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Abstract: - The transformation technique can be used to modify the shape of the variable to improve the 
performance of the population mean estimator. In the presence of missing data, before estimating the 
population mean using standard statistical methods, missing data has to be taken care of.  In this study, we 
focus on new transformed regression type estimators when missing data are present in the study variable under 
the uniform nonresponse mechanism and assume that the population mean of the auxiliary variable is 
unavailable which usually occurs in practice. An auxiliary variable can assist by increasing the efficacy of 
estimating the population mean. The bias and mean square error are investigated up to the first order degree 
approximation using the Taylor series.  A simulation and case studies on COVID-19 incidence in Chiang Mai, 
Thailand are used to assess the performance of the new transformed estimators. The estimated number of 
COVID-19 patients who have pneumonia and require high-flow oxygen and the estimated daily confirmed 
cases of COVID-19 in Chiang Mai from the best proposed estimator are around 17 cases and 118 cases, 
respectively. 
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1  Introduction 
Changing the shape of the variables can be done by 
using the transformation method. The well-known 
transformed variable was suggested by [1], who 
introduced changing an auxiliary variable for 
estimating the population mean using  the dual-to-
ratio estimator under simple random sampling 
without replacement (SRSWOR).  The transformed 
auxiliary variable in [1], is: 

 *
SRS SRS1  ; 1,2,3, ,i ix X x i N     , (1) 

and the corresponding sample mean  is 
 *

SRS SRS SRS1 ,x X x     (2) 
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  are the 

population mean and sample mean of X

respectively, SRS /n N n   , n is a sample size 
and N is a population size.  
     There are a plethora of works related the 
transformed variables. For example, a linear 
transformation of the study variable was suggested 
to improve the ratio estimator, [2].  Based on the 
work of [1], the author [3], suggested using the 
transformation technique in [1] to improve the dual 
to ratio estimators under SRSWOR assuming that 
some known auxiliary parameters are available, [4], 
[5]. 
    Missing data is a prominent issue occurring in 
sample surveys. Ignoring the missing data may lead 
to bias and high variance.  Imputation methods have 
assisted in dealing with missing data, [6], [7], [8], 
[9]. The mean imputation method is applied by 
replacing the missing data with a sample mean of 
the available information. The point estimator of the 
mean imputation technique is:  
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   is the sample mean of the study 

variable .Y  

The bias of SŶ  is  

 S
ˆ 0.Bias Y   (4) 

The variance of SŶ  is 
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The ratio imputation is also another popular 
imputation method to use when there is a connection 
between an auxiliary and a study variable. The point 
estimator for the ratio imputation method is:   
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The bias of RatŶ  is: 
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and MSE of RatŶ  is 
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The COVID-19 pandemic has afflicted the 

entire world devastatingly in an abundance of areas 
from way of life and the economy to global 
healthcare. In terms of health, the impact of the 
virus on humans goes much further than many 
anticipate, as it not only presents with acute 
respiratory infection symptoms but may continue to 
linger on in the body in the form of organ damage. 
Severe infection can permanently alter the immune 
system. Efforts to produce vaccines and reduce 
incidence through isolation measures to mitigate the 
repercussions of the pandemic have been successful. 
However, the spread of the virus is still ongoing for 

years and can affect the more susceptible population 
severely so researchers are delving deeper into the 
issue and the etiologies to stop the virus. There are 
innumerable risk factors for severe hospitalization 
from COVID-19, one interesting aspect is the 
influence of pollution. Thailand is one of the 
countries with pollution from fine particulate matter 
as a prevailing problem for many years. It affects 
areas all over the country and is mostly caused by 
burning agricultural waste every year. Research has 
found a correlation between exposure to fine 
particulate matter and COVID-19 hospitalization 
and incidence rates. The pollution can permanently 
damage the body’s immune system, increasing the 
risk of viral infection and severe symptoms. Fine 
particulate matter exceeding safe levels in Thailand, 
especially Chiang Mai, is an obstinate concern that 
increases the risk for a myriad of non-
communicable diseases that are the leading causes 
of death. Examining these levels is critical for the 
prevention of further consequences of pollution 
through national policies and measures, albeit data 
regarding fine particulate matter are often missing.  
Many researchers investigated the connection 
between COVID-19 and air pollution data. The 
studies indicate that there is a positive correlation 
between COVID-19 and air pollution data such as 
PM2.5, [10], [11], [12], [13], [14]. Missing data 
occur in many real data including COVID-19 and 
fine particulate matter and as a result the proper 
statistical techniques should be applied to deal with 
these data. 

In this study, a class of regression type 
estimators utilizing the transformation of an 
auxiliary variable has been proposed using simple 
random sampling (SRSWOR). The uniform 
nonresponse mechanism is considered in this study 
and it is assumed the population mean of the 
auxiliary variable is unknown.  This study 
investigates the bias and mean square error of the 
proposed estimators. A simulation study and 
applications to COVID-19 incidence in Chiang Mai, 
Thailand are studied using the proposed transformed 
estimators. 
 
 
2   Proposed Estimator Inspired by [3], assuming that the study variable is 
missing under the uniform nonresponse mechanism 
and the population mean of an auxiliary variable is 
unknown, a class of regression type estimators for 
estimating population mean utilizing the 
transformation of an auxiliary variable is proposed 
as below. 
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 0,A D are real numbers or functions of the 
auxiliary variable. 

The following notations are used to obtain the 
bias and MSE of the proposed estimator. 
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Rewriting  NŶ  in terms of ' , 0,1,2ie s i  , we 
have: 
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Using the Taylor series approximation, we get:  

 

   
N 0 1 2

2 2
2 2 1 2 2

ˆ 1

1 1

Y Y bK bK    
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Under the assumption that the terms of   

involving the powers more than two are negligibly 

small, the mean square error of NŶ is:           

      
2
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Some proposed estimators are shown in Table 1. 
 
Table 1. Some members of the proposed estimator 
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where 1  and 2  are the coefficient of skewness 
and kurtosis of the auxiliary variable, respectively,  

1 2 3 ,  , and Q Q Q  are the first, second, and third 
quartiles of the auxiliary variable, respectively, 

 3 1 / 2aQ Q Q   and  3 1 / 2dQ Q Q  is the 
quartile mean and quartile deviation of the auxiliary 
variable, respectively. 
 
 
3   Efficiency Comparison 

The proposed estimator’s ( NŶ ) efficiency is 
compared with the existing estimators; mean 

imputation estimator ( SŶ ), and ratio imputation 

estimator ( RatŶ ) based on the MSE.   

1) NŶ  performs better than SŶ if: 

   N S
ˆ ˆMSE Y MSE Y  
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2) NŶ  performs better than RatŶ if 
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4   A Simulation Study 
To assess the performance of the proposed 
estimators, the data was generated from bivariate 
normal distribution with the following parameters; 

4,000,  150,  280, 2.2,  1.1,  0.8x yN X Y C C        

Then 40% of the study variable values were 
randomly assigned as missing and we randomly 
selected a sample of 25% units from a population of 
size 4,000N   using the SRSWOR scheme.  
     The biases and MSEs of the proposed and 
existing estimators are represented in Table 2, where 

  
10,000

1

1ˆ ˆ ,
10,000 i

i

Bias Y Y Y


   (12) 

    
210,000

1

1ˆ ˆ .
10,000 i

i

MSE Y Y Y


   (13) 

 
Table 2. Biases and MSEs of the estimators 

 
      

According to Table 2, the proposed estimators 
performed superior to the existing estimators. Both 
the bias and MSE of the proposed estimators are 
smaller than with the mean and ratio imputation 

methods. The best estimator is N2Ŷ  that utilized the 
coefficient of kurtosis of the auxiliary variable 
which gave the smallest bias and MSE. 
 
 
5 Applications to COVID-19 Incidence  
In this section, the COVID-19 dataset collected 
from Chiang Mai province, [15] and daily PM2.5 
concentration, [16], between 1 April 2022 and 31 
July 2022 (population size 122N  ) were applied 
to illustrate the efficiency of the proposed 
estimators.  
     Population I: we assigned the number of 
COVID-19 patients who have pneumonia and 
require high-flow oxygen as the study variable, and 
the PM2.5 concentration (micrograms per cubic 
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meters) as the auxiliary variable. The population 
parameters are described as follows:  

122,  18.16,  17.11,  C 0.85,  0.60,  0.62x yN X Y C      

           
     Population II: we assigned the daily confirmed 
cases of COVID-19 as the study variable, and the 
PM2.5 concentration (micrograms per cubic meter) 
as the auxiliary variable. The population parameters 
are described as follows:  

122,  18.16,  117.88,  C 0.85,  1.19,  0.79x yN X Y C      

 
     A sample of size 36n   is acquired from the 
population of size 122N   using SRSWOR with 
30% and 25% missing in the study variable for 
population I and II, respectively.  
     Figure 1 shows the scatter plot between PM2.5 
concentration and the number of COVID-19 patients 
who had pneumonia and required high-flow oxygen. 
Figure 2 shows the scatter plot between PM2.5 
concentration and the daily confirmed cases of 
COVID-19. The estimated number of COVID-19 
patients who have pneumonia and require high-flow 
oxygen, estimated daily confirmed cases of COVID-
19, and the PREs of the estimators are calculated 
using the R program, [17], which are  presented in 
Table 3.  
 

 
Fig. 1: The scatter plot between PM2.5 
concentration and the number of COVID-19 patients 
who had pneumonia and required high-flow oxygen 
 

 
Fig. 2: The scatter plot between PM2.5 
concentration and the daily confirmed cases of 
COVID-19  

Table 3. Estimated number of COVID-19 patients 
who have pneumonia and require high-flow oxygen, 
estimated daily confirmed cases of COVID-19, and 

PREs of the estimators 
 

 
 

Figure 1 and Figure 2 indicate that both the 
number of COVID-19 patients who have pneumonia 
and require high-flow oxygen and daily confirmed 
cases of COVID-19 have a positive relation with 
PM2.5 concentration and the correlation coefficient 
is 0.62 and 0.79, respectively.  

Table 3 indicates the proposed estimators gave 
better results in terms of PREs in comparison to the 
mean imputation method. The proposed estimators 
produced  both the estimated number of COVID-19 
patients who have pneumonia and require high-flow 
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oxygen and the estimated daily confirmed cases of 
COVID-19 closer to the population mean than other 
estimators and the PREs of the proposed estimators 
are higher than the mean and ratio imputation 

estimators, especially N3Ŷ  that utilized the 

coefficient of variation and N2Ŷ  that utilized the 
coefficient of kurtosis of the auxiliary variable to 
increase the precision of the estimator for 
population mean for population I and II, 
respectively. The estimated number of COVID-19 
patients who have pneumonia and require high-flow 
oxygen and the estimated daily confirmed cases of 
COVID-19 in Chiang Mai from the best proposed 
estimator are around 17 cases and 118 cases, 
respectively. 

 
 

6   Conclusion 
Transformed estimators have been introduced in the 
presence of missing data with SRSWOR to improve 
the performance of the population mean estimator.  
Employing the transformation method can support 
altering the form of the variable which results in 
increasing the performance of the population mean 
estimator by assuming the auxiliary variable’s 
population mean is not known which usually occurs 
in practice. As a result, it is going to be helpful in 
practice. The bias and mean square error of the 
transformed estimators are investigated. The results 
illustrated the newly transformed estimators gave 
the least bias and mean square error compared to 
others and gave closer estimated values of COVID-
19 incidence to the population values. Especially the 
ones using the coefficient of variation and the 
coefficient of kurtosis of the auxiliary variable gave 
a high improvement in terms of highest PREs 
concerning other estimators.  For future work, the 
suggested estimators may be applicable to assist 
with other survey designs e.g. stratified random 
sampling, double sampling, and cluster sampling, 
and in more flexible nonresponse mechanisms. 
Moreover, the estimators can be extended to cover 
the case that the missing data appears in the 
auxiliary variable or both study and auxiliary 
variables. The proposed estimators are very useful 
in practice in estimating the variable of interest in 
real data when nonresponse occurs in the study. 
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