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Abstract: - The intent of this paper is to construct the alpha fractal rational quintic spline. We have considered 
C2 rational quintic function, which is of the rational form, where the numerator is a quintic polynomial and 
denominator is a linear polynomial having two shape parameters i.e. sm & tm and deduced the uniform error 
bound for alpha fractal rational quintic spline. Also constraints have been applied on shape parameters and 
scaling factors to drive the shape preserving properties. 
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1 Introduction 
The mathematics behind the fractals started taking 
shape in 17th century, when Gottfried Leibniz 
considered recursive self-similarity. And thought 
that the self-similarity is possessed by straight lines 
only, which was not true. Then in 1872 an example 
of function was given by the Karl Weierstrass, 
which was not differentiable but continuous 
everywhere. In 1904 a geometrical definition of the 
Weierstrass example was given by Helge Von Koch 
and later was considered as the Koch curve. After 
this many of the mathematicians worked on this 
concept for years and later in 1975 Mandelbrot  [1] 
gave it a name “Fractals” to define the objects 
which are too irregular and complex to be defined 
by the traditional theory. Fractals have several 
properties but we are mostly concerned with two 
which are non-integer dimension and self-similarity. 
When it comes to the real world, we are surrounded 
by problems or things which are too complex to be 
understood by traditional theory. 
In 1986 fractal interpolation was introduced by the 
Barnsley [2], which turned out as a solution to the 
problems we were discussing above. Fractal 
interpolation has a wide area of use in the real 
world; it's been used in movies, medical science[3], 
[4], image compression[5], [6] etc. The knowledge 
of fractals and ecosystems together is used to 
determine the acid-rain spread of smoke. we know 
how stock market changes in a blink of eye 
sometimes the changes are small but the other-time 

it can be huge which gives us the sense of 
irregularity, so here we can see that because of too 
much irregularity this is not possible to understand 
and give a map to stock market and hence here 
comes the use of fractals. Similarly convexity is 
another fact that is widely used in economics. Ever 
since the demand from industrial areas, engineering 
and scientific fields have increased, the construction 
of shape-preserving interpolants which are also 
smooth has become one of the major research topics 
of computer design and approximation theory. A lot 
of research has been done in the aspect of shape 
preserving interpolation, among them the rational 
splines are the most used because of their flexibility 
see [7]–[16] For the construction of smooth fractal 
interpolation function, the iterated function system 
is needed which satisfies the hypothesis given by 
Barnsley and Harington. By using the base function 
from [2] and the theorem given by Barnsley and 
Harington, a method is described by the Navascués 
in [17] for constructing Cp – fractal interpolation 
functions, most precisely the FIFs in the form of 
polynomials. However, for the development of the 
smooth rational fractal interpolation functions, the 
method of single-base function is not suitable. So in 
[18] Puthan and Chand have given the 
generalization of the construction of Cp – fractal 
interpolation functions by using  - fractal with the 
set of finite number of base functions. 
In this research article we have constructed an  - 
fractal quintic spline g corresponding to the 
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classical  rational quintic spline [19]. We have 
considered fractal spline with linear denominator, in 
the view that it can give a better approximation of 
the function being interpolated than the cubic, 
quadratic denominator. In section 2, we have given 
the basic theorems, definition and notations which 
will be used throughout the article and in section 3 
we gave the construction of  - fractal quintic spline 

g with the family of base functions. The 
convergence analysis done in section 4 and section 5 
includes the shape preserving properties of  - 
fractal quintic spline. 
 

2 Preliminaries 
In this section we are giving a brief introduction of 
fractal interpolation function and  -fractal 
function, which will be used in the rest of the paper. 
Readers are referred to study [2]. 
Let },,2,1:),{( MmRJzy mm  be the dataset 
and ],[ 1 MyyJ   satisfying Myyyy  ...321  
and ],[ 1 mmm yyJ for }1,...,2,1{  Mm .  
Consider an affine map mm JJL :  defined as 

mmm ycyL )(  such that  

11 )(,)(  mMmmm yyLyyL  
Consider C  be the compact subset of R  and let 

  ,,1,1  mm  & define 1M continuous maps 
CCJFm : such that, 

  ,,),( ** zzzyFzyF mmm  

    111 ,,,  mMMmmm zzyFzzyF  
Define a function CJCJm :  for m by  

)),(),((),( zyFyLzy mmm  . 
Then };;{  mDJ m be the iterated function 
system. 
Theorem 2.1 [see[1],[2]]. The iterated function 
system },...,3,2,1;;{ MmDJ m    possesses a set

G  and DJG  , which is unique and 

compact, such that 
M

m
m GG

1
)(



  , Then G be the 

graph of a continuous function RJf :  such that
.,...,2,1;)( Mmzyf mm   

The graph of function f is the attractor of IFS, and 
this function f is also known as the FIF 
corresponding to dataset }.,,2,1:),{( Mmzy mm     

Let       MM zyfzyfJCfG  &: 11  and 
let GGT : such that  

          mJyyLfyLFyfT mmmm ,;, 11   
T is the contraction on the complete metric space
 ,G . Consequently, T possess a fixed unique on
G , i.e. Gf  such that 

     JyyfyfT  ,  
Then this function f is known as FIF corresponding 
to the iterated function system };;{  mDJ m , 
which satisfies the functional equation: 

       mmmm JyyLfyLFyf   11 ,   
The most used fractal interpolation function in the 
literature are originate from the following iterated 
function system 

)),(),((),( zyFyLzy mmm  , mmm ycyL )(  
   ypzzyF mmm ,&  

Where  xrm  is a continuous function and can be 
chosen of any form like linear, quadratic or any 
polynomial, that satisfy the conditions mentioned 
earlier in the section. And m is the scaling factor of 
mapping m . In 1986 Barnsley has given a function

       JCbgybyLgyp mmm  ; , )(yb  is 
the base function satisfies
       MM ygybygyb  &11 , the corresponding 

fractal interpolation function g  obeys 

        mmm JyyLbgygyg   ,1   
And   

    .



m

m gGgG  

 
Theorem2.2. Let Myyy  ...21 be the partition 
of J. For m , let mmm ycyL )(  be the affine 
map and let    ypzzyF mmm ,  satisfying 

11 )(,)(  mMmmm yyLyyL and   ,, 11 mm zzyF   
  1,  mMMm zzyF  respectively. Suppose for some 

integer 0q we have 10;  kkcq
mm and

   JCxp q
m  . Let 

 
      
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If    rrmrMMrm zyFzyF ,11,,,1 ,,   for m  and
qr ,...,2,1 , then a fractal interpolation function is 

determined by an iterated function system 
  mRJ m;,  and the IFS 

      mzyFyLRJ rmm ;,,, ,  for qr ,...,2,1

determines the fractal interpolation function  rf . 
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Now let  JCg q and from the above theorem we 

have  mkkcq
mm &10; . We wish to apply 

the conditions on the family of functions 
   mJCbB m ;  such that 

       ybyLgzypzzyF mmmmmmm   ,
 and we will do this with the help of a method 
introduced in [17] however, we have considered a 
family of base functions instead of single base 
functions. 
From above theorem we have 

   rrmrMMrm zyFzyF ,11,,,1 ,,    

Where,  
  
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

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rr
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r
m  , 

so that 
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Now if we have a family of functions 

   mJCbB q
m , such that the derivative of 

B up to qth order of every member is same as the
 JCg q  at the end knots, then the corresponding 

FIF  JCg q  and satisfies    mm ygyg  . 

Furthermore,   r
g be the FIF corresponding to the 

IFS 
,)( mmm ycyL 

 
 

      
r
m

r
mmm

rr
mm
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c

ybyLgcz
zyF

 
,,  

And the functional equation for   r
g is 

  
    

  
 

r
m

m

r

mmrr

c

yLbg
ygyg

1



   

This equation specifies that the rth derivative of g

agrees with rth derivative of g at end knots. 
 
 

3 Construction of Alpha Fractal 

Quintic Spline 
In this section we are introducing a new class of  -
fractal rational quintic spline 2Cg  corresponding 

to the rational quintic spline 2Cg . Let us consider 
a dataset   MmRJdzy mmm ,,4,3,2,1:,,  , 
where myyyy  321  and here mz is the 
function value and md  be the value of the first 
derivative at knot my . Derivatives can be found by 
the approximation method, if not given at knots. 
A C2 -rational quintic function with two parameters 
was introduced in [19], we can rewrite it as  

  

     

   
  mmm

m
ts
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yLg







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
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5
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Where, Jy
yy

yy

M





 ,

1

1 and mm ts , are the non-

negative shape parameters. Where,  
mmzsA 1  & 16  mm ztA

 
  mmmmmmmmm yyhdhsztsA  12 ,4  

    mmmmmmmmmm DhsdhtsztsA 2
3 2

1346   

    1
2

1!4 2
1364   mmmmmmmmmm DhtdhtsztsA

  115 4   mmmmmm dhsztsA
 Now   yLg m  can rewritten as  

      

   
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 
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Now to construct  - fractal rational quintic 
function corresponding to g, Let us assume that 

mm kc  and consider a family 
   mJCbB m ;  satisfying the conditions 

    MMmm zybzyb  ,11  and
           MmmMMmm ybDybdybdyb 2

11
21

11
1 ,&, 

MD . For our convenience we will take mb as the 
rational quintic function which is similar to the form 
of interpolant g. 
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Where, Jy
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11 zsT m & MmztT 6  
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 Consider the  -fractal rational quintic spline 
corresponding to g is 
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 Mmmm zztC  16  

Remark3.1. If we take  mm 0 , then  -
fractal rational quintic spline will become the 
classical rational quintic function g introduced in 
[19]. 
Remark3.2. If mm ts 1 , then the  -fractal 
rational quintic spline will be reduced to an  -
fractal non-rational quintic spline.  
Example3.1. Let          50,9,35,8,14,5,10,3,0,0  be 
the data set, through which we will verify the 
diversity and flexibility of  - fractal rational 
quintic spline over the rational quintic fractal 
interpolation function. Throughout Fig.1, both the 
shape parameters mm ts &  are considered
 50,50,50,50 . We have considered the vertical scale 

 0.74 ,0.40, ,0.15 0.2  in Fig.1 (a) and Fig.1 (b), 
Fig.1 (a) is the graph of RQFIF and Fig.1 (b) is the 
graph of  - fractal rational quintic spline. We can 
see the difference between these two graphs with the 
same vertical scaling for  0.74 ,0.40, ,0.15 0.2  
the RQFIF giving us the positive graph while the 
- fractal rational quintic spline gives a negative 
graph. Fig.1 (c) and Fig.1 (d) shows the graph for 
vertical scaling  0.45 ,0.4, ,0.2 0.1  and  

),0.42,0.5 0.37 0.3,(  respectively  
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                      (a)                                         (b) 

 
                      (c)                                       (d) 

Fig.1.  - fractal rational quintic spline 
g

 

 
 

4 Convergence 
To show that the convergence of  -fractal rational 
quintic spline g toward the , which is the data 
generating function belongs to  MyyC ,1

3 , we need 
to find the uniform distance between them. Now as 
we know that g is an implicit expression, so it will 

be difficult to calculate 


  g by using the 

standard techniques. Now let gg & be the  -
fractal rational quintic spline and classical quintic 
function respectively. We will derive an upper 
bound of the error by using gg & . 

By the triangular inequality we’ve  


   gggg  

Now we use the convergence result of the classical 
rational quintic interpolant g. 

Proposition4.1. [19] Let  MyyC ,1
3  and 

  MmRJzy mm ,,4,3,2,1:,  be the dataset. 
Let g be the rational quintic spline corresponding to
 , then the error between g& in every 
subinterval  1, mm yy is, 

      yheygy mm
33    

Where,  

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Theorem4.2. Let  MyyC ,1

3  and 
 Myyy ,...,, 21  be the partition J  satisfying the 

condition Myyy  ...21 . Let g be the rational 
quintic fractal interpolation function which 
interpolate the values of function  on the points of
 , then  

      hphpheg mm













1
33  

Where, 
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And 
  10;,,max

10






mmm tse , 

 Mmdd
m




1;max , 

 MmDD
m




1;max ,  
mm

ddd ,max 1,1   

 
mm

DDD ,max 1,1   

Proof: For the considered data set and m  
satisfying  mcmm ; , the  - fractal rational 

quintic spline g is the fixed point of R-B operator 

T  defined on metric space 

        1111
* ,,:,: dyfzyfzyfRJCfG MM 

         MMMM DyfDyfdyf  2
11

21 ,,,  such 
that 
          

  yLtsV

yLtsU
yLfyyfT

mmm

mmmm
m 1

1
1

,,
,,,



 


  

Clearly the interpolants g is a fixed point of T  
with 0  and g  is a fixed point of T with 0 , 
then by the contraction property of R-B operator, we 
have 


 gggTgT 




   

By the mean value theorem of a function with 
multiple variables, we’ll get 
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Now we will calculate the R.H.S of the above 
inequality. So from the classical rational quintic 
interpolation function we have  
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We note that  
    1,,,, 21   mmmm tsts  

Also  
       1,,,, 43 mmmmm tsdts  

  mh21    
And, 
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So, 
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Now that above expression is true for m, we can 
also get the following expression  
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As we know that  yVm is independent of alpha, so 
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By using the same arguments we used for the first 
part we’ll get, 
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By substituting these values we get, 
         ].,[; 10 mm yyyhphpygTygT  




Now by using these inequalities  
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We have  


   gggg  

So by using the Proposition4.1, 
      hphpheg mm












 

1
33  

Convergence Result: Since we have 2
mm c , this 

implies
 

2

2
1

h

yyM 



 . From the above theorem 

we can say that the  -fractal rational quintic spline 
converges uniformly to the original function   as 

02 h and if we take 3
mm c , then 

 3hOg 


  as 0h . 

 
4 Positivity Conditions for Alpha 

Rational Quintic Spline 
Let },,2,1:),{( MmRJzy mm   be the data 
set with 0mz . Now we will see that the 
parameters in the  -fractal rational quintic spline 
can be chosen in a way that   Jyyg  0 . Let

 mm 0 . Then from the functional equation 
of  - fractal rational quintic spline, it follows that

  0g y . Also   0yVm  as ms  and mt  are strictly 
positive. So it will be sufficient to show that 

  0yUm and condition   0yUm holds if 
    0&0 11   Mmmmmmm zztzzs   
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and from the third & fourth inequalities we get 
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We know that 0& mm ts  so, to find the solution 
for these inequalities, we will add a condition over 
the derivative that is 0md . By assuming 

0&0 Mdd these two inequalities can satisfy by 
taking 
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Similarly from the fifth and sixth inequalities, we 
have  
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The sufficient condition for  -fractal rational 
quintic spline for preserving the positivity of the 
given dataset in each subinterval is: 
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Example5.1 Let          5,2,3,5.1,2,1,1,5.0,5.0,0  be 
the positive interpolating points and with these data 
points we will be generating the positive  - fractal 
rational quintic spline having different shape 
parameters and scaling vector. In Fig.2 (a), we have 
taken arbitrary values of shape parameters i.e. 

   67 43, 23, 56,&87,89,78 34,  mm ts and the 
scaling vector  ,0.65 0.49 0.37, 0.3,  
respectively, the corresponding graph is non-
positive. Now for the positive  - fractal rational 
quintic we have calculated the shape parameters 
according to the above theorem. For the rest of the 
graphs we have taken shape parameters

   6,4,5,3&4,8,6,2  mm ts ,  4.0,2.0,76,20ms

 5.0,1.0,89,15& mt and  0.9 ,0.1, ,88 289ms

 0.8 0.1, ,60, 89& mt  and the vertical scaling is
 0.45 ,0.40, ,0.2 0.1 ,  0.45 ,0.34, ,0.24 0.12

and )0.5 0.39, ,0.25, 0.2( , which is calculated 
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according to the above theorem and their graphical 
representation is given in Fig.2 (b), Fig.2 (c) and 
Fig.2 (d) respectively. We can easily witness the 
change in shape due to the different values for 
vertical scale and shape parameters.  
 

 
                     (a)                                          (b) 

 

 

 
                     (c)                                          (d) 

Fig.2. Positive - fractal rational quintic spline 
g

 

 

4 Conclusion 
The techniques of approximations have been 
advanced by using the smooth fractal interpolation 
function. By modifying the methods given in [2], 
[17], a smooth  -fractal function is constructed in 
this paper. 
By using this procedure we have given the 
construction of  -fractal rational quintic spline 
with two families of shape parameters. By applying 
the conditions over scaling factor, the convergence 
of  -fractal rational quintic spline is discussed. The 
scaling factor and the shape parameters have been 
constrained to preserve the positivity of  -fractal 
rational quintic spline. 
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