semi-generalized open (sg-
open) set if F' C ints(A) whenever F' C A and F
is semi-closed set in (X, 7). The family of all semi
generalized open subsets of X is denoted as 7,4. The
union of all semi-generalized open subsets of X con-
tained in A C X is called semi generalized-interior
of A denoted by ints,(A).
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1.9 Remark

The complement of sg-open set is sg-closed and com-
pliment of sg-closed set is sg-open.

1.10 Definition [15, 16]

Let (X, 7) be a topological space. A subset A of X
is said to be a semi-generalized closed (sg-closed) set
if Cls(A) C U whenever A C U and U is semi-open
in (X, 7). The family of all semi- generalized closed
subsets of X is denoted by 7,4-closed. The intersec-
tion of all semi-generalized closed subsets of X con-

taining a subset A of X is called semi-generalized clo-
sure of A denoted by clsq(A).

1.11 Definition

If (X, 7,I) is an ideal topological space. A subset A
of X is said to be [[17]

1. L*-perfectif A — A* €I
2. R*-perfectif A* — A e[

3. C"*-perfect if A is both L*-perfect and R*-
perfect.

1.12 Definition [[13, 16]

Let X be a topological space and z € X. A subset N
of X is said to be semi-generalized - neighbourhood
(sg - neighbourhood) of z if there exist sg -open set
G suchthatz € G C N.

1.13 Definition [3]

Let (X, 7) be a topological space and A C X, then
a point x € A is said to be semi-generalized interior
(sg - interior ) point of A if A is sg - neighbourhood
of x. The set of all Sg - interior point of A is called

the sg - interior of A and is denoted by sg - int(A) or
intsg(A).

1.14 Definition [3]

Let (X ,7) be a topological space and A C X, the in-
tersection of all sg - closed sets containing A is called
sg - closure of A denoted by sg-cl(A). i.e. clsg(A) =
N{F:ACF e€sgce(X)}.

1.15 Lemma [16]
If A is a subsets of X, then g-int(A) C sg-int(A),
where g-int(A) is given by g-int(4) = U{G :
G is g-open, G C A}.

1.16 Proof

Let A be the subset of X.

Letx € int(A) =z € U{G : G is g-open, G C A}
= there exists a g-open set G such thatx € G C A
= there exists a sg-open set G such that x € G C A,
as every g-open set is sg-open set in X

=z € U{G : G issg-open,G C A}. Hence g-
int(A) C sg-int(A).
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1.17 Example [10]

Let X = {a,b,c} with topology 7
{X,0,{a},{c}, {a,c}}. Then 74
{X,0,{a}, {c}, {a,b},{a,c}, {b,c}} and

Ty = {X.0,{a} {c}h {a,c}}. IEA = {b,c}, then
sg-int(A) = {b,c} and g-int(A) = {c}. It follows
g-int(A) C sg-int(A).

1.18 Remark

Every g-open set is sg-open setin X . But the converse
is not true.

2 Semi-generalized local function

2.1 Definition

Let (X,7,I) be an ideal topological space. A set
operator ();, : P(X) — P(X) is called semi-
generalized local (sg-local) function of A with re-
spect to 7 and [ is defined as A3, (/,7) = {z €
X :UNA & Ifor every U € N(sg)z} where
N(sg), is called a semi-generalized neighbourhood
(sg-neighbourhood ) system of z. i.e the collection of
all semi generalized open (sg-open ) sets containing
X. N(sg9)g = {U € 755 : © € U}. Where 7y is the
set of all semi generalized open sets in (X, 7, ).

2.2 Lemma

Let (X,7,I) be an ideal topological space and
A, B C X. Then the following holds:

L0, =0;
ACB= A%, C By
Ay CA;

IfI; C I, C1I,then A:g (IQ) - A:g (Il);
(A:g):g < AZQ;

A%, UB%= (AU B);

(A:g'B:g) - (A'B):g'Bzg: (A'B)ng

e A o R

If I, I> C I, then A:g(Il) U A:g(fg) - A:g(f1ﬁ
L);

9. A3, = clsg(As,) C clsg(A).

2.3 Proof
Let (X, 7, I) be an ideal topological space. If A, B C
X.

1. 0%, = 0 is obvious.

2. Let A C B, then we want to show that A:g -
By Thus, if x € A7/, then there exist sg-open
set U which contain x such that UN A ¢ I. Since
A C B, then clearly U N A C U N B by heredity
property of ideal U N B ¢ I. Hence A}, C B},
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3.Let AC X,ifzx € A;fg, then there exist sg-open
set U which contain x such that UN A ¢ I. Since
U N A C A, then clearly A;‘g C A.

4. Letl1, b CIand 1 C I, ifx € A’gg(Il), then
there exist sg-open set containing  such that U N
A ¢ I and also z € A5 (I2), implies here exist
sg-open set containing x such that U N A ¢ Iy,
but [; C IyimpliesUNA¢ L, CUNAEIL.
Hence A, (I2) € A5, (I1).

5. Let AC X and x € A, then there exist sg-open
set U containing x such that U N A ¢ I. Since by
our lemma 2.2 (3) A%, C A implies U N A}, C
U N A ¢ I by considering the heredity property
of ideal U N A3, ¢ I. Hence (A3,);, € Aj,.

6. Let A, BC X. Thensince AC AUBand B C
AU B. By lemma 2.2 (2) A3, C (AU B)}, and
B3, C (AU B)},. Clearly,

A3, U B;, C (AUB)Z,. conversely, Suppose x €
(AUB)3,, then there exist sg-open set containing
z suchthat U N (AU B) ¢ I. Thus,
UN(AUB) cUNAU(UN B) by considering
the heredity and finite additive properteis of ideal
UN(AUB)CcUNAU(UnN B) ¢ I implies
UNA¢landUNB ¢ I. Clearly, (AU B)
C Aj, U Bg,. consequently,

Ay, U B, = (AUB);,.

*
sg

7. Suppose A, B C X, since A C (A— B) U Bby
our
lemma 2.2 (2) A3, C (A — B);, U B;, implies
A3, - Bs, C (A= B);, U B, - By, implies
A3, - By, C (A= B);,. conversely, since A —
BUB C Aby
lemma 2.2 (2) (A — B)3, U B;, C A,
implies (A — B);, U B, - B;, C Ay, - B}, im-
plies
(A — B);, C A, - B, Therefore,
A:g - B;kg = (A - B):g

8. Suppose 11, Is C I, then we want to show that
AZQ(II) U A:Q(Ig) C AZQ(II ﬁ[g). Since 1 N 15
ClLand I;NIy C I; by lemma2.2 (4) Af;g(Il) C
A% (INlg) and A3 (12) C A5, (11N 12). Clearly
A:g([l) U A:g(lg) - A:g(II N IQ)

9. Let A C X and since A5, C cls4(Aj,) hold in
general. Let z € clsy(A7,), then there exist sg-
open set U which contain x such that A7 NU #
(). Therefore, there exist some y € A%, N U and
U € 749(x). Since
y € Aj, ANU ¢ Iandsox € Aj. Thus
clsg(As,) C A3, Hence
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A* = clsy(A
Almphes
clsg(As,) S clsg(A).
clsg(Asg) C cls (A)

5g) since by lemma 2.2 (3) A3, C

Consequently A, =

2.4 Example
Let X = {a,b,c},
(X0, (b}, {c}. {a.b}. {b,c}}

7 — closed = {0, X, {a, c},{a,b},{c},{a}}.

P(X) = {X,0,{a}. {b}. {c}, {a, b}, {a,c}. {b.c}}
Ts = {X, ®7 {b}, {C}v {CL, b}a {b, C}, {CL, C}}
TS-CIOSCd: {Xa Q)u {CL, C}, {CL, b}a {C}, {CL}, {b}}

Tsg : {(Z)v X7 {b}7 {C}v {a’7 C}v {b7 C}7 {a7 b}}
Taking I = {0, {b},{a,b}}, A ={c}and B = {a,c}
then we have

A3, = {c} and B},

T =

= {a, c}. Hence A3, C By,

2.5 Example
Let X {a,b,c,d}, T =

{X,0.{a},{b}, {a b}, {a,b, c}}
T — closed = {0, X, {b, c, d} {a,c,d}, {c,d},{d}}.

P(X) = {X.0.{a. },{b}. {c},{d} {a.b}. {b.c} {c.d}.

{a,c},{a,d},{b,d},
{a,b,c},{b,c,d},{c,d,a},{a,b,d}}
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T — closed = {(Z)a X: {CL, C}, {CL, b}a {C}, {CL}}

P(X) ={X,0,{a},{b},{c},{a,b},{a,c},{b,c}}
Ts = {X7 0, {b}7 {C}, {av b}7 {b7 6}7 {a7 C}}
Ts-closed= {X> (2)7 {aa C}a {CL, b}a {C}v {a}a {b}}

Tog = {0, X, {b}, {c},{a,c}, {b,c},{a,b}}.

Taking I = {0, {a}, {b }, {a,b}} and A= {c}, B=
{a, ¢}, then A3, = {c}, B, = {c} and (AU B);, =
({a,c})sy = {c}. Hence A3, U By, = (AU B)},

2.9 Example
Let X = {a,b,c}, 7 ={X,0,{a},{c},{a,c}}
Tsg = {®7 X, {a’ C}v {b’ C}v {a’v b}’ {a}v {C}}
Taking I = {(, {a}, {b}, {a,b}} and A= {a, b}, B=
{c}, then A3, =0,

= {c} implies A%, - B}, = () and since (A — B)
= () implies (A — B);, = 0%, = 0. Hence A, - B}, =
(A - B):g

2.10 Example

Let X = {a,b,c}, T =
(X0, (b}, {c}. {a,b}, {b,c}}

Ts-closed= {X, 0, {a, c}, {a, b}, {c}, {a}, {b}}.
7 = (0. X, (b}, {c}. {a.c}, {b.c}, {a. b}}.

Taking I; = {@ {a}}, I, = {0,} and A = {a, ¢}, then

7s ={X,0,{a}, {b},{a,b},{a,b,c}, {b,c,d},{a,c,d}} A% (I1)= {c} and
ri-closed= {0, X, {b.c.d}. {a.c.d}. {c,d}, {d}, {a}, {b}}A* (I2) = {a, c}, since I C I implies Iy N I = I,

Tsg = {0, X, {a}, {b} {a b}, {a,b,c},{b,c,d},{a,c,d}}.

Taking I = {Q) {a}, {b }, {a, b}} and A= {a b, ¢},

then A5, = {c}, clearly A3, C A.
2.6 Example
Let X = {a,b,c}, T =

(X0, (b}, {e}, {a,b}, {b.c}}

7 — closed = {0, X, {a, c},{a,b},{c}, {a}}.

P(X) = {X, 0. {a}, {b}. {c}. {a.b}. {a,c}, {b.c}}

Ts = {X, ®7 {b}, {C}v {CL, b}a {b, C}, {CL, C}}

TS-CIOSCd: {Xa (Du {CL, C}, {CL, b}a {C}, {a}a {b}}

7sg = {0, X, {b}, {c}, {a, ¢}, {b, ¢}, {a, b} }.

Takmg I = {0, {a}}, I, = {0, {a}, {b}, {a, b}} and
= {b, c}, then Aj (I1) = X and A7 (I2) = {c}.

Hence Az, (I2) € A;‘g(ll)

2.7 Example

Let X = {a, b, C}, T = {X7 ®7 {a7 b}7 {b7 C}, {b}}

T — closed = {0, X, {c},{a, },{a, c}}.

P(X) ={X,0,{a}, {b}.{c}. {a, b}, {a, c},{b,c}}
Ts = {X, ®7 {CL, b}a {ba C}a {b}}

Ts-closed= {Xa @, {c}’ {CL, }7 {a’ C}}

Tsg = {®7 X, {ba C}, {b}7 {av b}}

Taking I = {(), {a}, {b}, {a,b}} and A = {b, c}, then
A3, = {c} and also (A43,);, = {c}. Therefore, (A,)5,
- A*

2.8 Example
Let X {a,b,c}, T =
{X,0,{b},{c}, {a b}, {b, ct}
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thus
A:g(ll N IQ) = A:g(IQ) =
A:g(lg) C A:Q(Il N 12)

2.11 Definition

A subset A of an ideal topological space (X,7,[) is
said to be

{a, ¢}. Hence A5 (I1) U

- closed if A, C A;

2. *-sg-dense initself if A C A ;
I - sg-dense if A, = X
*-sg-perfect if A = A7 g;

Ly, - perfectif A - A7/

R;, - perfect if A3, A el

C3, - perfect if A is both L7, - perfect and R},

perfect.

1. 7'

.\‘F’\.‘J':PS*J

3 Semi-generalized compatible
(Sg-compatible) ideal

3.1 Definition

Let (X, 7, I) be an ideal topological space. An
ideal [ is said to be semi generalized compatible (sg-
compatible) with respect to semi-generalized open
(sg-open) subsets of X, denoted by 7 ~,, I if the
following condition is satisfied for every A C X: if

for every x € A, there exist sg-open set U containing
xsuchthat U UA € I, then A€ .
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3.2

Theorem

Let (X, 7, I) be an ideal topological space and A be
any subset of X, then the following are equivalent.

1.
2.

AN

T ~sg I;

IfU = {U, : a € A} is semi-generalized open
cover for A such that
cd(Uy)NAel,Vae A then A € I

AﬂAzg=(Z),thenA€ I;
Alis L, - perfect set;
If A is R, - perfect set, then A A A3, € I;

For every 7;, -closed subset of A, then A — A7,
el

Proof

. (1) = (2) Suppose A C X and for every z € A,

there exist sg -open set U which contain x such
that U N A € I, then A € . Implies (2)

(2) = (3) Suppose A C X has sg-open cover
whose intersection with A belongsto I. If x € A,
there exist U € 7,4(x) suchthat UNA € I. Since
x € Aclearly z ¢ A;; andso AN A%, =0, then
A € [I. Implies (3)

. (3) = (4) Suppose forevery A C X and AN A7,

=@, then A € I. Since A — A:g C A, then by
lemma 2.2 (2) (A — A3));, C Aj, clearly

(A - A:g) N (A - A:g):g - (A - A:g) N A:g
since by lemma 2.2 (3) A3, C A implies (A —
Aj,) NA3, = 0. Hence

(A=A3 ) N(A—=A5)5,=0,then A— A7 € 1.
Therefore, A is L, perfect set. Implies (4)

(4) = (5) Suppose for every A C X, Ais L -
perfect set. i.e A — A7, € I. If Ais R -perfect
set, then Azg — A € I. Therefore, by finite addi-
tive property of ideal (A— A7 )U (A, —A) € 1.
Hence AAS, € I. Implies (5)

. (1)=(5) Suppose forevery A C X : If forevery

x € A, there exist sg-open set which contain x
suchthat U N A € I,then A€ I. Sincex € A
and A € I clearly z ¢ A%, and AN A%, = () also
we all know that A — A5, C A and %y lemma
2.2 (2) implies (A — A3));, € A5, Thus,(A —

59
A V(A=A )y CANAL =10
implies (A — A% ) N (A — A%))s, =0and A —
A3, € 1. If Ais I -perfect set, then Ay —AE€

1. By finite additive property of ideal
(A—A7,)U(AZ,—A) € 1. Hence AA7,. Implies
&)
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6. (5) = (6) Suppose for every A C X and A is
R -perfect set, then AAS, € I implies (A —
A3y) U (A, — A) € 1. Since by lemma 2.2 (3)
Aj, C Aclearly A5, — A C A — A7 implies
(A—- A )U (A, —A) el=A-A; el
implies A Ay, € I. Hence A is 77 -closed
subset. Implies (6)

7. (1) = (6) Suppose for every A C X and for
every ¢ € A there exist sg-open set U which
contain z suchthat U N A € I, then A € 1.
Since v € Aand A € I clearly z ¢ A, and
so AN A;, = 0. Since A — A3, C A, then by
lemma 2.2 (2) (A — A3,);, C A5, implies
(A= A3 )N(A—- A, CANAL, =10
implies (A — A7) N (A — A3))5, = 0, then
A — A5, € 1. Hence for every 7, -closed subset
of A, then A — A7, € I Implies (6)

3.4 Theorem
Let (X, 7, I) be anideal topological space. If 7 ~4 I,
then the following properties are equivalent.

1. Ifforevery A C X and ANA7, = (), then A%, =
0;

2. If for every A C X, then (A — A3 )5, = 0;

3. Ifforevery A C X, then (A N AZ%,)%, = AZ,.

S

3.5 Proof

1. (1) = (2)Suppose T ~44 I and if for every A C
X, An A;, =0, then A}, = ). Since we all
know that A — A3, C A, then by lemma 2.2 (2)
(A — AL):, © A%, implies (A — AZ) N (A —
AEQ)EQ CANA;, =10 1m*p11::s (A—.Azg')ﬂ(A—
A%y )sg = 0, then (A — A% )3, = (0 implies (2).

2. (2) = (3) Suppose T ~g4 I and if for every A C
X, then (A — A7 ));, = 0. Since by theorem
3.2(3) An Az, = 0, then A%, = 0 clearly
A= (A-A;)U(ANAL) by lemma2.2 (2)
Ay = ((A—A;‘g) U (AﬂAZg))zg implies A3, =
(A—A5,)sU(ANAS)):, since (A— A )5, =0,
then clearly A7, = (AN Aj,)5, implies (3).

3. (1) = (3) Suppose T ~g,4 I and if for every A C
X, AN A3, = (), then A% = 0. Sinceby4.2.1(3)
A3, C A, then clearly An A3, € Aby lemma
22(2) (AN AZ,)s, € A, Since AN A;, =0,
then A3, = () by lemma 2.2 (1) 07, = 0 and
A;, = 0, implies (AN Azg);g c Az, = 0.
Hence (AN A3));, = Aj, implies (3).

S
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4 Conclusion

It is concluded that every generalized local function
is semi generalized local function but the converse is
not true. Every generalized compatible ideals is semi
generalized compatible ideals but the converse is not
true.
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