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Abstract: We propose and analyse a prey-predator model with five interacting species in a natural
environment. We assume that there exists ecosystems which can group together in a given place a
number of species interacting with each other through different types of interaction. In our model we
assume that in such environment it can exist many type of interaction between species which live there.
In our model, we use a mixed functional response. Both Holling’s Type I and Type II functional responses
are considered. We carry out a mathematical analysis of the proposed model followed by a numerical
analysis. Our aim is to examine the dynamics of different populations in an interaction where the super
predator has a diverse food source in a multi-species ecosystem and through the study of this model, to
highlight the impact of species diversity and interaction diversity on the dynamics of species living in
an environment favorable to these types of interactions. The mathematical analysis first concerns the
existence, boundedness, local and global stability of the solutions using the Routh-Hurwitz’ criterion
and the Lyapunov’s principle. In addition, we look for conditions under which solutions persist or die
out. Finally, numerical simulations are carried out to support the theoretical results. The research will
contribute to a better understanding and prediction of the evolution of populations living in areas that
bring together several species with multiple interactions.
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1 Introduction helps us to better understand certain ecological
phenomena and develop decision-making policies
aimed at protecting our planet and its
biodiversity. This approach is important given
the quality and quantity of the resources and
services that biodiversity and ecosystems
provide us with. They support many economic
activities such as agriculture, fishing and
tourism, etc., which are essential to our

In nature, species are found in vast networks of
ecological interactions that generally represent a
set of environments, fragmented or compact,
comprising a sufficient number of interconnected
physical and biological elements to enable the
renewal of the life cycle of the species living
there. These interactions refer to the various

complex relationships that exist between living e :

beings in ecological networks, [I], [2]. Much well-being, ], [1]

research has been devoted to analyze and Several studies have highlighted the different
understand these complex relationships, [3], [4]. types of relationships that exist between species.
All these investigations demonstrate the Indeed, when different populations coexist in the
essential role played by mathematics in the same natural environment, they develop several
analysis, understanding and prediction of many types of interactions: predation, parasitism,
natural phenomena. In the field of ecology in mutualism, competition, neutralism, etc., which
particular, mathematics offers the possibility of are likely to disrupt their survival, which can
modeling complex systems that govern the change their dynamics over time. These
relationships between living beings and their interactions can affect reproduction, induce high
environment, [3], [4], [5], [6]. Mathematics uses mortality rates, lead to emigration and
equations to describe ecological systems. This immigration and thus impact species evolution,
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8], [9], [10], [1].

In their reproductive process, plants benefit
from immeasurable help from animals. The
work carried out by insects such as bees,
butterflies, bumblebees, etc., in the process of
pollinating and dispersing plant seeds in
environments favorable to their germination is
crucial to the reproduction, evolution and
perpetuation of plants. In fact, these
disseminators disperse seeds in the environment
and enable plants to exist. On the other hand,
these plants are essential to the survival of these
animals, insofar as they constitute a principal
and essential food resource in various forms.
Animals use flower nectar, fruit pulp, leaves and
buds, etc., to store energy and increase their
fitness and population size. This type of
relationship between different species is the
phenomenon of mutualism, [12]. It should be
noted that another form of biological interaction
called interspecific commensalism is a form of
coexistence between two species in which only
one of the two species benefits from the
relationship. The second species, which shelters
and feeds the other, does not benefit from the
relationship and is not endangered by it, [13].
The relationship between herons and oxen is a
case in point. However, there is another type of
interaction that is advantageous for one of the
species in the relationship and dangerous for the
other: parasitism. In this interaction, one of the
species, the parasite, lives at the expense of the
other species, called the host, which shelters and
feeds it, [13].

Competition  between two species is
interpreted as a rivalry, a fight, a confrontation
between these species in pursuit of the same
goal. The aim is to monopolize the limited
resources of a given environment by dominating
competitors. This type of relationship has been
extensively studied in [14]. These studies have
highlighted a number of unexpected behaviors in
the coevolution of interacting species. An
example is the model described in references, [3],
[].

We should also mention the predation
relationship between species. This relationship,
first studied by [15], [16], hides several secrets of
species coevolution. Prey switching, which is
when a predator preferentially consumes the
most abundant type of prey, and natural
selection, which is when nature eliminates the
least fit individuals, [I7], are some examples.
Indeed, predation is essential for regulating the
evolution of different species in many
environments. The predator exploits its prey by
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feeding on it to gain energy, increase its fitness,
and increase its population density; this is a
relationship that is beneficial for the predator
and harmful for the prey, [12].

This relationship will be further highlighted
in this study. Indeed, in a given environment, it
is possible to encounter several types of
interactions listed above simultaneously. It
therefore seems important to take into account
the diversity of species living in the same
environment, as well as the diversity of
intraspecific and interspecific relationships
between these species, to predict the various
changes they are likely to undergo over time.
The work carried out in [14], clearly shows
notable changes in the evolution of interacting
populations. The number of equilibrium points,
the mnature of these equilibria, and their
dynamics are all elements that fluctuate
considerably when the number of species and
the nature of the interactions are taken into
account. The interest is therefore to learn more
about the dynamics by providing a more
in-depth study in this regard.

This approach would certainly make it
possible to establish or provide some insight into
the relationship between the number of
interacting populations and changes in quality
or quantity within populations, thereby enabling
a certain type of resilience. These changes can
be structural, behavioral, organizational, or
adaptive.

In this paper, we propose and analyze a new
predator-prey interaction model in which five
species interact. Our model incorporates
generalist or polyphagous predators, whose
distinctive feature is their highly diverse food
source. They can use these resources alternately
to improve their fitness and increase their
population density. A second community
consists of two predator populations, considered
oligophagous. The resources they feed on to
maintain their fitness and increase their density
are in limited quantities. = The final group
consists of two prey populations that feed on
resources available in limited quantities in
nature: herbaceous plants, vegetables, conifers,
mushrooms, etc.

Our work is organized as follows. In Section
2, we present our population evolution model for
five species in a food-limited environment; then,
we describe the various interactions that occur
between the species, as well as their functional
responses.

Next, in section 3, we study the boundedness
of the solutions of the proposed system. In
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sections 4 and 5, we analyze the wvarious
equilibrium points of the system and provide
their conditions of existence, then we present an
analysis of the global stability of the positive
equilibrium point. The sections 6 and 7 are
devoted to the study of species permanence and
extinction. We provide the conditions under
which species survive in the long period or,
rather, become extinct after a certain period.
Furthermore, in section 8, we perform numerical
simulations to support our theoretical results
using Matlab version R2014b. Several types of
predator-prey dynamics are highlighted.

Finally, section 9 concludes. In this section,
we summarize the various results obtained during
the study. The main points of our work and the
tools used are listed.

2 Description of model

interactions

In this section, we propose a prey-predator
model that highlights a food chain of five
species. The model includes a community of two
populations of prey of densities v and wv
competing with respect to the resource available
in nature in limited quantities. Two other
populations of predators of densities x and y are
in competition but with respect to the habitat
and a last community, where there is a super
predator of density z. Predator x consumes prey
u and predator y has prey v as resource.
Predator z, more generalist than the two first,
can attack species of the two other communities.
The functional response of predators x and y to
their respective prey will be of the Holling’s
type II. Furthermore, their growth is linked to
the availability of food : the prey u and v. The
functional response of the generalist predator to
its prey is Holling’s type I functional response
for its prey wu, v and x whose attack is
systematic. But Holling’s type II functional
response for its prey y which is considered a
little more difficult to capture.

Indeed, the quantity of prey that a predator
can ingest per day and per unit of time is
defined as the functional response of the
predator to variations in the quantity of prey in
the environment. This functional response is
called Holling’s Type I when the quantity of
prey ingested by the predator evolves regularly
over time. This linear evolution stipulates that
the predator systematically captures any prey it
encounters, based on its hunting efficiency and
prey availability. It is described by the function
f(u) = au, where « is the predation rate and u
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is the prey density. Regarding the Holling’s
Type II functional response, it takes into
account the predator’s efficiency and satiety. On
the one hand, the predator’s efficiency plays an
important role in the time it takes to capture its
prey. The less efficient the predator, the longer
it takes to find, reach, and manipulate its prey.
On the other hand, when the predator reaches
satiety, it is reasonable that the prey
consumption rate decreases. This is represented
by the function f(u) = 2%, where 3 is the

uth’
predation rate per individual, h  the

environmental protection rate, and u the prey
density.

Figure 1: Example of a food chain, interaction of
five species in nature. Source : [18].

An example of a terrestrial trophic structure
that  could reflect these  prey-predator
relationships is the golden eagle, the super
predator, the marten and weasel, the
intermediate predators, and the vole and
squirrel, the prey of other predators (Figure [1).
In this relationship, the golden eagle, capable of
feeding on certain mammals such as foxes, cats,
etc., reptiles such as snakes, lizards, etc.,
mustelids such as weasels, martens, stone
martens, etc., rodents such as rats, squirrels,
voles, etc., and even birds of prey, is an effective
predator of both prey species mentioned above.
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Mustelids (martens, weasels, etc.)  may
consume rodents such as rats, squirrels, voles,
mice, hares, etc., amphibians, bird eggs, etc., so
martens and weasels compete for resources and
even habitat. In the latter community, rodents
(squirrels, voles, etc.) feed on herbaceous plants,
vegetables, conifers, mushrooms, etc., and it is
assumed that the resources available to rodents
in the environment are limited in quantity.

The above-mentioned interactions are

summarized in the diagram in Figure [2| below.

uorjrpedurod

Figure 2: Diagram of interactions of five species.

Source : Created by the authors.

Each population evolves over time according to
a process of birth and death in a limited
capacity environment. An intrinsic growth rate
and a mortality rate then describe the evolution
of populations outside of any other interaction.
The local interactions thus defined are of the
modified Leslie Gower type with Holling’s type 1
and II functional responses. The model that
results from these local interactions is then
described by the following system of differential
equations :

du Tu al

E:( ? —u+hux—a2v—a32)u
% _ (Tv ?v B Uﬁlhvy_bgu—bgz)v,

dr

E:(Tm u+h a;—@y—c;;z):c

dy ds

EZ(% v+h y=daw _y—i—hyz)y’

dz

E:(T’Z z+62u—|—63v+e4x—m>z,

(1)
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with,
u(0) > 0, v(0) >0, 2(0) >0, y(0) >0, 2(0) > 0.
(2)
The parameters u, v, x, y and z are the
densities of the interacting species. All

parameters are strictly positive and different. In
this model, ry, 7y, rz, 7y and 7. are the growth
rates of the species under consideration; a1, ag,
b1, b3, c3 and ds are the predation rates of
predators x, y and w on their respective preys.
asz, ba, co and do are the competitive pressures.
The parameters c1, d; and e; are the maximum
mortality rates of predators x, y, and z,
respectively.  The parameters ez, e3 and ey
represent the preys assimilation coeflicients.
Parameter m is the mortality rate of species z.
Parameters hy, hy, hg, hy and h, measure the
environmental protection that species benefit
from respectively. Finally, k denotes the
capacity of the environment to support the
species’ populations.

We perform a mathematical analysis of the
model resulting from these interactions. We
study the qualitative behavior of the solutions.
We examine the existence and boundedness of
the solutions, then their local and global
stability. We also verify the conditions under
which the system could be permanent or, on the
contrary, become extinct.

3 Analysis of the boundness of

the model solutions
In this section, we adopt the following notations

]R?r = (u,v,2,9,2) € R? |

and the interior of this set will be noted,

u>0,v>0,
x>0,y >0,

Int(RY) = { (u,v,2,,2) € R |

z>0

T
let’s put B(t) = (u(t),v(t),2(0),5(t), (1))
T

h )
h )
h(t, E(t)) = Zg u, v, T, Y, z;
h )
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CTug, a1 _ _
(ru U= T T~ a2 a32>u
Ty b
Ty = TV — y—bgu—bgz)v

S | _ _ds
<ry vthy Y d2 r y+hyo Z>y

(rz—yj—lhzz+62u+egv+e4x—mz>z

thus, we define a function, h(t, E(t)) = %ﬁt)a

such as  h : [tg, +oo[xR% — R} which is
continuous and locally Lipschitzian on Ri. We
first recall the following comparison lemma.

Lemma 3.1 [19] Let A and p be two positive real
numbers. We have the following assertions.

1IFA>0, u>0 and & > u(\ — pu), when
t >0 and u(0) > 0, then, we have

liminf wu(t) >
t—>4-o00

=|>

: 3)

2.If X >0, u>0 and% < u(A — pu), when
t >0 and u(0) > 0, then, we have

(4)

Lemma 3.2 The open orthant Int(R3) is
positively invariant under the system .

Proof: We consider the following function
h:R%L x Ri — Ri defined by the following

expression : %ﬁt) = h(t,E(t)) i.e
0 = (1), ha(0), h(t), ha(t), hs (D). Then,

h is continuous and locally Lipschitzian on
]Ri, then the system 1) exists and is

unique on the compact [0,¢) where,
0 < € < 400 with the initial conditions
u(0) > 0, v0) > 0, xz0) > 0, y0) >

0, and z(0) > 0. Furthermore, it is noted
that

du(t) Ty ai
" _[ru—k —u+hum—a2v—a3z}dt,
du(t)

= hi(u,v,z, 2)dt,

()

and an integration of the equation in
the region [0, t] leads to

u

u(t) = u(())exp(/ot hl(u,v,x,z)dt> >0, Vt,
(6)
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Moreover,
do(t) Ty b1
= |ry — —v— —byu — b3z| dt,
” T U T y—byu— b3z
dvu(t)

= ha(u, v, y, z)dt, (7)

and an integration of the equation in
the region [0, t] leads to

v

v(t) = U(O)&rp(/ot ha(u,v,y, z)dt) >0, Vt,
(8)

by reasoning in this way, we obtain the in-
equalities below

t
u(O)ea:p(/ hg(u,:c,y,z)dt) >0, Vt,
0
¢
y(O)ewp(/ h4(v,fv,y,Z)dt) >0, Vt,
0

t
z(O)emp(/ h5(u,v,az,y,z)dt) >0, Vt,
0

then the densities
u(t), v(t), z(t), y(t) et z(t) are strictly
positive for all ¢ > 0. |
Theorem 3.1 Let the set ® be defined by :

0<u<k 0<v<Ek,

@Z EERi‘ Oﬁxﬁamaoﬁyﬁay, I
0<z<a,
where,
k+h
Oy = rok + he) hm), oy = ryk o+ ) and
C1 dl
o - (c1(ry + kea + kes) + ryea(k + hy)) 9
= cldlel

(ry(k + hy) + dih;).

i) The set ® is positively invariant under the

system .

ii) All solutions of from R‘j’r are bounded in
Ri and enter the region of attraction ®.

Proof: Consider the initial solution E(0) in
the set ®. Then, lemma [3.2| ensures that
any solution E(t), t > 0, of the system
is strictly positive. We study each equation
of the system ([1)). Thus, according to (1));
we obtain :
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du Tw
Eg(ru_? )’LL, (9)
u(0) = up > 0,
and by lemma we have,
limsup u(t) < k, (10)

t— 00

thus, for all ¢; > 0, there exists T" > 0 such
that
(11)

consequently in an analogous way, for all
g9 > 0 there exists T > 0 such that :

u(t) <k+4+er forallt>T,

v(t) <k-+ey forallt>T, (12)
Moreover, from 3 we have
% < (rx — 7u-|(ilhm :c)a:
z(0) =29 >0
dr < (rx — “ x)x
_— dt — k+h, ’ (13)
x(0) =z > 0,

and according to the comparison lemma|3.1
we have,

k+h
limsup z(t) < f ,
t—o0 C1

(14)

thus, for all e3 > 0, there exists 7" > 0 such
that

ry(k + hg)
Cc1

x(t) < +eg forallt>T, (15)

in a similar way, for all ¢4 > 0 there exists
T > 0 such that :

y(t) < M

< +e4 forall t > T,
dq

(16)

consequently, we have

dz e
g2 L — L
{dt_<rz+62u+63v+e4x y+hzz)z,

2(0) = 29 > 0,

dl €1 z
ry(k+hy)+dih.

dz o (c(r=thkestkes)troea(kths)
dt — C1

2(0)=20>0

— {'th < (m-a0z2) (17)

Z(O) =2z > 0,
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and using the comparison lemma again
we have,
limsup z(t) < a,
t— o0
thus, for all €5 > 0, there exists 7" > 0 such
that

(18)

2(t) <ay+es forallt>T, (19)
with,
— c1(rz, + kea + kes) + rypea(k + hx)’
C1
diey o
S GRS B s
Furthermore, for all ¢ > 0, let
B(to) = (u(0),v(0),(0),y(0). 2(0))T with
positive components and let
o) =u(t) +v(t) +z(t) +y(t) + z(t). (20)

Then, by deriving along the solutions of
the system , we have V) >0,

do(t) _du(t)  do(t) dx(t)  dy(t)
dt a0l = a T ar T ar T ar
4 djlff) T+ A(u(t) + o(t) + 2(t)
+ y(t) + z2(1)), (21)
do(t
Q(;i) +Ap(t) < <q1 — 51 x(t))u(t)
+ <Q2 — 83 U(ﬂ)”(t)
+ (g = ssu(t))a(t)
+ <CI4 — 84 y(t))y(t)
+ (g5 = s52(0)) 2(0), (22)
by using following equality :
2
Va >0, />0 mary>o (o — fr)r = Z— in
[20, page 50] we have
do(t) 4
— < L (~ 2
P < 3 ghen. @
where
T _ M __a
s1 = L’ 82_]47, 33_k+h$7
. d1 . €1 .
S4 = k_'_hyv 85_ay+hz7 Q1—7“u+/\>
q2 = TU+)\) q3:Tx+)\a Q4:7"y+)\,
g5 = 1.+ k(ea+e3)+ eqay,
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applying Gronwall’s inequality, we obtain
0 < ¢(B(t) < %(1%—”)“(19@0))6—”, (24)

afterwards, when ¢t — 400, we have

14

0 < p(E()) < (25)

3
Therefore, any solution E(t¢) of the system
is uniformly bounded for any initial
condition such that E(t{y) > 0. Thus, the
set ® defines the region in which all
solutions of the system (1)) are attracted
into Ri’ so they are bounded.

4 Determination of trivial and
semi-trivial equilibrium
points and their conditions of

existence
The equilibrium points are the solutions of the

following equations :
du
a7

dv

%_7

dr _
a7’

dy 0 dz
dt 7 dt
(26)
A large number of equilibrium points are
obtained for the system , but the emphasis is
on the interior equilibrium point, which is of
vital importance because it provides an overview
of the behavior of all species in the system. The
system (1) admits a trivial equilibrium point
(0,0,0,0,0) whose stability will be determined
in the next section. The various semi-trivial
equilibrium points are determined below.

(i) We have semi-trivial equilibrium points
(%70707070)7 (07%707070)7 (0707%7070)7
(0,0,0,%1,0) and (0,0,0,0,2) obtained by
retaining only one of the prey or predator
populations. The others are considered extinct.
We obtain the same type of equation for each
case. When we consider species u, for example,
we have the following equation:

du <ru = %u) U,

dt
which is a logistic equation, and the behavior of
solutions to such an equation has been extensively
studied (see, [12], for example).

(ii) Several equilibrium points are obtained
by retaining only two species, the others being
considered extinct. In the uwv and xy planes, we
obtain the same type of model, a model of two

(27)
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competing species with logistic growth, whose
equation in the uwv plane is as follows :

du
dt
% = (rv — %v)v — by uv.

The non-trivial equilibrium point of this system
k2aor, —kryr, kagrufkrurv)

k2asba—r, Ty 7 kZ2asba—7, T,

= ('ru — %u)u — as uv, (28)

in the wv plane is (

and in the 2y plane we  obtain
dirohe—caryhyhy  ciryhy—dorshyh,

< Cldl—Cdehwhy ) Cldl—ngzhwhy These

equilibrium  points are respectively  the

restrictions  of  the  equilibrium  points
k2asr,—kryr, k2*bary,—kr,r,

( k2asbs—r,ry ' k2a2bs—r,T, 0’ 07 0 and
dirghe—coryhyhy ciryhy—dorshyh, 7 0’ 0’ 0 of the

c1di—cadohzhy ' cidi—cadahghy
model ([1]). Moreover, the behaviors and
conditions of existence of these equilibrium
points have been studied in [12], for example.

Furthermore, in the uz, vy, and yz planes,
we have the same type of model, a Leslie Gower
model with a Holling’s type II functional
response whose representative equation obtained
in the uzx plane is :

du Tu ay
e
dx azx
dt <r$ B u—l—hx>x’
the non-trivial equilibrium of this system in the
ux plane is (u*,z*) = (u+, “(hzilﬂ”)) where
u* = uy is the positive solution of the following

second-degree equation :

Tlu2+ Tuhy T Tz@1 Ty u_’_rxalhx P —)
k k a ca

(30)
and whose discriminant is,
A— ruhu n Tzl ru _4@ rzaihg — ryha

k C1 k C1

(31)

therefore,

k 1 Tulha — Tz01
_%<A2_< e I _Tu>>. (32)

and (u*,z*) represents the restriction of the
equilibrium point (u*,z*,0,0,0) of the model
(1). Furthermore, in the uy and vz planes we
have the same type of model, a logistic growth

Ut
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model of two populations evolving
independently. It should be noted that there are
two other equilibrium point similar to this one
that we obtain in the vy and yz planes.
Consequently, in the uz, vz and xz planes we
obtain the same type of model, a model of two
interacting populations with a Holling’s type I
functional response and logistic growth, of which
a system in the uz plane is :

dﬁ_( _Lu) _

P Ty kuu asuz,
dz
dt

and the non-trivial equilibrium point of this
system in the wuz plane representing the
restriction of the equilibrium (u*,0,0,0,2%) of

the model (1) is given by the followin
expression : (u*, z*) =
rueiktasm_h.k—asr.h.k ryesh. k*4ryr.h.k—r,m.h,
ryei1tasesh.k ’ ryei1tasesh.k

The other equilibrium point in the vz and zz
planes are of this form.

(iii) Several other equilibrium points are
obtained by considering two extinct species. In
the uvzr and wvy planes, the system reduces to a
modified Leslie Gower model of three interacting
species with two competing prey and one
predator. Furthermore, in the uxy, uxz, and
vxy planes, we again obtain a modified Leslie
Gower model of three interacting species, but
with one competing prey and two competing
predators. Consequently, in the uyz and vyz
planes, we again obtain a modified Leslie Gower
model of three interacting species, this time with
one prey, one predator, and one superpredator.
A projection onto the uvz and vz planes yields
a model of three interacting species with two
competing prey and one predator, and a
Holling’s I functional response. This restriction
of equation to the uvz plane is as follows :

du B ( Tu )

i Tu p u)Uu — as uv — aguz,

d

di; = <TU — %U)U — by uv — byvz,

dz ( 12) n N n

— = (r, — z+eouz+e3vz+ —myz
dt z hz 2 3 22

(34)
and the non-trivial equilibrium of this system in
the wvz plane representing the equilibrium
restriction (u*,v*,0,0,2*) of the model is
(u*,v*,2%) = (u*, 1+ pou®, p3 + pqu*) where
pi, g2, 3, g and u* are given by :
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_ kryaz — krybs
= Tyasg — k‘agbg ’
_ ’l“ubg — kagbg
Hz = Tryasg — k‘azbg’
Ty  kryasbs — kryasas
Ha = aig rva§ — kasasbs (35)
. ka2a3b2 - ’I”uagbg Tu
Ha= rvag — kagasbs B kTLg,’
ut = mzh, + ez — ryh, — ezl
( eah; + ezhzpo — e1pa

(iv) When we consider an extinct prey or
predator population, projection onto the other
axes highlights three models of four interacting
species. Further investigation of these models
would provide more information. Nevertheless,
it should be noted that in the uxyz and vryz
planes we have a model of four interacting
species with one prey, two competing predators
and one super-predator. Then, in the wwvzxy
plane, we have a model of four species
interacting with two competing prey and two
competing predators and a Holling’s type II
functional response. Finally, we have a model of
four interacting species with two competing
prey, one predator and one super-predator in
the wvzz and wvyz planes. Note also that for
each of the above semi-trivial equilibrium
points, it is necessary for all its components to
be positive to ensure its existence.

5 Study of the global stability
of trivial equilibrium point
and interior equilibrium
point

In this section, we limit our study to the

analysis of the stability of trivial and interior

equilibrium points, given the computational
complexity for semi-trivial equilibrium points. It
should be noted that the analysis of semi-trivial
equilibrium points is limited to the study of
interactions between fewer than five species,
which are studied in depth in articles, [12], [14],
[20].

5.1 Study of trivial equilibrium point
stability

Proposition 5.1 The trivial equilibrium point
(0,0,0,0,0) of the system 1s unstable.
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Proof: The Jacobian matrix of the system
is given by the following expression :

Jac(k:)(E’) =( bij )i<i<s
1< j

where the coefficients of the matrix are :

b 274 a1 zhy
= r,— —U—Q3V — A3%7 — —————
11 u A 2 3 (U—Fhu)z’
alu
b = — , biz=—"-—,
12 az u 13 wt
2ry b1 yhy
b = — —byu — b3z — ————
22 Ty v — 02U — b3z (0 + hy)?’
bl?}
b = —byv, by=-—-—,
21 2V 24 .
b 2c1 x
= ry—CoY —C3%—
33 T 2Y 3 u—l—hw’
2
1T
b = ———, by=-cwuz
31 (0 + )2 34 2
2d1y dgzhyg
by = ry,—dox — ,
Y 'U+hy1 (y+hy2)2
di y?
b = ——2— b3 =—doy,
42 (0 + hy1)? 43 2Y
b 212 | eputesvt
= r, — eru+e3v+esxr—m
55 z y+hz 2 3 4 Z9
bsi = exz, bsa=e3z, bsz=e4z,
bia = 0, by3=0, b3z2=0, by1=0,
bis = —azu, bys = —b3v, b3s = —c3,
b dsy b e 22
45 == ’ 54 — 7 1 9>
y+hy2 (y+hz)2

The eigenvalues of this matrix are : r,, 7,
Tzy Ty and r, —m.. Eigenvalues r,, r,, 7, and
ry are positive. Consequently, the trivial
equilibrium point (0,0,0,0,0) is unstable.

5.2 Existence of interior equilibrium
point
The following theorem shows that the model
has a unique interior equilibrium point
B = (4,0,%,7, 2 with, @ >0, o > 0, & >
0,y>0, 2>0.

Theorem 5.1 Suppose the function h(t, E(t)),
h: [to, +oo[ xRS — RS defining the system

B0 — p(t, B(t)),
E(tO) > Oa to > 07

)

t e [to,—l—OO[ (36)
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is continuous and k-Lipschitzian with k € [0, 1],

then, there is a unique solution E(t) for the
system in the set ®1 defined by the following
exTpression :

E(t), t € [to, +o0, tg > 0:

®; = maz{|u ;v |z [y ;[ 2]} <p, o,
p>0.
Proof: Let E(t) and Ei(t) € ®;. A

solution E(t) of the system with initial
condition E(t() is defined as follows, [21]

E(t) = E(to) + /t th(s,E(s))ds. (37)

Let ¢ an application defined as follows
$(E(t)) = E(to) + [, h(s, E(s))ds,
then, we have :

| 9(E(t) — ¢(Er(t)) <
| (h(s, E(5)) = h(s, Ex(s))) [ ds =

to

t
| (h(s, E(s)) = h(s, Er(s))) | ds

to

< 10 max [py Py px Py pz]T7

with 79 € [to,t] and T the transpose of the

matrix, we have :

alhu

=(p2+az+taz+——-5)+1) |u—u

Pu (p( 2 3 (0 + hu)Q) ) | 1|

+ a1p |z — x| +agp |v—v1 | +asp|z—21 |,
(p(2+by+b b b )+ 1) | |
— v—70

P P 2 T 03 (0 + )2 1
bip

+ — +bop | u—wuy | +b3p|z— 21|,
p+hv|y Y1 | 20 | 1] 30 | 1]

QClhm

=(plecg+c3)+ ——=+1)|z—2x

pz = (p(ca +c3) T h)? ) | 1|

+ 20 +cop | | +esp | |
— C — C Z—Z
(0 + i) 2P 1Y — U1 3P 110
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py = (p(d2+ (ijl_lzjll)z (pc_ii};ii)g +1)
2
<y |+
+ dop|x— 71| +pj-3]/;y2 |z — 21 |,
py = (p(€2+63+€4+(p2j_1::)2)+m2+1>
2e1p?

X |z—z1|+ 5 +eap|u—u|

(p+ h2)
+ esplv—uvi|+esp|z—a1],
The supremum for a continuous function

g(t) € C([tg,+o0]) is given by :
l9ll = supiefty,+oofll9(t)]| and the matrix

norm for a matrix M € M,,(C),
M = (mi;(t)) is  given by
M| = 32, subrefty, +o0] | M(t) |- Applying

these norms to the operator ¢, we obtain,

[o(E(t)) — d(Er(t))]] =
70 SUP {pu + pv + pz + py + P2},

= 9(E®)) — o(Er(t))[| <
70 MAT { Pus Pos Py P_yno_z}HE — B4,

= [[0(E(t)) — o(E1(1))]] <
with k = 79 max {pu, pv, pz, py, p»} and

klIE— Eqll, (38)

hy
fu = plo(l+aa+as) + Zots) + ),
B = o+t )+ )+ ),
Pu = p(2p(02+cs)+(p2ilzi)2 (pip;)ﬁl%
Py = P(P(d2+(p2f;zzll)2 (pcf%;)z
2
i (p%ihh[;l)Q p :i_?»zyz Hot L,
pz = P(QP(€2+€3+64)+(p2j_IZ:)2)
+ m+mz+1),
According to the inequality (38, the

operator ¢ is a contraction if £ € [0,1]. By
the contraction principle, ¢ has a unique
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fixed point that satisfies (137)).
Consequently, the system has a unique
solution.  This unique solution will be
denoted E(t). |

5.3 Global stability of interior
equilibrium point

In this section we study the global stability of

system . We exploit a Lyapunov function

associated with this equilibrium point. First, we

recall the definition of an invariant set and

LaSalle’s invariance theorem.

Definition 5.1 [T/ Consider a dynamic system
defined by @ = f(u). The set T of initial
conditions wy such that the solution ¢(ug,t) of
the system remains in Z for all t > 0, is called
the invariant set for the above dynamical
system. We have

I= {u|uo e, plug.t) €TV t > 0}. (39)

Theorem 5.2 [22] Let v andV be subsets of R™.
Consider the following sets : T a compact and
positively invariant subset of V and

Q:{UGI, g(u):0}

such that 1 is the largest invariant subset of ).
Consider f : 1 CR® - R" andg:V C R* — R
functions of class C' and suppose §(u) < 0, for
all w € V. Then all solutions of the system
bounded for t > 0, converge to ¥ when t — oo.

(40)

Theorem 5.3 Let’s the

hypotheses are satisfied,

assume following

Lps - di
2ps  k+hy

(v + hy)(ﬂ =+ hy)
b3 c1
k+hy’

1
and FH6 < (41)

then, the positive equilibrium point E, of the sys-
tem 1s globally asymptotically stable.

Proof: Let the following Lyapunov
function L : R?> — R be defined by,

L(E) = L1(E)+ L2(E)+ Ls(FE)+ L4(E) + L5((572)).
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with,
Li(E) = m(@-a)-an()), (13)
Ls(E) = pQ( v— B —Uzn(%)), (44)
Ly(E) = p3< (%)), (45)
Li(E) = pi((y- yln(%)), (46)
Ls(B) = p5< (z— 2 —zzn(g)). (47)
where p;,, i € {l,---,5} are positive

constants to be determined in the further
steps. The function L(FE) is defined and
continuous on Int(R%), furthermore, note
that

{L(E) 0,

L > (48)

0 forall E € ©\ E.

The point FE is therefore a global
minimum of L. Furthermore, all solutions
of the system are bounded and converge
to the set @, for ¢ sufficiently large, we can
restrict the study to this to this set. We
then calculate the orbital derivative of L.
dL  dLy dLo dLj

dLy dLs

- at Ta Ta Tar a9
we obtain ,
dLy N
e p1 (u—1u) X
Ty ai
(ru " —u+hux—agv—agz),
dLs
e p2 (v —10) X
(rv—::v—vf_lhvy—bgu—bgz»
dLs ~ C1
e pg(x—x)(m—mw—qy—c;gz),
dLy -
o = ly—9)x
dy ds
(ry—v+hyy—d2x—y+hyz>,
dL5 ~
= ps (2 —2) X
(Tz — yjlhzz+€2u+63v+e4x—mz),
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Let’s put,
— 7;“ T alj + 0 + >
Ty L u = it hy a2V + asz,
v~ b1y _ .
Ty — %’U = z —Iiyhy + boti + b3 Z,
. - Cli‘ i -
Ty —CY = i+ hx 3%,
Do d1y dsz
Ty — = )
v T+hy G+ hy
my, —r, = — €1z + eatl + exV + e3x
z z = 27 + hz 2 2 34,
the following results are obtained
dL1 - Tu ~ ~
- = pl(u—u)(—?(u—u)—ag(v—v)
- al T a1 xr
IS ey ity L
dL " -
ditl = pl(u—ﬂ)(—%(u—u)—ag(v—v)
B L a(z—17) a1z(u —a )
S T S NN oy S T s U
dly ( T _ L“) (u— @)
it~ "\t h)@+he) &

_ (upﬁbu)(u —@)(x — &)

— prax(u—a)(v—17)—praz(u—a)(z—2),
similarly, the calculation of dst? leads to,
Lo ()

i P\orh)@thy) k)T
(b2 ) o
(o) —ow-0)

p2ba(u — @) (v —0) — p2b3 (v —0)(z — 2),

(50)
we calculate % and obtain :
dL - - -
CT; = —p3c2(z—T)(y—9) —p3c3(x—T)(z — 2)
D3 ci(x —2)®  pzcid(u—1)(x — ) (51)
(u+ hy) (u+ hg)(U+hg)
after calculating dL4 gives,
dLy oo padi(y —§)°
L P dig(v—0)(y—9) padsly —9)(z —2)
(v + hy)(D + hy) (y+hy)
padsz(y —7)?
+ ~ , 52
(y+hy)(y+hy) ( )
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then for djf we obtain the following
expression :

% = psea(u—a)(z—2)+pses(v—10)(z — 2)

¢ prea(s - )z —z) — PO

(y + hz)
pse1Z(y —g)(z — 2)
— , 53
0+ )+ o) (58)
it follows that,
dL a1 Ty ~\2
dat pl((u+hu)(a+hu) k)(u @)
b1y Tv) 2
+ p2<(v+hv)(f1+hv) r )0
+ »p o - y—vy
4<(y+hy)(y+hy) (”"‘hy))( )
_ pealz—2° pya(z—1)°
(y+h2) (u+hr)
+ i (u—a)(zr— ) — p2 (u—a)(v—17)
+ pa(u—a)(z—2)+pa (v —0)(y —9)
+ s (v —0)(z—2) —pe(z —T)(y — )
+ pr(x—2)(z—2) +pus(y —9)(z — 2),
where,
= P3 C1T P
! (u+he)(@+hy)  uthy
po = (paba+praz), p3=psez—pias,
by = padiy _ p2by
4 (v+h) (0 +hy) v+hy
ps = (pses —p2b3), e = (pada+ p3ca),
K7 = DPs5e€4 — P3C3,
s = ps €1z _ Dpads
(y+h)§+hz)  (y+hy)
using,
_ ages _@X(u+h$)(ﬁ+h$)
P2 = €2b37 p3_61 i(u—i—hu) ’
ppr = 1, p5:%, and pg such that
)
es3bids _ gjé(y—i—h U+h)
e1bady (y + h2)(§ + hz) (v 4 hy) (D + hy)’
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we obtain,

dL a1z Tw 5
@ S pl((u+hu)1(ﬂ+hu) )
blg Ty ~
o ((v+hy)(6+hv) _?)(“_“)2
ds3 d )
c (GG T

p3ci(x — 53)2 pserdi(z — 2)2

(1+hy) (14 hy+dih,)
+ %m((u — @)% 4 (v — @)2)
1

+ gme(l@ =27+ (- 9?), (54)

2

we conclude that,

dL al1x 1 Ty ~\2
< _ v _
at = ((u—i—hu)( T hy 2t k:)(u @)
b1y 1 Ty 9
* pz((v+hy)(1~}+hv)+ o' k)(” %)
dg,é7 1#6 dl
+ _ + =
p4(<y+hy><y+hy> 2 4 <1+hy>)

N 1 p3Cl .
. 2 - R ot o 2
x (y—9)°+ (2u6 (1+hx))($ )
B D5 erd; 2
(1+hy+d1hz)(z 2%

Thus, under the assumptions (41)), L is a
strict Lyapunov function and, by the
LaSalle invariance theorem, it follows that

E is globally asymptotically stable on ®.
|

6 System permanence

In this section, we examine the conditions under
which the system persists over time. The
persistence or permanence of a population refers
to its ability to continue its demographic
evolution over time in a given environment,
while coping with the impact of biotic factors,
i.e.  the action of other species sharing its
environment, as well as pressures linked to
environmental change, which constitute the
abiotic factors of the ecosystem. We define
permanence in the mathematical sense.

Definition 6.1 [7j] Let m; and M,
i € {1,...,5} be positive constants. Let E(t) be
be the positive solution of the system (1)). If for
each component of E(t) we have the following
mequalities :
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mq < liminf u(?) < limsupu(t) < My,
1 < Jiminf u(t) < limsup u(t) <
ma < hm mf v(t) < limsupwv(t) < My,
t—+o0
mz < hmmf z(t) <limsupz(t) < Ms,
t—r+o0
<1 fy(t) <1 t) < My,
my < liminf y(t) < tgiligy( ) <
< liminf z(¢) < i t
ms < liminf 2(t) < lim sup z(t) <

then the system is said to be permanent.

Lemma 6.1 [74] Let N; > 0 and n; > 0,
i € {1,...,5} be positive constants. Let E(t) be
a positive solution of the system . If the
following inequality holds,

0 <y < Jiminf |£(1)| < limsup | E(D)] < N
foralli € {1,...,5}, then the system 18 said
to be uniformly permanent.

The following assumptions are defined,

Ty >0y, Ty >0y, U3 >0, ¥y >0, U5 >0.(56)

Theorem 6.1 For any positive solution E(t),
the system ts permanent under the
assumptions (56)).

Proof: According to Theorem there
exists a positive constant ¢ = max{M, N},

p < —+oo, not depending on the initial
condition such that, for any positive
solution E(t) of (1)), the following
inequality holds.
lim supy_ o u(t), )
lim SuPt 400 U(t)v
max limsup,_, 4 (1), < o,
limsup; 4 y(t),

limsup; . 2(t)
\

Furthermore, considering equation 1 we
have :

d—u = (r —r—uu—Laz—a v —a z)u
da — \U' T BT Ut hy 2 32)%
du ( _Tu @0 ?

dt = Tw ku hu as 0 az ol u
du Tu

- > _ _ v

. = (T“ G ku)“
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using the lemma we get that
¥ ~
) = €1

k(ry — 9,
so, for all ¢; > 0, there exists 77 > 0 such

liminf wu(t) >
Ty
that

t—+o0

u(t) > 51 — €1 fOT all t > 1T7.

by the same process,
equation 2 we get,

k(ry —9,)

considering the

= &;

so, for all €5 > 0, there exists 75 > 0 such
that

liminf v(t) >

t—+o00 Ty

v(t) > §~2 — €9 for all t > To,

with 19 — bitbs }}L;;-i-bs hy 0,

therefore, considering the equation (/1] 3 we
have :

d—x = (r— ‘ T—Coy —C z)m
dt " w4+ h, 2V
d—x > (r —g:z—c 0—C 7)33
a = x ha 20 30
dx cl
@ 2 o)
then,
Uah ~
liminf z(t) > =2 =
== =

thus, for all e3 > 0, there exists 75 > 0 such
that

x(t) > &3 — €3 for all t > T3,

with, ¥; =1, — (c2 + ¢c3) 0,
in an analogous way,

Y4h -
liminf y(¢) > 417d L= g,
1

t—+o00
then, for all ¢; > 0, there exists T, > 0 such
that

y(t) > 54 — €4 for all t > Ty,
(da + 122) .
Finally, considering equation 5,
obtain that

dz

with, 9, =r, —
we

@ = (mgpprrautartas—m)s
d ~ ~ ~

ch > (rz+62£1+63§2+e4§3—mz—]%2>2,
dz el

2oy ) ,

dat ~ (*5 h, )¢
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then, by applying lemma we obtain

that
Ish, ~

o S Oshe _
liminf 2(t) > . =&

we have for all ¢5 > 0, there exists 75 > 0
such that

z(t) > & —es forall t > Ts,

with,
95 = ro+ei+ezbo+esls —ms.
Let o = min; &, for all i € {1,...,5},

according to the theorem for any
positive solution E(t), of the system ([1]
we have the following inequality,

< liminf E(t),

- t—>+o0
which completes the proof of the theorem.
|

7 Extinction of species

The extinction of a system is the annihilation of
all the species that interact in that system. The
extinction of a population is the death of all
specimens of the species as a result of ecological
interactions such as competition, predation, etc.,
and human action and its many consequences,
such as the reduction of biodiversity, the
disruption of ecosystems and the disruption of
species reproductive cycles. In this subsection,
we outline the conditions under which the
system can become extinct over time. First,
we give a mathematical definition of system
extinction.

Definition 7.1 [23] System turns off, if

liminf [E(¢)|| = 0. (57)
Lemma 7.1 The system turns off, if for
any positive solution E(t) we have the following
equalities :

liminf w(t) = liminf v(¢) = liminf z(¢) =
t—r+o0 t—r+o0 t—>+o00

liminf y(¢) = liminf 2(¢) = 0.

t—+o00 t—4o00

(58)

Theorem 7.1 If the inequalities below hold,
then the system turn off, i.e. all populations
disappear.
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i) e < 6+ 25+ as & + asds,
i) Ty < &+ ;}ﬁfv +bo &1 + b3&s,

Ji (71 = 58— a(s))ds <0,

dsés
y(8)+hye

v) [y (fs — 9 2(s))ds < 0,

Proof: Let’s look at each equation in the

fti(f@ - @eri;llyl y(s) — )ds < 0,

system (I). It follows from equation (1))
that,

du Tu = alég ~ ~
- < t ( _Tu o _ B )7
a = u(t)( kf o ha az &2 — asés
u(t) < w(0)eltre HE g —m bast)i)

hence, according to i), u(f) tends to 0
when ¢t tends to +oo. There is extinction
of population u. Similarly, from equation
2 we obtain that,

i biEa _p F_p £
o(t) < v(0)ellrv STy Tha Sibaba)th

and if condition ii) is satisfied v(¢) tends to
0 when t tends to +oco. There is extinction
of the species v. Now, consider equation

3 we have :

% < 96(7“9; — @_ic_lhx x(s) — 02§~4 —0355),
t
v(t) < a(0)erp / (i~ = als))ds},

thus according to iii), z(¢) tends towards 0
when t tends towards +oo : the predators
x become extinct. Also, the equation 4
gives,

dy 1
< —
at =Y (Ty o+ hy

= d3&s
y(s) —da &3 — y(s)—l-hyg>’

y(t) g y(O)e{ftin (Ra— §+d’}y1 y(s)— y(s)+thy2 )ds},

hence, according to iv), y(¢) tends to 0 when
t tends to +oo : the predators y become
extinct. Finally, equation 5 leads to,

Z\ Ty —
° o+h,

dz
— <
dt —

A0 < =Oenf [ (s - s)as)

to
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thus, according to v), z(t) tends towards 0
when ¢ tends towards +oo : the predators

z become extinct where,
K1 = 1 — cba — 385, Koy = 1y — d23,
g = 1, + e2& + ez&s + es€3 — m, which

completes the proof of the theorem. |

8 Numerical simulations of a

five interacting species model

In this section, we numerically analyze the
model that we have proposed and studied in
the present paper. All numerical simulations
were carried out using Matlab software version
R2014b and the parameters used to produce the
different evolution curves and phase portraits

are listed in tables. This analysis reveals
different behaviors and different types of
dynamics developed by the interacting
populations.

8.1 Some dynamics of evolution and
extinction of interacting

population density
The values of the various parameters used to
obtain the figures are assigned in Table [1| and
Table Bl below. It should be noted that each
parameter has a non-negligible impact on the
dynamics of the interacting species.

In general, densities obtained in the literature
vary from 390 to 450 for golden eagles, from
160,000 to 2.5 million for rodents such as
squirrels, and from 10,000 to 14,000 for
mustelids such as weasels and martens. Birth
rates vary from 0.77 to 2.7 for birds of prey such
as golden eagles, and slightly more for mustelids
and rodents.

We observe several forms of behavior that are
stable or converge towards a stable state during
interactions. Here are just a few of them (Figure
5). After an aperiodic fluctuation in the
different densities of interacting species (Figure
, we observe that they converge towards a
stable state from ¢ = 50. The initial densities
used are (up = 1500, vo = 1400, o = 160, yp =
80, Zy = 170) and the growth rates are (r, =
2.75, ry = 2.78, rp, = 2.09, r, = 1.28, 77 = 0.76).
Note that species v and = are practically on the
brink of extinction, while the other species in
the system adapt and survive over a long period.

For Figure we observe a particular form
in the evolution of the species crenelated
evolution with initial densities (up = 1200, vy =
1500, xg = 70, yo = 80, Zy = 40) and growth
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Table 1: Parameters values used for numerical
simulations of Figure
Source : Created by the authors.

Figurd3d Figurd3y Figurd3d
a; = 0.0210 a1 = 0.0210 a; = 0.2100
az = 0.0295 az = 0.0295 az = 0.0295
a3z = 0.0730 a3z = 0.0100 a3z = 0.0150
b1 = 0.0193 b1 = 0.0300 b1 = 0.0193
b2 = 0.00295 b2 = 0.0020 b2 = 0.00295
b3 = 0.0730 b3 = 0.0300 b3 = 0.0730
c1 = 0.1500 c1 = 0.1500 c1 = 0.1500
co = 0.0450 co = 0.0245 co = 0.0450
c3 = 0.0700 c3 = 0.0700 c3 = 0.0700
di = 0.0540 d1 = 0.0400 di = 0.0540
d2 = 0.0020 d2 = 0.0200 d2 = 0.0020
d3 = 0.0074 d3 = 0.4000 d3 = 0.0074
e; = 0.2500 e1 = 5.2500 e; = 0.2500
eg = 0.0450 es = 0.0450 eg = 0.0450
ez = 0.0750 ez = 0.0750 ez = 0.0750
eq = 0.0400 eq = 0.0400 eq = 0.0400
h1 = 0.0040 h1 = 0.4000 h1 = 0.0400
ha = 0.0320 ha = 0.3200 ha = 0.3200
hz = 0.0376 hz = 0.3760 hz = 0.3760
h4 = 0.0400 h4 = 0.4000 h4 = 0.4000
hs = 0.0530 hs = 0.3200 hs = 0.5300
he = 0.0320 he = 0.0320 he = 0.3200
6 = 2.97000 6 =2.10125 6 = 2.97000
k = 8000.00 k = 90.0000 k = 800.000

Table 2: Parameters values used for numerical
simulations of Figure
Source : Created by the authors.

Figurdid Figurd4l Figurddd

a1 = 0.2100 a1 = 0.0210 a1 = 0.0721
az = 0.0295 ag = 0.0295 a2 = 0.0295
a3z = 0.0150 a3z = 0.0150 a3z = 0.0150
b1 = 0.0193 b1 = 0.0193 b1 = 0.0193
b2 = 0.00295 bz = 0.00295 b2 = 0.00295
b3 = 0.0730 b3 = 0.0730 b3 = 0.0730
c1 = 0.1500 c1 = 0.1500 c1 = 0.0150
co2 = 0.4500 co = 0.4500 c2 = 0.0450
c3 = 0.0700 c3 = 0.0700 c3 = 0.0070
d1 = 0.0054 d1 = 0.0540 d1 = 0.0540
d2 = 0.0020 d2 = 0.0020 d2 = 0.0200
d3 = 0.0074 d3 = 0.0074 d3 = 0.0740
e; = 0.2500 e; = 0.2500 e1 = 0.2600
ea = 0.0450 ez = 0.0450 ea = 0.0450
ez = 0.0750 ez = 0.0750 ez = 0.0750
eq = 0.0400 eqs = 0.0400 eq = 0.0400
h1 = 0.0040 h1 = 0.0040 h1 = 100.004
ha = 0.0320 ha = 0.0320 ha = 60.0320
h3 = 0.0376 hs = 0.0376 h3 = 500.0376
h4 = 0.0400 hs = 0.0400 h4 = 50.0400
hs = 0.0530 hs = 0.0530 hs = 70.0530
he = 0.0320 he = 0.0320 he = 90.320
6 = 2.97000 § = 2.97000 6 = 2.97000
k = 8000.00 k = 800.000 k = 800.000

rates (r, = 2.5,r, = 2.78,r, = 185, r, =
1.1, rz = 0.86). The species are able to rapidly
increase their density, which they keep stable for
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Figure 3: Different types of population density
evolution, model of five interacting species.
Source : Created by the authors.

a certain period. The number of species then
declines rapidly to a certain level, where it is
held stable for some time. This form of
evolution in prey can be seen as a survival
strategy. In fact, prey are able to avoid the
presence of their predators for a certain time
and increase their numbers. This strategy gives
them a certain resilience. Figure [3c| shows a case
where some species benefit more than others
from than others with initial densities (ug =
1200, vo = 1500, zp = 70, yo = 80, Zy = 40) and
growth rates (r, = 25,7, = 278, r, =
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1.85, 7y = 1.1, 7z = 0.86) some maintain their
high density compared to other species.
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Figure 4: Some forms of population extinction for
the five interacting species model.
Source : Created by the authors.

Figure [ shows population extinction
patterns. For initial densities (ug = 1800, vo =
1900, zp = 160, yo = 140, Zy = 130) and growth
rates (r, = 2.50,7, = 2.18,r, = 175, r, =

1.21, 7z = 1.60) for Figure and initial
densities (ug = 1080, vg = 1090, ¢y = 600, yp =
400, Zp = 380) and growth rates (r, =

2.50, ry = 2.1, 7, = 1.7, 7y = 1.2, 7z = 2.06) for
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the Figure [4c] we have a total extinction : all the
species interacting in the system disappear.
As for Figure with initial densities (ug =
2000, vg = 1000, o = 860, yg = 800, Zy = 280
and growth rates (r, = 2.5,r, = 1.7, r, =
1.5, r, = 1.2, rz = 1.06) we are witnessing a
partial extinction : some populations disappear
while others adapt to the circumstances.

8.2 Phase portraits

The chronicles in Figure [5] represent different
phase portraits. They provide the population
dynamics in certain cases, based on the values
listed in Table 3| In the different phase portraits
presented below, Figures [5al and we observe
a certain permanence of the system, a
coexistence of different species. We note that all
populations can  cohabit under certain
conditions and over a long period. Thanks to
the action of predators, which act as density
regulators, explosions in prey population density
are rare. Furthermore, in Figures [od and [5d], the
numerical resolution of the system leads to
the extinction of prey wu, which can be
interpreted as an effect of excessive predation on
the population of this species.

Table 3: Parameters values used for numerical
simulations of Figure
Source : Created by the authors.

Figurdsd Figurdsy Figurdsd Figurdsd]
a1 = 0.021 a1 = 0.021 a1 = 0.0210 a1 = 0.0210
az = 0.0295 agy = 0.295 az = 0.0295 ag = 0.0295
a3z = 0.010 a3z = 0.010 a3z = 0.0150 a3z = 0.0150
b1 =0.030 b1 =0.030 b1 = 0.0193 b1 = 0.0193
b2 = 0.020 b2 = 0.020 b2 = 0.00295 bz = 0.00295
b3 = 0.030 b3 = 0.030 b3 = 0.0730 b3 = 0.0730
c1 = 0.150 c1 = 0.150 c1 = 0.1500 c1 = 0.1500
co2 = 0.450 co = 0.0245 co2 = 0.4500 co = 0.4500
c3 = 0.070 c3 = 0.070 c3 = 0.0700 c3 = 0.0700
d1 = 0.040 d1 = 0.040 d1 = 0.0054 d1 = 0.0054
d2 = 0.020 d2 = 0.020 d2 = 0.0020 d2 = 0.0020
ds = 0.400 ds = 0.400 ds = 0.0074 ds = 0.0074
e; = 0.250 e; = 5.250 e; = 0.0250 e; = 0.0250
ex = 0.045 ez = 0.045 e = 0.0450 ez = 0.0450
e3 = 0.075 ez = 0.075 ez = 0.0750 ez = 0.0750
eqs = 0.040 eqs = 0.040 eqs = 0.0400 eqs = 0.0400
h1 = 0.400 h1 = 0.400 h1 = 0.0400 h1 = 0.0400
ha = 0.320 ha = 0.320 ha = 0.3200 ha = 0.3200
hs = 0.376 hs = 0.376 h3z = 0.3760 hs = 0.3760
hg = 0.400 ha = 0.400 h4 = 0.4000 hs = 0.0400
hs = 0.320 hs = 0.320 hs = 0.5300 hs = 0.5300
he = 0.320 he = 0.320 he = 0.3200 he = 0.3200
6 =0.0125 § =2.10125 § = 2.97000 § = 2.97000
k = 0.9000 k = 90.000 k = 800.000 k = 8000.00
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Figure 5: Phase portraits, model of five interact-
ing species.
Source : Created by the authors.
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8.3 Perspectives and applications of
the model

Mathematical models are very useful in many
fields. For example, our model can be useful in
agriculture. Plants are generally valued for their
roots, stems and leaves by many predators:
fungi, viruses, parasites, insects, rodents,
carnivorous plants and so on. KEach of these
predators can attack the plant according to its
own specificity. An adaptation of our model can
be used to describe the relationship between
plants and their predators, highlighting the
physical, biological and chemical processes that
link them, with a view to improving pest control
and optimizing production of the plants or crops
studied, while respecting the environment. Our
model can find applications in the field of
medicine, for example. It could be useful for
studying the transmission of multifactorial
diseases (diseases whose onset is linked to
several genetic and environmental factors). The
model could also be useful in the neurosciences,
to describe the chemical functioning of brain
neurons.

There are several possible perspectives for
this model. We could, for example, incorporate
other hypotheses relating to biological invasion
phenomena, enabling us to study a model with
diffusion. The system can also be studied using
other tools such as fractional-order differential
equations. Also, if we take into account the fact
that animals develop at different stages, we can
incorporate a delay factor into the model and
obtain a system with delay. Furthermore,
assumptions can be incorporated to obtain a
mathematical model describing the dynamics of
different interacting species, whose populations
are structured into age classes or categories
where the individuals in each category have
common characteristics (survival probabilities,
reproduction rate, energy quantity, predation
rate).

9 Conclusion

The model presented in this study aims to
clarify the consequences of a multiplicity of
interaction types coupled with a multiplicity of
competitors in relationships between preys and
their predators. Predatory, competitive and
neutral relationships between five species are
represented with Holling’s type I and II
functional responses. A large number of derived
models are obtained.

The theoretical study of the proposed model
reveals the existence of several biologically
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reasonable equilibrium points. However,
particular attention has been paid to the trivial
equilibrium point and the interior equilibrium
point. The trivial equilibrium point is unstable,
while the interior equilibrium point is globally
stable. We have also obtained conditions for
which solutions are bounded or permanent, as
well as conditions leading to the extinction of
species.

It emerges that the diversity of species living
in the same environment induces a
density-dependency phenomenon. Predators
play the role of dependent factors, regulating
species densities in the environment when they
themselves do not have a high mortality rate
(increased mortality is often due to disease or
infection). The implementation of certain
control strategies could be linked to the diversity
of types of interaction in the same environment.

The wvarious numerical tests carried out
enabled us to corroborate the mathematical
analyses, and also to discover a particular form
in the evolution of species : crenelated evolution.
This form of evolution reveals a strategy of
struggle for survival among prey, a strategy that
gives them a certain capacity for resilience.

We plan to extend this study by using several
other methods and applying it to different
domains. Indeed, we plan to re-investigate the
proposed system in the context of biological
invasion, using systems with diffusion, and then
fractional order differential equations in a
second step.

The target fields are medicine, for the control
of bacterial contamination and the study of
multi-vector transmission diseases in human,
animal and plant populations, then agriculture,
for questions relating to the invasion of species
harmful to crops, as well as in the management
of animal and fishery resources.
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